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Abstract

We study the school choice problem. There is a set of (public) schools, whose
seats are to be distributed to students. Each school has a “priority,” a strict or-
dering over students. Each student has a strict preference over schools and should
be assigned to one and only one school. For each priority profile of schools and
each preference profile reported by students, a rule assigns school seats to students.
“Efficiency” and “stability” are two central requirements in this problem. Two com-
peting rules have been studied and used in practice: the student-proposing deferred
acceptance (DA) rule and the top-trading cycles (TTC) rule. The former satisfies
stability but not efficiency, and the converse holds for the latter. Unfortunately, no
rule satisfies these two requirements.

Given this baseline impossibility, we look for restrictions on preference profiles
that guarantee the compatibility of efficiency and stability. In particular, we fo-
cus on restoring stability of the TTC rule (equivalently, it turns out to be the
coincidence of the DA and TTC rules). Our main result is the identification of
a “maximal” domain of preference profiles on which, for each priority profile, the
resulting TTC assignment is fair. This maximal domain is unique. We also present
several subdomains of preference profiles on which the DA rule is efficient.
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1. Introduction

We study the problem of assigning schools to students when each school has a strict
priority order over students by local or state law, depending on residence proximity,
siblings, a tie-breaking rule,! etc. Each student has a strict preference over schools and
should be assigned to one and only one school. For each priority profile and each preference
profile reported by students,? a rule assigns schools to students.

There have been three central properties that a rule should satisfy in this context.
Among those is an incentive property: a rule should provide each student an incentive to
report his true preferences.? Examples of rules satisfying this property are the “sequential
priority rules”.* Another property is “efficiency”: a rule should choose an assignment at
which no student can be made better off without some other student being made worse
off. The last property is that a rule should “respect” the priority profile: consider a
priority profile, a preference profile, and an assignment. If a student, say i, is assigned
to a school, say a, but he prefers some other school, say school b, then the students who
are assigned to b should have higher priorities than student ¢ at b. If this holds for each
student, we say that the assignment is fair at this priority profile and preference profile.
A rule is fair if at each priority profile and preference profile, the assignment chosen by
the rule is fair.

Unfortunately, no rule is efficient and fair (Balinski and Sénmez, 1999). Among those
satisfying the incentive property, two rules have been proposed and studied extensively:
the student-proposing deferred acceptance (DA) rule (Gale and Shapley, 1962) and the
top-trading cycles (TTC) rule (Abdulkadiroglu and Sénmez, 2003). The DA rule is fair
but not efficient. By contrast, the TTC rule is efficient but not fair.

Positive results can be obtained by restricting the domain of priority profiles. On
the domain of “weakly acyclic” priority profiles, the DA rule is efficient. Conversely,
if a priority profile is not weakly acyclic, there is a preference profile at which the DA
assignment is not efficient (Ergin, 2002). On the domain of “acyclic” priority profiles, the

In Boston public school assignment procedure, there are only five categories of students, depending
on “guaranteed priority”, walk-zone, and sibling (Abdulkadiroglu et al., 2006). Ties in each category are
broken by a tie-breaking rule, for example, by a random tie-breaking rule. See Erdil and Ergin (2008)
and Abdulkadiroglu et al (2009) for detailed discussion of tie-breaking.

2The college admission problem is closely related to our problem, but the difference is that colleges
have preferences that they have to report.

3This property is referred to as “strategy-proofness”.

4To each strict order over students is associated a sequential priority rule. The rule assigns to the
first student in the order his most preferred school. Next, it assigns to the second student in the order
his most preferred school among the available schools. Then, it assigns the third student in the order his
most preferred school among the available schools, and so on.



TTC rule is fair, equivalently, the TTC rule and the DA rule coincide. Conversely, if a
priority profile is not acyclic, there is a preference profile at which the TTC assignment is
not fair (Kesten, 2006). When schools’ priorities are weak, the domain of priority profiles
has been identified on which efficiency and fairness are compatible (Ehlers and Erdil,
2010).

In sum, by restricting priority profiles, we obtain the compatibility of the two prop-
erties as well as the coincidence of the DA rule and the TTC rule. However, recalling
that a rule has two inputs, namely, priority profiles and preference profiles, one natural
question follows from Ergin (2002) and Kesten (2006).

e If we restrict the domain of preference profiles, do we also obtain the compatibility

of the two properties and the coincidence of the DA and TTC rules?

Restricting the preference profiles is not the same thing as restricting priority profiles
in two respects. First, schools have “capacities” (namely, the number of available seats),
but each student is assigned to one and only one school. Second, the DA and TTC rules
are “student-proposing” rules. Thus, students and schools are in asymmetric positions.
Thus, we cannot follow the approaches of Ergin (2002) and Kesten (2006) in answering
our question.

Given a rule, we say that a domain of preference profiles is “maximal” for a certain
requirement (or a list of requirements),® if the rule satisfies the requirement (or a list of
requirements) on the domain, but any enlargement of the domain results in a violation of

the requirement. Next, another natural question follows.

e If we obtain the compatibility of the two properties on some restricted domain, is
there a maximal domain of preference profiles, containing this restricted domain, on which

this compatibility is preserved?

The issue of maximality of domains of preferences for compatibility of certain prop-
erties is first studied by Barbera et al. (1991) in a public good problem. A number of
papers address such issues for different models (Alcalde and Barbera (1994), Ching and
Serizawa (1998), Berga and Serizawa (2000), Massé and Neme (2001), Kojima (2007)
and so on). These papers, however, differ from ours: they look for maximal domains of
preferences, whereas we look for maximal domains of preference profiles. In this respect,
our approach is similar to Ergin (2002) and Kesten (2006): they too restrict the domain
of priority profiles, not the domain of priorities.

By identifying a maximal domain of preferences, we do not have to be concerned about

the requirement that we impose at least within the domain, even if the requirement is not

5Qur requirement is that the TTC rule be fair, equivalently, the DA and TTC rules coincide.



satisfied on the entire domain. As we require that the TTC rule be fair, in particular, we
obtain both efficiency and fairness on our maximal domain. Moreover, an authority that
has to adopt a rule needs not have trouble choosing between the DA and TTC rules, as
they indeed coincide.

There are two extreme examples of preference profiles on which coincidence is obtained.
The first is the profile at which preferences over schools are the same across students.
Then, the assignment will be determined in order of each school’s priority by both rules.
The second is the profile at which students have “no conflict” on their most preferred
schools: for each school, say a, the number of students whose most preferred school is a
does not exceed the capacity of a. Then, each student will be assigned his most preferred
school by the two rules. There are more preference profiles, other than these two extremes.
We identify a maximal domain of preference profiles for our requirement and it is in fact
unique (Theorem 1). On this domain, we obtain not only the coincidence of the DA and
TTC rules, but also the coincidence of these rules with the immediate acceptance (IA)
rule (usually called the Boston rule) (Corollary 1).

As noted above, our result holds for any priority profile. There are cases in which we
have to consider all possible priority profiles. For example, it is often the case that the
prioritizing criteria, such as walk zone and siblings, are not fine enough to order students
strictly. A common practice is to break ties randomly to obtain a strict priority. In such
cases, the priority profiles are not perfectly under the control of the authority as many
priority profiles can possibly come out.

As in Ergin(2002), we could also seek to identify a larger domain of preference profiles
to restore efficiency of the DA rule, instead of coincidence of the two rules. Such a domain
would certainly include the profiles of Theorem 1. We introduce several structures of
profiles and show that the DA rule is efficient on such profiles (Theorem 3).

On the other hand, we could restrict ourselves to weakly acyclic priority profiles (Ergin,
2002) and look for a domain of preference profiles on which the TTC rule is fair and,
thereby, on which the two rules coincide (Theorem 4). Again, the domain certainly
includes the profiles of Theorem 1. We note that there is no inclusion relation between
the set of preference profiles on which the DA rule is efficient and the set of preference
profiles on which the TTC is fair for any weakly acyclic priority profile.

This paper is organized as follows: Section 2 introduces the model, axioms, and the

6That is, each school first distributes a seat to the student with the highest priority at the school. If
a student is given more than one school seat, he chooses most preferred school among them and declines
the remaining. The schools declined by the student take the seat back. Next, each school distributes a
seat to the student with the second highest priority at the school, if the school has a remaining seat. The
same process repeats until each student is assigned to a school.



two rules. Section 3 contains our main result on maximality of preference profiles. Lastly,
Section 4 deals with a larger domain than that in Section 3 on which fairness and efficiency
are compatible. In the Appendix, we also address an impossibility result on maximal

preference profiles in large economy.

2. Model

Let A be the set of schools. Each a € A has a capacity, that is, a number of available
seats, ¢, € Ni. Let ¢ = (qq)aca be the capacity profile. Let N = {1,2,--- n} be the
set of students. Fach a € A has a strict order f, over N by local or state law.” We
call f, the priority at a. It is represented by a function, f, : N — {1,2,--- n} such
that f,(i) < f.(7) if and only if ¢ has higher priority than j at a. Let F be the set of
all priorities. Let f = (f.)sea be the priority profile. Let F4 be the set of all priority
profiles.

Each i € N should be assigned to one and only one school. We assume that n <
Y ach ¢..°> Each i € N has a complete, transitive, and strict preference P; over A. Let II
be the set of all such preferences. Let Ry be the weak relation associated with P, € II.?
Let P = (P;);en be the preference profile and IV be the set of all preference profiles.
For each P € TIV, each B C A, and each a € B, let N(a,P : B) = {i € N :
for each b € B, a R; b} be the set of students whose most preferred school in B is a.
For each B C A and each By € II, let Py|pg be the restriction of Py to B. For each
P e TV, let P|p = (P|g)ien. For each k € {1,---,|Al}, let P;|% be the preference P
restricted from student i’s most preferred school to his k-th most preferred school. For
each k € {1,---|A|} and each Py € II, let A*(P,) be the k-th most preferred school
at Py. For each P € TIV, let A¥(P) = U,y A*(P). Let A¥(P) = |JI_, A*(P). For
simplicity, let P|{ = P|y and A)(P) = 0.

An economy is a list (A, N, f, P,q). Unless otherwise specified, we fix A, N, and g.
Then, an economy is a pair (f, P) and the set of economies is the Cartesian product
FA XTIV, An assignment is a list = (;);eny such that (i) for each i € N, x; € A and
(ii) for each a € A, [{it € N : x; = a}| < q,. Let X be the set of all assignments. A rule
is a function ¢ : F4 x IV — X.

"The criteria that determines the priority are walk-zone, siblings, a tie-breaking rule, etc.
81t is usual that every student is required to be enrolled in a school by law.
9That is, for each pair a,b € A, if a Ry b, then a = b or a P; b.



2.1. Axioms

We focus on two properties that have been studied extensively in the context of matching.
Let P € IIY. We say that an assignment x € X is efficient at P if no student can be
made better off without some other student being made worse off. Formally, there is no
' € X \ z such that for each i € N, either a} P; z; or 2, = z;. Let Eff(P) = {x €
X : zis efficient at P}. The corresponding property of a rule is that it selects for each

economy, an efficient assignment.
Efficiency: for each f € F4 and each P € IIV, ¢(f, P) € Eff(P).

Consider f € F4, P € IV, and € X. Suppose that a student, say i, prefers some
other school, say school a, to z;. Then, it is natural to require that each of the students
who are assigned to a should have higher priority than him at a. If this holds for each
student, we say that z is fair at (f, P). Formally, for each pair ¢, j € N, x; P; ; implies
fo;(4) < fao;(i). Let Fair(f,P) = {z € X : xis fair at (f, P)}. The corresponding

property of a rule is that it selects for each economy, a fair assignment at (f, P).
Fairness: For each f € 74 and each P € IV, o(f, P) € Fair(f, P).

Unfortunately, no rule is efficient and fair (Balinski and Sénmez, 1999). In the light

of this negative result, we restrict the domain of preference profiles.

2.2. The (student-proposing) deferred-acceptance rule

For each priority profile and each preference profile, the student-proposing deferred-

acceptance rule assigns schools as follows:

Step 1 Each student applies to his most preferred school. If the number of students
applying to a school, say a, does not exceed q,, then all of these students are temporarily
accepted. Otherwise, among those, the students with the highest priority down to the

qq-th priority at a are temporarily accepted: the others are rejected.

Step t(> 2) Each student who is rejected at Step (¢t —1) applies to his next most preferred
school. For each school a, if the number of students who had been temporarily accepted
by a at Step (t — 1), together with the students who are newly applying to a, does not
exceed q,, then all of these students are temporarily accepted. Otherwise, among those,
the students with the highest priority down to the g,-th priority at a are temporarily

accepted: the others are rejected.

Last Step We stop when each student is accepted by a school.



We call this rule the deferred acceptance rule, or the DA rule for short. The DA
rule is fair. Moreover, for each f € F4 and each P € IV, DA(f, P) Pareto dominates
each other assignment that is fair at (f, P) (Balinski and Sénmez, 1999). However, the
rule is not efficient.

To restore efficiency of the DA rule, Ergin (2002) restricts the domain of priority
profiles. Let us describe these profiles. For each a € N, each f, € F4, and each i € N,

let Uy(i) = {j € N : fj(a) < fi(a)} and L,(i) ={j € N : f;(a) > fi(a)}.

We say that f contains a strong g-cycle if

(1) there are 4, j,k € N and a,b € A such that { Ja()

N, CU/(j), Ny C U/ (i), N,A N, = 0, and

(2) there are N,, N, € N\{i, j, k} such that
|INo| = go — 1 and |N,| = q» — 1.

We say that f is weakly g-acyclic if it does not contain a strong g-cycle. Let Feak a-acy

be the set of weakly g-acyclic priority profiles.

Theorem E. (Ergin, 2002) Let f € FA. The following statements are equivalent.
(i) For each P € TIV, DA(f, P) € Eff(P),
(11) f c ‘}E’Weak g-acy

Remark 1. Weak g-acyclicity of a priority profile is equivalent to the following condition
(Ergin, 2002):

each pair a,b € A

Condition (a): for ( cach i € N

) st Fuli) > (qo+ @), fuld) — i) <1

2.3. Top-trading cycles rule

For each priority profile and each preference profile, the student-proposing top-trading
cycles rule assigns school seats to student as follows:!°

Step 1 Each student with the highest priority at a school, say a, is “endowed” with ¢,
seats at a. Each student, say ¢, points to the student who is endowed with the seat that ¢
most prefers. There is at least one cycle. Each student in a cycle is assigned to the school
to which he pointed. We remove those students and decrease the capacity of each school

appearing in a cycle by one.

19Here we describe “the TTC rule with inheritance” that Kesten (2006) formulates. This is equivalent
to the original TTC rule proposed by Abdulkadiroglu and Sénmez (2003).



Step t(> 2) We proceed with the remaining students and schools with remaining seats.
Each student with the highest priority at a remaining school, say a, is endowed with the
unassigned seats at a. Each student, say ¢, points to the student who is endowed with the
seat that ¢ most prefers. There is at least one cycle. Each student in a cycle is assigned
to the school to which he pointed. We remove those students and decrease the capacity

of each school appearing in a cycle by one.
Last Step We stop when no student remains.

We call this rule the top trading cycles rule, or TTC rule for short. The TTC rule
is efficient but not fair. Kesten (2006) further restricts the domain of priority profiles that
Ergin (2002) identifies. Then, the TTC rule is fair and the TTC and DA rules coincide
(Kesten, 2006).

We say that f contains a g-cycle if

(1) there are i,j,k € N and a,b € A such that { ;:E]?) << ];;Z((‘Z))jbéa;k) , and

No € Ua(i) U (Ua(3) \ Us(F))
|Na| =dqa — L.

We say that f is g-acyclic if f does not contain a g-cycle.

(2) there is N, C N\ {4, j, k}: {

Let FT?Y be the set of g-acyclic priority profiles.

Theorem K. (Kesten, 2006) Let f € F4. The following statements are equivalent.
(i) For each P € TIV, TTC(f, P) € Fair(f, P).
(ii) For each P € IV, TTC(f, P)=DA(f, P).
(ifi) f € Fa-aey,

We provide a characterization of g-acyclic priority profiles that parallels Ergin (2002)’s

characterization of weakly g-acyclic priority profiles (Remark 1).!1

Proposition 1. g-acyclicity of a priority profile f is equivalent to the following:

Condition (a) holds and

for each pair a,b € A and each i € N

Condition (b): Fali) = f3() < qa.

Proof.
(=) Suppose that f is g-acyclic. We show that conditions (a) and (b) hold. First,

HKesten (2006) also formulates a stronger notion of acyclicity, which we call “strong g-acyclicity”.
The TTC rule, properly adapted for cases with variable populations and variable schools, satisfies “con-
sistency” on the domain of strongly g-acyclic priority profiles. We discuss this property in Section 3.1 in
detail. We also provide a characterization of strong g-acyclicity in the Appendix.

7



if f is g-acyclic, then it is weakly g-acyclic (Kesten, 2006). Thus, condition (a) hold.
Suppose that condition (b) does not hold. Then, there are a,b € A and i € N such that
fa(@) — fo(i) > qo + 1. Then, |U,(3) \ Up(i)| > go + 1 and there is N C U, (i) N Ly(3)
such that |[N'| = ¢, + 1. Let j,k € N'. Then, f contains a g-cycle involving j, k, i, and
N'\{j, k}.

(<=) Suppose that conditions (a) and (b) hold. We show that f is g-acyclic. Suppose, by
contradiction, that f contains a g-cycle: there are i,j,k € N, a,b € A, and N' C U,(j) \
(Us(k)U{i, j}) such that fo(i) < fa(j) < fa(k), fo(k) < fu(i), fo(j), and [N'] = go — 1. Let
s = fu(k) and t = f(k). Then, |U,(k)| = s—1 and |U,(k)\Us(k)| > |N'|+{i,j}| = ¢u+1.
Thus, |U,(k) NUy(k)| < s—qq — 2. Since |Uy(k)| =t —1 and |U, (k) NUp(k)| < s — qa — 2,
we obtain |Uy(k) \ Uu(k)| > t — s+ ¢, + 1. Then, there is m € Uy(k) \ U, (k) such that
falm) > s+t —s+q.+1=1t+q,+ 1. Since m € Uy(k), we have fy(m) <t — 1. Thus,
fa(m) — fo(m) > g, + 2, a violation of condition (b). O

2.4. Immediate acceptance rule

The last rule we discuss is used in many school districts in the U.S. In recent literature, it
is usually referred to as the“Boston rule”. The student-proposing immediate acceptance
rule assigns school seats to students as follows. Note that the acceptance at each step is
final.

Step 1 Each student applies to his most preferred school. If the number of students
applying to a school, say a, does not exceed ¢,, then all of these students are accepted.
Otherwise, among those, a is assigned to the students with the highest priority down to
the ¢,-th priority at a: the others are rejected. We decrease the capacity of each school by
the number of students accepted to the school at this step and denote it by ¢* = (¢.)oca-

Step t(> 2) Each student who is rejected at Step (¢t —1) applies to his next most preferred
school. For each school a, if the number of students who are newly applying to a does
not exceed ¢'~!, then all of these students are accepted. Otherwise, among those, a is
assigned to the students from the highest priority down to the ¢’ !'-th priority at a: the
others are rejected. We further decrease the capacity of each school by the number of

students accepted to the school at this step and denote it by ¢ = (¢)oea-
Last Step We stop when each student is accepted by a school.

We call this rule the immediate acceptance rule, or IA rule for short (Thomson,
2010). The IA rule is efficient but not fair.



3. Maximal domain for TTC to be fair

In this section, we turn to the two questions that we raised in Introduction. For that pur-
pose, we first introduce several structures of preference profiles. First is when preferences

over schools are the same across students.

Identical preference profiles, IT})_ : for each pair i,j € N, P, = P;.

iden*

Consider a list of schools in A (with possible repetitions). The list has no conflict
at q if the number of times each school, say a, appears in the list does not exceed its
capacity q,. Otherwise, namely, if there is a school that appears more than ¢, times in
the list, we say that the list has conflict at ¢q. For example, suppose that A = {a,b, c}
and g = (2,3,2). The lists (a, b, b, b, ¢) and (a, a, ¢) has no conflict at ¢, but (¢, ¢, ¢, b) does
have conflict at g. Next are the preference profiles such that the list of students’ most

preferred schools at a profile has no conflict at q.
No-conflict preference profiles, IT)_: for each a € A, [N(a, P : A)| < q..

Next are composites of identical preference profiles and no-conflict preference profiles.
They are defined inductively. Included is any profile such that the most preferred school
is the same across students, but the list of the students’ second most preferred schools
has no conflict at ¢. Also included is any preference profile such that the preferences over
the two most preferred schools are the same across students, but the list of the students’
third most preferred schools has no conflict at ¢, and so on.

Other preference profiles have to be considered. Let k € {2,--- |A|}. Consider a
profile such that the preferences over the (k — 1) most preferred schools are the same
across students (equivalently, for each pair i,j € N, P;|}~' = P;|}™). Now, consider the
list of the students’ k-th most preferred schools. We require that the list of the students’
k-th most preferred schools whose capacity is smaller than [N| — )" _ A1 G0 — 1, has no

conflict at q.
Composites of identical preference profiles and no-conflict preference profiles,

MY ne: 3k €{2,--+,|A| — 1} such that

iden-nc*
(i) for each pair i,j € N, P|f ! = Pj’]fila
(i) [44(P)] = 2, and

(iii) for each a € A*(P) with ¢, <n — ZoeAlf—l(P) ¢ — 1,

[N(a, P : A%(P))| < qa.

12That is, the k-th most preferred schools are not the same across students.



Example 1. Preference profiles in T}, [TV, and TI0y_ ..

Let N ={1,2,3,4,5}, A={a,b,c,d,e}, and ¢ = (1,1,1,2,2).

P P Py Py P P P, P3s Py Ps

b a a a a a b ¢ d d

a b b b b . .

c ¢ ¢ ¢ c

d d d d d

e e e e e

Hi]gen HHNC

P, P, P, P, P P, P, Py P, Ps P, P, Py P, Ps
a a a a a a a a a a a a a a a
b ¢ d d e b b b b b d d d d d

: : d d d e b b ¢ ¢ ¢

Hi]\d[en—nc

Our first result demonstrate the structure of preference profiles on which the TTC rule

is fair at each priority profile, equivalently, on which the TTC and DA rules coincide.

Theorem 1. Let P € IIV. The following statements are equivalent.
(i) For each f € F4, TTC(f, P) € Fair(f, P).
(ii) For each f € F4, TTC(f, P) = DA(f, P).
(iii) P e TIY, U TN, UTIN.

iden iden-nc

Proof. (i)<(ii): This comes directly from the fact that the deferred acceptance rule Pareto
dominates each other fair rule.
(i)=(iii): Suppose, by contradiction, that P ¢ TN _ UTIY_ UTIYN. Then, there are
ke{l,--- |A|} and a € A*(P) such that '3

(1) for each pair i,j € N, B[y~ = P;|i ™,

(2) |A%(P)| = 2,

(3) ¢ <n— ZoeA’f‘l(P) o — 1, and

(4) [N(a, P : AX(P))| > qa.
Without loss of generality, for each t € {1,--- ,k—1}, let a; € AY(P) and {a,b} C A*(P).
For each i € {1,---,q, + 1}, let A*(P,) = {a} and A*(P,,2) = {b}. Let f € F* be such
that

13The second condition is the same as |A*(P)| > 2.

10



( fal(n):1<fa1(n_1):2<"'<fa1(n_Qa1+1)ZQa1<"'7
faz(n_qm)zl<fa2(n_Qa1_1):2<"'<fa2(n_Qa1_Qa2+1):%2<"',

fakfl( Zt lqat):1<fak 1( Zt lqat_ )_2
< <f‘1k—1( Zt 1qat+1) Qas,_, < ey

fa(1>:1<fa(2>:2<"'<fa(Qa_1)IQa_1
<fa<Qa+2>:CIa<fa<Qa>ZQa+1<fa(Qa+1)IQa+2<"'7

( folta+1)=1<---.
Then, TTC,,1(f, P) = a, TTC, (f,P) # a, and a P,, TTC,, (f,P), a violation of

fairness.

(iii)=-(i): If P € I}, UTIY then it is easy to see that (i) holds. Let P € I

there is k € {2,--- ,|A| — 1} such that

Then,

iden-nc*

(1) for each pair i,j € N, B[y~ = P;|i~, |A*(P)| > 2, and
(2) for each a € A¥(P) with ¢, < n — ZoeA;f_l(P) G — 1, |N(a, P : A¥(P))| < q,.

Let € X, f € F4, and a € A. We say that a violates f at (z, P) if there is a pair
i,j € N such that z; = a, a P, z;, and f,(7) < f.(j).

For each t € {1,--- |k — 1}, without loss of generality, let A'(P) = {a;}. It is easily
checked that for each f € F4, each school in {ai,---,a,_1} is assigned in order of
priorities at the school by either the TTC rule or the DA rules to students.'* Without
loss of generality, let students n down ton — 3 __ A1(p) do + 1 be assigned to AP,

Next, n — EoeAIf—l(P) ¢, students are assigned to a school in A\ (A¥1(P)). Let N
be the set of these students, and for each o € A*(P), let N(o, P : A¥(P)) be the set of
students in N whose most preferred school in A*(P) is 0. We prove that there is only one
school, say a, in A*(P) such that ¢, > N=> eat-1(p) do—1and |N(a, P: A*(P))| > g, +1.

Suppose otherwise, namely, there are two such schools, a,a’ € A¥(P). Then,
n—zoeAllcfl(p) 4o S qa+1 S |N(a/7PAk<P))|
n-— ZoeA’f’l(P) G < qu+1 < |N(a,P:ANP))

14That is, each school in {ay,--- ,ar_1}, first distributes a seat to the student with the highest priority
at the school. If a student is given more than one school seat, he chooses most preferred school among
them and declines the remaining. The schools declined by the student take the seat back. Next, each
school in {ay, - ,ax_1}, distributes a seat to the student with the second highest priority at the school,
if the school has a remaining seat. The same process repeats until either each student is assigned to a
school or there is no remaining seats of those schools.
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Summing the two equalities, we obtain

2(n — ZoeA’f’l(P) Qo)

(a,P: A¥(P))| + |N(d', P : Ak(P))|
|=n

|N
[N - ZoeA’{—l(P) o>

IAIA

which is a contradiction. There are two cases:

Case 1. The list of the k-th most preferred schools of N has no conflict at ¢. Then, it is
easily checked that at TTC(f, P), each student in NN is assigned his k-th most preferred
school. Thus, TTC(f, P) € Fair(f, P).

Case 2. There is a € A¥(P) such that |N(a, P : A¥(P))| =q,+1=n— ZoeAllc—l(P) Qo-
Then, a is assigned by TTC(f, P) to the ¢, students with the highest priorities at a, and
the only remaining student is assigned his (k + 1)-th most preferred school. Note that
this student, say i, has a lower priority at a than each other student in N \ {i}. Thus,

TTC(f, P) € Fair(f, P). 0

We indeed have more than the coincidence of the two rules on the domain of prefer-
ence profiles of Theorem 1. On this domain, the two rules coincide with the immediate

acceptance rule.

Corollary 1. If P e 1IN vy UIIY

iden iden-nc nc’ then for eaCh f € fA? IA(f’ P) = DA(fv P) =
TTC(f, P).

Proof. Let P € TN UTIN,, . UTIN. We show that for each f € F4, IA(f, P) = DA(f, P).
Then, by Theorem 1, for each f € F4, IA(f, P) = DA(f, P) = TTC(f, P). As shown
in the proof of Theorem 1, there is k € {2,---,|A|} such that |[A*(P)| > 2 and for each
pair i,j € N, P|i~' = Pj|;~". The most preferred school down to the (k — 1)-th most
preferred school are assigned to the students with the highest priorities at these school at
IA(f, P), as in DA(f, P). For the remaining students, the same argument as in Cases 1

and 2 of the proof of Theorem 1 applies. O

3.1. Maximal preference profiles for TTC to be consistent

In this section, we consider a property pertaining to variable populations. Let A, N and ¢
be given. We define a rule for all subpopulations of N. Let N’ C N. Let Fy: be the
set of priorities defined over N’. An economy is a list ¢ = (N, A, f', P’,¢') such that (i)
N'C N, (i) f' € Fa, (ii)) P' € IV, and (iv) Y ,c4 s > |N'|. An assignment is defined
in the same way as in Section 2. Let X(e’) be the set of assignments at ¢’. A rule is
a function ¢ from the set of such economies to the set of assignments defined for each

population.
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Let fo € Fn. For each N' C N, let fo|n+ € Fnr be the priority f, restricted to N'.
For each f € Fg, let flnv = (fa|n')aca be the priority profile restricted to N’. For
each ¢ € N‘fl, each x € X, and each N’ C N, with a slight abuse of notation, let
q—an = (qo — {7 € N : &y = a}|)aca. For each economy e = (N, A, f, P,q), each
N' C N, and each z € X, define the reduced economy of e at (x, N’) to be r§,(e) =
(N, A, fIn/, Pniy g — xn0).

Consistency: For cach ¢ = (N, A, f, P,q) and cach N’ C N, Gni(e) = F(r5\ (e)).1?

Let A, N and ¢ be given. For each P € II", we say that a rule is consistent at P
if for each f € F4 and each N' C N, ¢n/(N, A, f, P, q) = @(r}'f,(/N’A’f’P’Q)(N,A, I, P,q)).
Next theorem says that the domain of profiles in Theorem 1 is also maximal for the TTC

rule to be consistent.

Theorem 2. Let P € IIV. The following statements are equivalent.
(i) The TTC rule is consistent at P.
(i) P e Iy, VTN, . UTIY.

iden iden-nc

Proof. Let N, A and ¢ be fixed. Let f € F4 and P ¢ IIY_ U IIY

iden iden-nc

e=(N,A, f,P,q). It is easy to check that the TTC rule is consistent at P.
Conversely, let P ¢ TIN_ UTIN  UTIY. Let z = TTC(e). Then, we show that there

iden iden-nc

is f € F4 such that for some N’ C N, f\/m(rj”v,(e)) = xnr. Suppose, by contradiction,

UTIN. TLet

that P ¢ TIN. UTIN_  UTIYN. Then, there are k € {1,--- ,|A|} and a € A*(P) such that
(1) for each pair i,j € N, B[\~ = P;|i~,
(2) |[A%(P)| = 2,
(3) ¢a <n — ZOGA‘f*l(p) ¢ — 1, and
(4) [N(a, P : AX(P))| > ga.

Without loss of generality, for each t € {1,--- ,k—1}, let a; € A'(P) and {a,b} C A*(P).
For each i € {1, ,q, + 1}, let A*(P) = {a} and A*(P, o) = {b}. Let f € F* be such
that

15For a survey on consistency, see Thomson (2007).
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( fal(n)zl<fa1(n_1):2<"'<fa1(n_QG1+1)ZQ(11<"'7
faz(n_qm):1<fa2(n_qm_1):2<"'<fa2(n_Qa1_Qa2+1)ZQa2<"‘>

k—2 k—2
fakfl(n - Zt:l qat) =1< ftlkﬂ(n ’;1216:1 Qa; — 1) =2
<o < fak—1(n_2t:1 (]at—l-l) =Gap_, <y

falga +2)=1< fu(1) =2 < fo(2) =3
<o < fallta—1) =60 < falde) =Ga+ 1< falga+1) =g +2<---,

() =1 < fiolga+1)=2<---.

Then, 21 = -+ = 24,-1 = @, Tg,41 7# @, and 4,42 = b. Suppose that student g, leaves
with his assignment a. Let 2/ = TTC(ry, (.40, (f- P)). Then, 2} = --- =2, = q,
Ty 41 = a, and 4,49 = b, a violation of consistency. O]

4. Larger domain to achieve efficiency and fairness

Our next question is whether there is a larger domain of preference profiles than that
in Theorem 1, on which fairness and efficiency are still compatible. We identify several

structures of preference profiles on which

(i) the DA rule is efficient for each priority profile, or
(i) the TTC rule is fair for each weakly g-acyclic priority profile.

4.1. Domain for DA to be efficient

We introduce two classes of preference profiles. Define a bijection o from A to {1,--- ,|A}:
for each 0o € A, 0(0) € {1,--- ,|A|} and let 0 = a,(,). That is, o is a function that relabels
schools. Let ¥ be the set of all such bijections. Given o € ¥, let Fy € I be such that for
some t € {1,2,---,|Al}, ay Py Q(t+1)mod(|Al) =) A(t4+2)mod(|Al) P R (¢4 A)ymod(|A])- L€t
1Y, be the set of all profiles with such individual preferences.

N
o-lin*

Y-linear preference profiles, ITY ;; : there is ¢ € ¥ such that P € I

Remark 2. Consider the algorithm used to define the DA rule when applied to each
P € TI¥ ;.. There is no triple of schools a,b,c € A with o(a) < o(b) < o(c) and no pair
of agents i, j € N such that student 7 is rejected from a and applies to b and student j is

rejected from ¢ and applies to a. This comes from the assumption that ) _, g, > |N|.
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Example 2. A preference profile in TT1¥
Let N ={1,2,3,4,5}, A={a,b,c,d,e}, and ¢ = (1,1,2,2,2),

PP Py Py s

ofa) =1 a b b e ¢
o(b) =2 b ¢ ¢ a d
ofc) =3 c d d b e
o(d) =4 d e e ¢ a
ole) =5

e a a d b

The next preference profiles are defined by a sequential construction. First, consider
each student’s most preferred school. Except for exactly one school, the number of stu-
dents who prefer each given school, say a, to each other school does not exceed ¢,. Second,
remove school a from the preference profile and consider each student’s most preferred
school in the resulting preference profile. Except for exactly one school, the number of stu-
dents who prefer each given school, say b, to each other school does not exceed ¢,. Third,
remove school b from the previous preference profile and proceed as in the previous step.
Stop when only one school remains. The remaining part of preferences that is not speci-
fied by this sequential process can be completed arbitrarily. Formally, there is o € ¥ such
that (i) for each 0o € A, 0 = a,(,), (ii) for each k > 2, |[N(ay, P : A)| < qq,, (iii) for each
k>3, |[N(ag, P : A\ {a1})| < qa,, (iv) for each k > 4, |[N(ay, P : A\ {a1,a2})| < qa,,

and so on. Let IV

oseq e the set of all such preference profiles.

Y-sequential dominance preference profiles, Hg_seq: there is 0 € X such that
Pe IIY

o-seq*

Example 3. Procedure for constructing a preference Profile in II} .,

Let N ={1,2,3,4,5}, A={a,b,c,d,e}, and ¢ = (1,1,2,2,2).

PP, Py Py Ps P P, Py Py Ps P P P P P
a a a a c a a a a c a a a a ¢
b b b e b b b e
c d
P P, P3 Py Ps P P P3 P Ps P P P3 P Ps
a a a a c a a a a c a a a a ¢
b b b e d b b b e d b b b e d
c ¢ d c ¢ d e c ¢ d d e
d d d d e d d e b b
e e e e ¢ ¢ a
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Theorem 3. If P e 1Y, UTIN, UIIN UTIY  UTIY . then

iden iden-nc >-seq

for each f € F4, DA(f, P) € Eff(P).

Proof. 1f P € I, UIIY_ UMY then by Theorem 1, for each f € F4, DA(f, P) € Eff(P).

Let P e IIY UTIY ;.. We show that for each f € F4, DA(f, P) € Eff(P). If P € I, ,
there is o € ¥ such that P € IIY . . Let (ay(0))oca = (at)‘till. Suppose, by contradiction,
that DA(f, P) ¢ Eff(P). There is © € X such that for each i € N, z; R; DA;(f, P) and
for some i € N, x; P, DA;(f, P). That is, there is a sequence of students (ix)}", for some
m € {2,---,|A|} such that for each k € {1,---,m}, DA, . (f,P) P,, DA, (f,P) and

imi1 = 41. As P € IIY,,,, whenever each student is rejected from a school at each step,

Th+1

he applies to another school in order of 0. Note that for each k = {1,--- ,m}, student i
is rejected from DA;, ., (f, P) and applies to DA;, (f, P). Thus, without loss of generality,
we may let o(DA; . (f,P)) < o(DA;, (f,P)) <o(DA;,  (f,P)) <--- <o(DA;(f,P))).

However, this is impossible under the assumption that ) _, ¢, > n. O

4.2. Domain for TTC to be fair for each weakly acyclic priority
profile

Let m € {1,---,]|A|}. Let A = (Ay)™, be a partition of A. Let A be the set of all
partitions of A. Let A € A. For each a € A, define U(a, A) to be the components of A with
a smaller subscript than the component that a is in. That is, for some k € {1,--- ;m}, if
a € Ay, then U(a, A) = U/~ A,.

Now, for each A = (Ap)™, € A, let Py(A) C II be the set of preferences such that
each school in A; is preferred to each school in A,, each school in A, is preferred to each
school in Az, and so on.'0 For each k € {1,--- ,m}, let Sp = {a € Ay : ¢, > 2} be the set
of schools in A, with capacities greater than one. Let P € ITV be such that (i) for each
i € N, P, € Py(A) and (ii) for each k € {1,--- ,m} such that |Sy| > 1 and each i,j € N,
Pj|s, = Pj|s,. Let IIY be the set of all such preference profiles.

A-partitioned preference profiles, ITY: there is A € A such that P e ITY.

Example 4. A preference profile in II7
Let N ={1,2,3,4,5}, A={a,b,c,d,e}, and ¢ = (1,1,2,2,2),

A= ("211’/_1271213) = ({C}v {a’ b}7 {da 6})

6Note that if m = 1, then there is no restriction placed on preference profile, and if m = |A|, then it
is the identical preference profile.
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Theorem 4. If P € 1Y UTIIY

iden iden-nc

URIEAY H%, then
for each f € Fveakeacy TTC(f, P) € Fair(f, P).

Proof. If P € 1Y UTIY UMY then by Theorem 1, for each f € F4, TTC(f, P) €
Fair(f, P). Let P € II'Y. We show that for each f € F¥k 2% there is no school that
violates f at (TTC(f, P),P). Let x = TTC(f, P). Suppose, by contradiction, that there
is a school, say a, violating f at (z, P). Then, there is t € {1,--- ,m} such that a € A,.
Then, there is a pair 4, j € N such that z; P; x; and f,,(j) < fa, (7).

First, we show that f,,(j) > 1. Otherwise, f;,(j) = 1 and student j is temporarily
assigned to x;. According to the TTC rule, student 7 ends up being assigned to a school
that he prefers to x;, a contradiction.

Second, we show that there is k& € N such that f,,(k) < f.,(7) and is included in a
top-trading cycle together with student ¢. If there is no such student k, then according
to the TTC rule, student 7 is never assigned to school z; while student j is not assigned
to the same school. That is, there is a top-trading cycle in which student ¢ points to x;,
school z; points to student k£, and student k points to xx. Thus, x Py x; and x; P; x. By
the definition of H% , ; and z belong to one component of partition A and q,, = ¢, = 1.
Without loss of generality, let ¢,, = 1.

Third, we show that f,,(j) > ¢., + 1. Otherwise, again, student j is temporarily
assigned to x; and according to the TTC rule, student j ends up being assigned to a

school that he prefers to z;, a contradiction.

P -

g -

foii o < fu(R) <0 < fa(G) <o < (D)

- Pja; Py - Pya; Py -

From the fact that g,, +1 < fi,(j) < fz,(2), we have ¢, +2 = ¢z, + ¢z, + 1 < f,(i). By
weak g-acyclicity, |fz, (i) — fz; (¢)] < 1. Then, fi, (k) > @z, + o, +1 and fo, (k) — fu, (k) > 2,

a violation of the weak g-acyclicity of f.
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Remark 3. There is no inclusion relation between the set of preference profiles on which
the DA rule is efficient and the set of preference profiles on which the TTC rule is fair
for any weakly g-acyclic priority profile. There are P € ITY. seq U Y. and f € F4 such

that DA(f, P) ¢ Eff(P). There are P € IT] and f € F¥** 2% TTC(f, P) ¢ Fair(f, P).

Appendix 1. Characterization of Strong ¢-acyclicity

Kesten (2006) adapts the TTC rule to economies with variable populations and variable
schools and studies consistency as discussed in Section 3.1. He introduces an even smaller

domain of priority profiles than the one in Theorem K.

We say that f contains a weak ¢-cycle if

- fa(1) < fa(j) < fa(k)
(1) there are i,j,k € N and a,b € A such that { £20) < fy(i), £o(j), and
| N, CUK)

(2) there are N, € N\ {i,7,k}: { No| = gu—1"
We say that f is strongly g-acyclic if f does not contain a weak g-cycle. Let JFstrone a-acy
be the set of strongly g-acyclic priority profiles.

On the domain of strongly g-acyclic priority profiles, the TTC rule adapted to variable
populations is consistent. Conversely, if a priority profile is not strongly g-acyclic, there is
a preference profile at which the (adapted) TTC assignment is not efficient. We provide

a characterization of such priority profiles.

Proposition 2. Strong g-acyclicity of a priority profile f is equivalent to the following:

Conditions (a) and (b) hold and

for each pair a,b € A with f,(i) > q, + 2,
Condition (¢): and each i € N,

fa(@) = i) < 1.
Proof. (=) Suppose that f is strongly g-acyclic. We show that conditions (a), (b), and (c)
hold. If f is strongly g-acyclic, then it is g-acyclic and weakly g-acyclic (Kesten, 2006).
Thus, conditions (a) and (b) hold. Suppose that condition (¢) does not hold. Then,
there are a,b € A and i € N such that f,(i) > ¢, + 2 and f,(i) — fp(¢) > 2. Then,
|Ua (i) \ Up(7)| > 2 and there is N C U, (i) \ Lp() such that |N'| = ¢, — 1. Then, for each
pair j,k € U, (i) \ Up(7), f contains a g-cycle involving j, k, 7, and N’ U {j, k}.

(<=) Suppose that conditions (a), (b) and (c) hold. We show that f is strongly g-acyclic.
Suppose, by contradiction, that f contains a weak g-cycle: there are i,j,k € N, a,b € A,
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and N' C Uy (k) \ {i, j} such that fo(i) < fa(j) < fa(k), fo(K) < fo(9), f5(j), and |N'| =
Go — 1. There are two cases:

Case 1: fi(k) < fo(i) < fp(j). From condition (¢) and the fact that f,(k) > ¢, +2, we
obtain f,(k) > f.(k)—1. Since f,(i) > fio(k), we have f,(i) > f.(k). Since f,(i) < f.(j) <
fa(k), we have f,(i) < fu(k) — 2. Thus, f,(i) — fo(i) > 2. Let s = f,(i) and t = f;,(i).
Then, U, (i) = s — 1 and Uy(i) =t — 1. Since t > s+ 2, we have |U,(i) \ Up(i)| >t — s
and |U,(2) N Up(i)| < s — 1. Note that j ¢ N, and f,(j) < fa(k) < t. Thus, there is
l € Uy(i)\Uy(7) such that f,(I) > t+1. Sincel € Uy(i), fo(I) < t—1. Thus f,(1)— fp(l) > 2,
a violation of condition (c).

Case 2: f,(k) < fi(j) < fo(i). From condition (¢) and the fact that f,(k) > ¢, + 2,
we obtain f,(k) > fu(k) — 1. Since fy(k) < fo(7), we have f,(j) > f.(k) + 1. Since
FaG) < Falk), we have fu(j) < fulk) — 1. Thus, fo(j) — fu(j) = 1. Let s = fu(j) and
t = fu(y). Since i € U,(5)\Us(3), |Ua(7)NUs(7)| < s—2. Thus, |Uy(j) \Ua(j)| > t—s+1.
Thus, there is [ € Uy(j) \ U,(j) such that f,(I) >t + 1. Since I € Uy(j), fo(l) <t — 1.
Thus, f.(1) — f»(l) > 2, a violation of condition (c). O

Appendix 2. Asymptotic results on fair TTC

We have established the existence of a maximal domain of preference profiles on which
the T'TC rule is fair. In each finite economy, the likelihood that we happen to have such a
preference profile is always positive. However, we could ask ourselves how much it is likely
for us to have such a profile as the size of the economy varies. We construct a sequence
of economies of increasing size. At each step, we draw each student’s preference from
the uniform distribution over all possible preferences over schools. We then calculate the
probability that the profile is in our maximal domain. We calculate the probability that
this be the case. For each finite economy, the probability that the preference profile is in
the maximal domain in Theorem 1 is positive.

We model economies of increasing size. Let (€F)ren, = (A%, N*, f¥ P ¢")jen, . Let
[T} be the set of all strict preferences over A¥. Let U* be the uniform distribution over IT}.17
Let F* be the set of all priority profiles over N*. Let II(k)den, TI(k)idenne T[(k)ne C I1*
be the sets of identical preference profiles, no-conflict profiles, and composites of identical
profiles and no-conflict profiles defined at e*, respectively. We introduce two types of

sequences of economies.

1"Kojima and Pathak (2009) also study a sequence of expanding economies, constructed in a similar
way to ours. However, they have a “null object”, the option to be assigned to no school and in each
economy, the number of schools preferred to the null object is bounded above by a constant. See also
Immorlica and Mahdian (2005).
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There are two different and plausible ways of defining a sequence of “expanding”
economies. First, we let the number of students and the number of schools increase, the
capacity of each school being kept fixed. This fixed number can be interpreted as a physical
constraint such as a floor space: as the number of students increases, some new schools
are built. In contrast, if the authority wants to keep the total number of schools fixed, so
as to minimize administrative costs, for example, and if each school is able to augment
its facilities to accommodate an increasing population, a sequence of economies with an
increasing population can be defined as follows: the number of students and the capacity
of each school increase, the number of schools begin kept fixed. Our conclusion is that in
the limit, for either type of sequences of economies, the probability that the preference
profile belongs to our maximal domain converges to zero. Although it is unpleasant news,
this asymptotic impossibility result is in the spirit of earlier incompatibility result of

fairness and efficiency (Balinski and Somnez, 1999).

Appendix 2.1. A sequence of economies with increasing number
of schools and constant capacities

We introduce a sequence of economies of increasing number of students and schools,
each school’s capacity being kept fixed. We say that (e")ien, is a type-1 sequence of
economies if there is a constant ¢ € N, such that for each k € N, e satisfies conditions
(1) to (5):

(1) [N = gk,
@) 144 = &
(3) for each i € N*, P; € 1§ is drawn independently from U*.
(4) for each a € A%, ¢* = q.
(5) for each a € A, f, is arbitrarily chosen from F*.
Condition (1) says that the number of students in e grows g-times faster than the number
of schools. Condition (2) says that the number of schools is exactly k. Condition (3) says
that the event that each student has each preference in II} is equally likely, and there is
no correlation in preferences between students. Condition (4) says that the capacities of
schools is a constant. Last, condition (5) says that no restriction is placed on the priority
profile.

Our next result is that as the number of students increases in type-1 sequences of

economies, it becomes eventually impossible for the TTC rule to be fair.

Proposition 3. Let (¢")ren, = (A%, N* ¢, f¥, P*, qi.)ren, be a type-1 sequence of economies.
As k increases to infinity, the probability that P* € TI(k)'em UTI(k)'9ennc UTI(k)™ goes to
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Zero.

Proof. Let k € N,. To avoid triviality, let & > 2. For each pair n,n’ € N, with n > n/,
let ( n, ) = % __ Then,
n

(n—n/)In’1"

iden k—1)h)ak
prob (Pk € H(k) d ) = L (k!l)ék) = (kjtik
the lists of students’
prob (P* € II(k)™) = W most preferred schools | ((k — 1)!)%
that have no conflict at ¢”

e () () (e

_ 1 (qk)!

DENCOLY

—~

Last, consider P* € TI(k)!4em¢, Then, there is t € {2,--- ,k — 1} such that each student
has the same preferences over his most preferred school down to his (¢ — 1)-th most pre-
ferred school, but students’ t-th most preferred schools are not the same across students.
We show that if k is large enough, then II(k)!4°nm¢ = (). Note that for each k € N, the list
of students’ t-th most preferred schools at P* have conflict at ¢*: |(A%)!(P)| <k —t+1,
for each a € (A%)!(P), ¢* = g, and there are kg students. Then, there is a € (A¥)!(P) such
that |N(a, P : (A*)Y(P))| > q,+ 1. For such a school a, q, > kg— (t—1)g— 1, equivalently,
q > kq— (t — 1)q — 1, which is impossible for a sufficiently large k. Altogether,

1 1 (gk)!
)7 Ry (q)F

prob (P € TI(k)*" U TI(k)™ U TI(k) ") =
As k increases to infinity, this probability converges to zero. O

Appendix 2.2. A sequence of economies with increasing capaci-
ties and constant number of schools

We construct a different sequence of economies of increasing number of students and each
school’s capacity, the number of schools being kept fixed. We say that (e*),en , Isatype-2
sequence of economies if there is a constant a € N, such that for each k € N, e*

satisfies conditions (1)’ to (5)":'®

(1) [N¥| = ok,
(2)" [A*] = a,

18To avoid triviality, let a > 3.
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(3)' for each i € N* P, € TI¥ is drawn independently from U*.
(4) for each a € A%, g% = k.
(5) for each a € A*, f, is arbitrarily chosen from F*.

Conditions (1)’, (3)', and (5)’ are the same as (1) (3) and (3) of the previous section.
Condition (2)" says that the number of schools is a constant. Condition (4)’ says that the
capacity of each school grows as the number of students.

The following result is that as the number of students increases in type-2 sequences of

economies, it becomes eventually impossible for the TTC rule to be fair.

Proposition 4. Let (eF)ren, = (A% N* ¢F, % P* ¢*)ren, be a type-2 sequence of
economies. As k increases to infinity, the probability that P* € II(k)iden U II(k)idenne y
[I(k)™ goes to zero.

Proof. Let k € N;. Then,

prob (PF € TI(k)iden) = (C )

(a!)ak (a)ak

the lists of students’
prob (P* € TI(k)*) = 7| most preferred schools | ((a — 1)!)*
that have no conflict ¢"

_ ( ok ) ( ch = ) ( ok — (Z_ 1)k ) I

Last, consider P* € TI(k)'4°nn¢. Then, there is t € {2,--- ,a — 1} such that each student

has the same preferences over his most preferred school down to his (¢t — 1)-th most pre-

ferred school, but students’ ¢t-th most preferred schools are not the same across students.
We show that TI(k)4enm¢ = (). Note that for each k € N, the list of students’ t-th most
preferred schools at P* cannot have no conflict at ¢*: |(A*)(P)| < a —t + 1, for each
a € (AF)Y(P), ¢* = k, and there are ak students. Then, there is a € A*(P) such that
|IN(a, P : AY(P))| > ¢, + 1. For such school a, ¢, > ak — (t — 1)k — 1, equivalently,
k > ak — (t — 1)k — 1, a contradiction. Altogether,

prob (P* € TI(k)**" U TI(k)" U TI(k)""™¢) = +

As k increases to infinity, this probability converges to zero. m
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