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Optimization problems over the set of bounded arc flows

Notation

N = {1, . . . , n} - set of nodes.

A = {1, . . . ,m} - set of directed arcs.

δα = eh(α) − et(α) ∈ Rn, (h(α), t(α): the head and tail of α)

E = (δ1, . . . , δm) ∈ Rn×m is the balance matrix. ET e = 0.

F(d) = {f ∈ Rm : 0 ≤ f ≤ f̄ , Ef = d} is the set of feasible
flows satisfying the demands d ∈ Rn.

Main question: how to control the size of set F

By demands? (Circulations: f ≥ 0, Ef = 0.)

By arc flow bounds f̄ (α)? (Can be big or infinite).
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Acyclic optimal solutions

In some situations, the optimal flow f ∗ ∈ F(d) contains no cycles:

f ∗ 6= f1 + f2, f1 ∈ F(d), f2 ≥ 0, Ef2 = 0︸ ︷︷ ︸
circulation

, f2 6= 0.

Examples

Objective function depends only on demands.

Objective function is properly monotone in arc flows.

Important:

The volume of acyclic flow can be bounded by
maximal node-to-node flows.
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Maximal flows

Definition: for i , j ∈ N , i 6= j , denote

θ∗i ,j = max
τ,f

{
τ : Ef = τ(ej − ei ), 0 ≤ f ≤ f̄

}
,

θ∗i ,i =
∑
j 6=i

θ∗i ,j .

Denote Dk = {d ∈ Rn : d (i) ≥ 0, i 6= k , 〈e, d〉 = 0}.

Lemma: Let f ∈ F(dk) for some dk ∈ Dk . If f is acyclic, then

max{
∑

α: h(α)=i

f (α),
∑

α: t(α)=i

f (α)} ≤ θ∗k,i .
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Bounds for acyclic multicommodity flows

Denote by S = {1, . . . , q} the set of commodity sources, and

Θ
(i ,k)
∗ = min{θ∗k,h(i), θ

∗
k,t(i)}, i ∈ A, k ∈ S.

Thus, Θ∗ ∈ Rm,q is a matrix.

Assume that all flows fk ∈ F(dk) with dk ∈ Dk are acyclic.
Then, for flow matrix F = (f1, . . . , fq) we have

0 ≤ F ≤ Θ∗, F · e ≤ f̄ .

Note: 1. Matrix Θ∗ can be computed in O(n2m ln n) operations.
2. The bounds are row-separable.
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Maximal concurrent flow problem (MCFP)

Let us fix demands dk ∈ Dk , k = 1, . . . , q. Our goal is to find

τ∗ = max
τ, F={fk}k∈S

{τ : Efk ≥ τ · dk , k ∈ S,

Fe ≤ f̄ , F ≥ 0}.

Dualizing the demand constraints, we get

τ∗ = max
F≥0, τ∈R,

Fe≤f̄

min
{Tk≥0}

{
τ +

q∑
k=1

〈Tk ,Efk − τ · dk〉
}

= min
{Tk≥0}

max
F≥0,
Fe≤f̄

{
q∑

k=1

〈Tk ,Efk〉
}

:
q∑

k=1

〈dk ,Tk〉 = 1



= min
{Tk≥0}

[
m∑

j=1
f̄ (j)

(
max

1≤k≤q
〈δj ,Tk〉

)
+

:
q∑

k=1

〈dk ,Tk〉 = 1

]
.
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Dual problem

Denote Ck = {Tk ∈ Rn
+ : T

(k)
k = 0}, T = (T1, . . . ,Tq), and

φ(T ) =
m∑

j=1
f̄ (j) max

1≤k≤q
〈δj ,Tk〉+.

Then the dual MCFP is as follows

Find τ∗ = min
T
{φ(T ) :

q∑
k=1

〈dk ,Tk〉 = 1, Tk ∈ Ck , 1 ≤ k ≤ q}. (∗)

Note:

Complexity of (*) depends on the Lipschitz constant for φ.

This Lipschitz constant depends on f̄ .

For some arcs, these bounds can be arbitrary big.

We need reasonable bounds on arc flows.
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Regularized dual problem

Main Idea: The optimal flows in MCFP are acyclic ⇒ Apply the
max-flow bounds.

Regularized dual function

φ̃(T ) = max
F
{

q∑
k=1

〈Tk ,Efk〉 : 0 ≤ F ≤ Θ∗, Fe ≤ f̄ }

with T ∈ RS
def
= {T ∈ Rn×q : T

(k)
k = 0, k = 1, . . . , q}.

Can be computed in O(mq ln q) operations.

New dual problem: τ∗ = min
T∈RS

{φ̃(T ) :
q∑

k=1

〈dk ,Tk〉 = 1}

has the same optimal solution as (*).

Note: The subspace RS can be replaced by the cone C def
=

q∏
k=1

Ck .
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Minimization in relative scale

Problem formulation:

Find f ∗ = min
x

f (x) : Ax = b.

where b 6= 0 and

f is homogeneous: f (x) = max
x∈Q
〈s, x〉, 0 ∈ int Q.

Assumption: B(γ1) = {x : ‖x‖ ≤ γ1} ⊆ Q ⊆ B(γ2). Then

γ1‖x‖ ≤ f (x) ≤ γ2‖x‖.

Subgradient method: f (xk)− f ∗ ≤ L‖x0−x∗‖√
k+1

.

We have: L = γ2, ‖x0‖ ≤ ‖x∗‖ ≤ 1
γ1

f ∗ ≤ 1
γ1

f (x0).
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Bounding the growth of φ̃

Denote l (i) def
= max{In(i),Out(i)}, and i ∈ N . Clearly,

n∑
i=1

li ≤
n∑

i=1
[In(i) + Out(i)] = 2m.

For T ∈ RS define the Euclidean metric

‖T‖E = [
q∑

k=1

∑
i 6=k

l (i)
(
θ∗k,iT

(i)
k

)2
]1/2.

Main Theorem: For any T ∈ C we have

1√
2mq
‖T‖E ≤ φ̃(T ) ≤

√
2mq ‖T‖E .

Consequences:

The Lipschitz constant of function φ̃ is bounded by
√

2mq.

Optimal dual solution is bounded: 1√
2mq
‖T ∗‖E ≤ τ∗ ≤ φ̃(T ).
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Finding MCF by subgradient method GM(δ)

Denote L = {T ∈ C : 〈D,T 〉 = 1}.
Define projection πβ(S) = arg min

T∈L
{〈S ,T 〉+ β

2 ‖T‖
2
E}.

1. Set k = 0, p = 0, N = 4m2q2
(
2 + 2.5

δ

)2
, T0 = arg min

T∈L
‖T‖E .

2. Restart: Set Sk = 0, p := p + 1, βp =
√

N
φ̃(T∗k )

, αp = 1
2 φ̃(T ∗k ).

3. Main cycle: for i = 1 to N do

a) Compute Tk+1 = πβp (Sk), φ̃(Tk+1), and Gk+1 ∈ ∂φ̃(Tk+1).

b) Set Sk+1 = Sk + Gk+1, k := k + 1.

c) If φ̃(T ∗k ) ≤ αp then go to Step 2.

4. Terminate, if the last cycle was full.
In this scheme we denote T ∗k = arg min

T
{φ̃(T ) : T = T0, . . . ,Tk}.
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Complexity bounds for GM(δ)

Number of stages: p ≤ 2 + log2(qm).

Complexity of the stage: at most 4m2q2
(
2 + 2.5

δ

)2
iterations.

Complexity of iteration: O(mq ln q) operations.

Total: O( 1
δ2 m3q3 ln q ln m) operations.

Thus, this is a Fully Polynomial-Time Approximation Scheme
(FPTAS).
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Smoothing technique

For F = (f1, . . . fk) ∈ Rm×q define the Euclidean norm:

‖F‖2
P

def
=

q∑
k=1

m∑
j=1

(
f

(j)
k

Θ
(j,k)
∗

)2

.

Let us introduce a linear operator A(T ), T ∈ RS , by identity

〈A(T ),F 〉 ≡
q∑

k=1

〈Tk ,Efk〉.

Recall: φ̃(T ) = max
F
{〈A(T ),F 〉 : 0 ≤ F ≤ Θ∗,Fe ≤ f̄ }.

For applying smoothing technique, we need an estimate for ‖A‖.

Lemma

‖A‖E ,P
def
= max

T ,F
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Smoothing the dual objective

Let us define a smooth approximation of function φ̃:

φ̃µ(T ) = max
F
{〈A(T ),F 〉 − µ

2‖F‖
2
P : 0 ≤ F ≤ Θ∗, Fe ≤ f̄ },

where µ > 0 is a smoothing parameter.

Theorem

φ̃µ has Lipschitz-continuous gradient with constant Lµ = 4
µ .

The size of the primal feasible set is bounded by
√

mq.

φ̃µ(T ) ≤ φ̃(T ) ≤ φ̃µ(T ) + µ
2 mq.
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Fast gradient method

Define the gradient mapping (GM)
Tµ(x) = arg min

V∈L
{〈∇φ̃µ(T ),V − T 〉+ 2

µ‖V − T‖2
P}.

1. Set k = 0, p = 0, N = 4mq
(
2 + 2.5

δ

)
, T0 = arg min

T∈L
‖T‖E .

2. Restart: Set Sk = 0, p := p + 1, µp =
8φ̃(T∗k )
N+1 , αp = 1

2 φ̃(T ∗k ).
3. Main cycle: for i = 0 to N do

a) Compute ∇φ̃µp (Tk) and Vk = Tµp (Tk).

b) Set Sk+1 = Sk + k+1
2 ∇φ̃µp (Tk). Compute Zk = π4/µp

(Sk+1).

c) Set Tk+1 = 2
k+3 Zk + k+1

k+3 Vk , k := k + 1.

d) If φ̃(T ∗k ) ≤ αp then go to Step 2.

4. Terminate, if the last cycle was full.
In this scheme T ∗k = arg min

T
{φ̃(T ) : T = T0, . . . ,Tk ,V0, . . . ,Vk}.
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Complexity bounds for Smoothing Technique

Number of stages: p ≤ 2 + log2(qm).

Complexity of the stage: at most 4mq
(
2 + 2.5

δ

)
iterations.

Complexity of iteration: O(mq ln q) operations

.

Total: O( 1
δm2q2 ln q ln m) operations.
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Auxiliary problems

Projection πβ(S) or GM: min
T≥0
{〈S ,T 〉+ β

2 ‖T‖
2
E : 〈D,T 〉 = 1}.

Function φ̃(T ) = max
F
{〈A(T ),F 〉 : 0 ≤ F ≤ Θ∗, Fe ≤ f̄ }

=
m∑

j=1
max
uj∈Rq

{〈aj(T ), uj〉 : 0 ≤ uj ≤ ΘT
∗ ej , 〈e, uj〉 ≤ f̄ (j)},

where uj are rows of F and aj are some linear functions of T .

Smooth approximation
φ̃µ(T ) = max

F
{〈A(T ),F 〉 − µ

2‖F‖
2
P : 0 ≤ F ≤ Θ∗, Fe ≤ f̄ }

=
m∑

j=1
max
uj∈Rq

{〈aj(T ), uj〉 − µ
2‖D

−1(ΘT
∗ ej)uj‖2

(2) :

0 ≤ uj ≤ ΘT
∗ ej , 〈e, uj〉 ≤ f̄ (j)}.

Dual feasible sets: a box intersected by one linear constraint.
Complexity: m × ln m or m × q ln q.
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Conclusion

We developed new FPTAS for MCFP.

The best of these schemes has complexity O∗( 1
δm2q2)

operations. (Best known?)

In these schemes the auxiliary problems are trivial.

Open questions:

Can we have better performance on the optimization stage?
(Choice of the method, Euclidean metric, etc.)

Can we have cheaper preliminary computations? We need
only an estimate for the maximal flows.
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