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Optimization problems over the set of bounded arc flows

m N ={1,...,n} - set of nodes.

m A={1,...,m} - set of directed arcs.

B o = h(a) — €a) € R, (h(a), t(a): the head and tail of a)

m E=(d1,...,0m) € R™™M is the balance matrix. ETe = 0.

m F(d)={f€R™: 0< f <f, Ef =d} is the set of feasible
flows satisfying the demands d € R".
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Optimization problems over the set of bounded arc flows

m N ={1,...,n} - set of nodes.

m A={1,...,m} - set of directed arcs.

B o = h(a) — €a) € R, (h(a), t(a): the head and tail of a)

m E=(61,...,0m) € R™™ is the balance matrix. ETe = 0.

m F(d)={f€R™: 0< f <f, Ef =d} is the set of feasible
flows satisfying the demands d € R".

Main question: how to control the size of set F

m By demands? (Circulations: f >0, Ef =0.)
m By arc flow bounds f(®)? (Can be big or infinite).
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Acyclic optimal solutions

In some situations, the optimal flow f* € F(d) contains no cycles:

f*#h+hHh, heF(d), R=0 EL=0,£HLF#0.

circulation
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Acyclic optimal solutions

In some situations, the optimal flow f* € F(d) contains no cycles:

f*#h+hHh, heF(d), R=0 EL=0,£HLF#0.

circulation

m Objective function depends only on demands.

m Objective function is properly monotone in arc flows.

Important:

The volume of acyclic flow can be bounded by
maximal node-to-node flows.

Yu. Nesterov Fast Methods for Flow Problems 5/20



Maximal flows

Definition: for i,j € N, i # j, denote

o5, = rr;?(x{r: Ef =7(ej—e), 0< f<f},

Yu. Nesterov Fast Methods for Flow Problems 6/20



Maximal flows

Definition: for i,j € N, i # j, denote

6;.‘1/. = ma}x{r: Ef:T(ej—ei),OSfﬁ?}, 07 =07
7, C
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Maximal flows

Definition: for i,j € N, i # j, denote

0;.'1,. = rr;::,}x{r: EfZT(eJ'—ei)aogfg?}’ 9?‘7.:2'0’-*-.

Denote Dy = {d € R": d(l) > 0;’7& k, <e>d> = O}

Lemma: Let f € F(dx) for some dx € Dy. If f is acyclic, then

max{ > f 3" fly<g;

th(a)=i a: t(a)=i
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Bounds for acyclic multicommodity flows

Denote by S = {1,..., g} the set of commodity sources, and
ek — min{0 niy: Ok ey}, €A kES.

Thus, ©, € R™9 is a matrix.
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Bounds for acyclic multicommodity flows

Denote by S = {1,..., g} the set of commodity sources, and
ek — min{0 niy: Ok ey}, €A kES.
Thus, ©, € R™9 is a matrix.

Assume that all flows fx € F(dk) with dyx € Dy are acyclic.
Then, for flow matrix F = (f, ..., f;) we have

Note: 1. Matrix ©, can be computed in O(n’mIn n) operations.
2. The bounds are row-separable.

Yu. Nesterov Fast Methods for Flow Problems 7/20



Maximal concurrent flow problem (MCFP)

Let us fix demands dx € Dy, k =1,...,q. Our goal is to find
T = max {7: Eff>71-dy, k€S,

7, F={fitkes _
Fe < f, F>0}.
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Maximal concurrent flow problem (MCFP)

Let us fix demands dx € Dy, k =1,...,q. Our goal is to find
T = max {7: Eff>71-dy, k€S,

T, F:{fk}kes _
Fe < f, F>0}.
Dualizing the demand constraints, we get

q
* =  max_ min + Ty, Efp —7-d
' FZL’;Z%Rv{Tkzo}{T &\ ol k>}

q q
= min max{Z(Tk,Efk)} : E<dk7Tk> =1

{Tk=0} | £20 L g=1 k=1

- .
= min ﬂ”(max 0;, T, > : de, Ty =11 .
RAA P 2\ T ) s 2 (e T
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Dual problem

Denote G, = {Tx € RT : T =0}, T=(T1,..., T,), and
¢(T) =3 9 max (&, Ti)+
j=1

1<k<q

Then the dual MCFP is as follows

q
Find 7* = mTin{qb(T) S {dk, Ty =1, T e Gk, 1< k<gq}. (%)
k=1
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Dual problem

Denote G, = {Tx € RT : T =0}, T=(T1,..., T,), and

HT) =3 FO_max (5}, T+
j=1

1<k<q

Then the dual MCFP is as follows
q
Find 7* = mTin{qb(T) S {dk, Ty =1, T e Gk, 1< k<gq}. (%)
k=1
Note:

m Complexity of (*) depends on the Lipschitz constant for ¢.
m This Lipschitz constant depends on f.

m For some arcs, these bounds can be arbitrary big.
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Dual problem

Denote G, = {Tx € RT : T =0}, T=(T1,..., T,), and

HT) =3 FO_max (5}, T+
j=1

1<k<q

Then the dual MCFP is as follows

q
Find 7* = mTin{qb(T) S {dk, Ty =1, T e Gk, 1< k<gq}. (%)
k=1

Note:
m Complexity of (*) depends on the Lipschitz constant for ¢.
m This Lipschitz constant depends on f.
m For some arcs, these bounds can be arbitrary big.

We need reasonable bounds on arc flows.
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Regularized dual problem

Main Idea: The optimal flows in MCFP are acyclic = Apply the
max-flow bounds.
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Regularized dual problem

Main Idea: The optimal flows in MCFP are acyclic = Apply the
max-flow bounds.

Regularized dual function

o(T) = mEx{Z<Tk,Efk): 0< F<o,, Feg?}

& q
k=1

with Te Rs € (T erma. T =0 k=1,...,q}.

Can be computed in O(mgqIn q) operations.
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Regularized dual problem

Main Idea: The optimal flows in MCFP are acyclic = Apply the
max-flow bounds.

Regularized dual function

~ q -
HT) = max{ 3 (Tk, Efi) : 0< F <O, Fe<f}
k=1

with Te Rs € (T erma. T =0 k=1,...,q}.

Can be computed in O(mgqIn q) operations.

New dual problem: 7* = min {$(T): 3 (di, Ti) =1}
TERs k=1
has the same optimal solution as (*).
q
Note: The subspace Rs can be replaced by the cone C def IT Cx.
k=1
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Minimization in relative scale

Problem formulation:
Find f* = min f(x): Ax=b.
where b # 0 and

m f is homogeneous: f(x) = maé)((s,x>, 0 € int Q.
xe

Assumption: B(y1) = {x: ||x|]| <7} € Q C B(72). Then

mlix|l < F(x) < y2llx]-
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Minimization in relative scale

Problem formulation:
Find f* = min f(x): Ax=b.

where b # 0 and

m f is homogeneous: f(x) = maé)((s,x>, 0 € int Q.
xe

Assumption: B(y1) = {x: ||x|]| <7} € Q C B(72). Then

mlix|l < F(x) < y2llx]-

. * L||xo—x*
Subgradient method: f(xx) — f ”\/OI(T L

We have: L = 7y, HXOH < HX*” < 1 f* = 71 (XO)
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Bounding the growth of ¢

Denote /() & max{ln( i), Out( )}, and i € N. Clearly
Z/ < Z['n() Out(/)] =

For T € Rs deflne the IIEuclldean metric

ITle = [ 10 (0,70) P2

=1i#k
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Bounding the growth of ¢

Denote /() & max{ln( i), Out( )}, and i € N. Clearly
Z/ < Z['n() Out(/)] =

For T € Rs deflne the Euclldean metric

ITle = [ 10 (0,70) P2

=1i#k

Main Theorem: For any T € C we have

A Tle < H(T) < v2mq||Te.

Consequences:
m The Lipschitz constant of function ¢ is bounded by \/2mg.
= Optimal dual solution is bounded: ——|| T*||¢ < 7 < o(T).
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Finding MCF by subgradient method GM(9)

Denote L={T eC: (D, T)=1}.
Define projection m3(S) = arg wg{(S, T)+ g” T2}
€

1. Set k=0, p=0, N=4m?q* (2+ %)2, To = arg ?elg I TllE-

2. Restart: Set S5y =0, p:=p+1, B, = W , Qp = %&(T,f)
3. Main cycle: for i =1 to N do
a) Compute Tyxy1 = 73,(Sk), QE(TkH), and Gy € 8@3(Tk+1).
b) Set Sk+1 =S+ Gk+1, k:=k+1.
c) If $(T;) < a, then go to Step 2.
4. Terminate, if the last cycle was full. y
In this scheme we denote T} = arg mTin{<;5(T) : T=To,..., Tk}
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Complexity bounds for GM(0)

Number of stages: p < 2+ logy(gm).

Complexity of the stage: at most 4m?q? (2 + %5)2 iterations.

Complexity of iteration:  O(mgqIn q) operations.

Total: O(é%m:*’q3 In g In m) operations.
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Complexity bounds for GM(0)

Number of stages: p < 2+ logy(gm).

Complexity of the stage: at most 4m?q? (2 + %5)2 iterations.

Complexity of iteration:  O(mgqIn q) operations.

Total: O(é%m:*’q3 In g In m) operations.

Thus, this is a Fully Polynomial-Time Approximation Scheme
(FPTAS).
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Smoothing technique

For F = (fi,...fx) € R™*9 define the Euclidean norm:

2 def 9 ) 2
GEESBIEE
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Smoothing technique

For F = (fi,...fx) € R™*9 define the Euclidean norm:

def 9 1\

1713 % 5 5 ()
= J_

Let us introduce a linear operator A(T), T € Rs, by identity

(A(T),F) = é:l(-"k, Efy).
Recall: 6(T) = max{{A(T), F) : 0<F<o, Fe<Ff)

For applying smoothing technique, we need an estimate for ||A||.
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Smoothing technique

For F = (fi,...fx) € R™*9 define the Euclidean norm:

def 9 1\

1713 % 5 5 ()
= J_

Let us introduce a linear operator A(T), T € Rs, by identity

(A(T), F) = qu: (T, Efy).

Recall: ¢(T) = max{(A(T),F) : 0 < F < ©., Fe < f}.

For applying smoothing technique, we need an estimate for ||A||.

Lemma

def
1Alle.p = esalAlh ) [Vle = 5 (il = 15 <2
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Smoothing the dual objective

Let us define a smooth approximation of function ¢:
Ou(T) = max{(A(T), F) = 5| Fllp: 0<F <O, Fe<f},

where © > 0 is a smoothing parameter.
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Smoothing the dual objective

Let us define a smooth approximation of function ¢:
Ou(T) = max{(A(T), F) = 5| Fllp: 0<F <O, Fe<f},

where © > 0 is a smoothing parameter.

] ‘511 has Lipschitz-continuous gradient with constant L, = /%'

m The size of the primal feasible set is bounded by /mq.
= Gu(T) < A(T) < 6u(T) + 5mg.
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Fast gradient method

Define the gradient mappingN(GM)
Tu(x) = arg min{(Ve,(T),V —T) + 2lv—TI3)
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Fast gradient method

Define the gradient mappingN(GM)
Tu(x) = arg min{(Ve,(T),V —T) + 2V =TI}
1. Set k=0,p=0, N=4mq (2+ 23), To =argmin || T|.
Se 0, p=0, mq (2 + %), 0 = arg min ITle
8(T; T

2. Restart: Set Sy =0, p:=p+1, pp = QXI(JF{), ap = %qb(Tk).
3. Main cycle: for i =0 to N do

a) Compute V&up(Tk) and Vi = T, (Tk).

b) Set 5k+1 =S, + %V&MP(T,(). Compute Zy = 7T4//—Lp(5k+1)'

c) Set Thy1 = 7252k + 15 Vi k= k+ 1.

d) If ¢(T}) < ap then go to Step 2.
4, Terminate, if the last cyclg was full.
In this scheme T = arg m7i_n{¢)( T): T=To,..., Tk, Vo,..., Vk}.
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Complexity bounds for Smoothing Technique

Number of stages: p < 2+ log,(gm).
Complexity of the stage: at most 4mq (2 + %?) iterations.

Complexity of iteration:  O(mgqIn q) operations
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Complexity bounds for Smoothing Technique

Number of stages: p < 2+ log,(gm).
Complexity of the stage: at most 4mq (2 + %?) iterations.

Complexity of iteration:  O(mgqIn g) operations.

Total: O(%mzq2 In g In m) operations.
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Auxiliary problems
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Auxiliary problems

= Projection m(S) or GM: min{(S, T) + 3| T|[ : (D, T) = 1}.
m Function ¢(T) = max{(A(T), F): 0<F<0O,, Fe<f}
= Z max {(a;j(T),u;) : 0 < u; < OTe;, (e,uj) < FU},

Jj=1 ujeRI
where u; are rows of F and a; are some linear functions of T.
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m Function ¢(T) = max{(A(T), F): 0<F<0O,, Fe<f}
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j= 1U€R
where u; are rows of F and a; are some linear functions of T.
[ SNmooth approximation _
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Auxiliary problems

= Projection m(S) or GM: min{(S, T) + 3| T|[ : (D, T) = 1}.
m Function ¢(T) = max{(A(T), F): 0<F<0O,, Fe<f}

= Z max {(a;j(T),u;) : 0 < u; < OTe;, (e,uj) < FU},

Jj=1 ujeRI
where u; are rows of F and a; are some linear functions of T.
[ SNmooth approximation _
ou(T) = max{<A(T), Fy—L|F|3: 0<F<®O,, Fe<f}

m

= %% max (ai(T).u) ~ 51D~ (@7 e)ulfy :

0 <u<OTe, (e,u) < FOY.

Dual feasible sets: a box intersected by one linear constraint.
Complexity: m x Inmor mx glng.
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Conclusion

m We developed new FPTAS for MCFP.

m The best of these schemes has complexity O*(%m2q2)
operations. (Best known?)

m In these schemes the auxiliary problems are trivial.

Open questions:

m Can we have better performance on the optimization stage?
(Choice of the method, Euclidean metric, etc.)

m Can we have cheaper preliminary computations? We need
only an estimate for the maximal flows.
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