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I. Introduction 

 
*  There is growing attention to 
the claim that homo sapiens is a 
cooperative species: 
 1.  evolutionary biology 
 2. experimental economics: 
people often don’t play Nash, 
but more altruistically 
 3.  Bowles and Gintis (2011), 
A cooperative species 
 4. Henrich & Henrich 
(2007)Why humans cooperate… 
Nash equilibrium:  non-
cooperative concept 
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*most well-known eg: NE in 
prisoners’ dilemma is Pareto 
inefficient 
 
* but problem is ubiquitous, in 
public economics: tragedy of 
the commons,  deadweight loss 
of taxation, unpriced public 
bads (global warming), etc. 
   
 
My aim here:  to introduce an 
alternative to Nash equilibrium.   
This will involve individuals 



 3 
having a different optimization 
protocol.  I call this new 
concept Kantian equilibrium. 
 
My claim: If individuals can 
learn to adopt the new 
optimization protocol, many 
Pareto inefficiencies which 
plague Nash equilibrium can be 
overcome. 
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Must distinguish optimizing 
behavior from preferences.  In 
principle, there are four 
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modeling strategies:                        

 
I.e., rather than altering the column of the 
table we can alter the row as a modeling 
strategy  
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We’ll then ask:  Is it crazy, 
utopian to think that this 
Kantian protocol for optimizing 
can become prevalent in 
society? 
 
I’ll argue it’s not crazy to think 
this is possible.  In fact, we see 
examples of it today.  
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II. Model 

 
Set of types γ  distributed 
according to prob dist’n  F 
(continuous or discrete) 
 
Effort combines to produce 
output. 
 
Production function 
    G : + →  + 
Single kind of labor, which may 
differ in intensity units.  
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Let   E(⋅) be an effort schedule. 
Then an income schedule   x(⋅) is 
feasible if  
 

  
  

G( E(γ )
γ
∑ ) ≥ x(γ )

γ
∑

 

Utility functions   
    u

γ (x, E) : +
2 →  

 

(e.g.,   
uγ (x, E) = x − E2

γ ) 
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III. Tragedy of the commons 

 
A lake , with fishers. 
Each expends fishing effort, and 
each keeps his catch. 
The allocation rule is 
 

  

X γ (E(⋅)) = E(γ )
E(τ)

τ
∑

G( E(τ)
τ
∑ ). 

 
If G  is strictly concave  
(diminishing returns to labor)  
then Nash equilibrium gives 
tragedy of the commons. The 
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NE is Pareto inefficient.   
There is overfishing. 
 
In Nash equilibrium, each fisher 
asks:  Assuming others’ efforts 
are given, what is my optimal 
effort?   Takes no account of 
negative externality she 
imposes on other fishers. 
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Now suppose fisher γ  is 
contemplating increasing his 
effort by a factor of r.   And he 
says:  How would I feel if 
everyone increased his effort by 
factor r?    γ    must evaluate: 
   

uγ ( rE(γ )
rE(τ )

τ
∑ G( rE(τ )

τ
∑ ),rE(γ ))  

 
Suppose γ  will take the 
contemplated action iff he 
prefers this allocation to the 
present one.  This is Kantian 
reasoning: One takes an action  
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iff one prefers the world 
where that action is 
universalized. 
 
“Take only those actions you 
would have all others take.”  
 
A multiplicative Kantian 
equilibrium is an effort 
allocation {E(γ )}  such that: 
 
For all γ  : 
argmax

r≥0
uγ ( rE(γ )

rES (τ )
G(rES (τ )),rE(γ )) = 1  
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That is: nobody would like 
everybody to alter their efforts 
by any non-negative factor. 
 
This is the appropriate concept 
of a stable point with respect to 
optimization using the 
multiplicative Kantian protocol. 
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Some definitions: 
 
E=   {e = (u,G, F )} where u is a 
profile of concave, diff’ble 
utilities, G a concave prod’n fcn, 
F a cdf on   + 
 
L=subset of E with G  linear 
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Theorem 1 The proportional 
allocation rule is efficiently 
implemented in  K × equilibrium 
on E and it is the only 
efficiently  K ×-implementable 
rule on E. 
(i.e.,  resolves the Tragedy o.t. 
Commons) 
Proof: (first claim) 

  

d
dr

|r=1 u( rE(γ )
rES G(rES ),rE(γ )) =

u1 ⋅
E(γ )
ES ′G (ES )ES + u2 ⋅E(γ ) = 0

 

implies 
  
−

u2

u1

= ′G (E) . qed 
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The reason Kantian equilibrium 
(sometimes) is Pareto efficient 
is that it forces agents to 
internalize the effects of their 
actions on others. 
 
But one has to combine the 
‘symmetric action’ 
( multiplying effort by r) with a 
particular allocation rule to get 
Pareto efficiency. 
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Imagine, now, a population 
of many tribes of fishers, each 
with their own lake. Suppose 
utility u is a measure of fitness.  
Suppose a few tribes learn to 
optimize in the Kantian manner.  
They will thrive compared to 
tribes that optimize in the Nash 
manner.  We’ll return to this 
later. 
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IV. Hunting Tribes 

 
A tribe where big game is 
hunted.   A common allocation 
rule, historically, is equal 
division of the spoils of the hunt. 

Xγ (E(⋅)) = G(E
S )

n
 . 

Suppose hunters optimize in the 
non-cooperative way: In Nash 
equil’m, people will hunt too 
little.   Again NE is inefficient. 
Now suppose each uses an 
additive Kantian protocol. I will 
increase my effort by r only if 
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I’d prefer the state in which 
everybody does so.  I evaluate 
 

uγ (G(E
S + nr)
n

,E(γ )+ r) . 
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An additive Kantian 
equilibrium (K + ) is an effort 
allocation such that: 
 
For all γ 
argmax

r
uγ (G(ES + nr),E(γ )+ r) = 0 . 

 
Theorem 2.  (Almost) the only 
allocation rule which is 
efficiently  K +- implementable 
on E is Equal Division (or the 
kibbutz).  
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Proof (first part): 
 
d
dr
|r=0 u

γ (G(E
S + nr)
n

,E(γ )+ r) =

u1
γ 1
n
n ′G (ES )+ u2

γ = 0
  

 
which implies − u2

γ

u1
γ = ′G (ES ) . qed 

Imagine now a population of 
many hunting tribes.  The few 
who learn to optimize according 
to additive K protocol will 
thrive…. 
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V.  Linear economies with 
linear taxation (market 
economies) 
 
   Linear taxation and linear 
production (  G(E) = aE) 
 
 

  
X γ (E(⋅)) = (1− t)aE(γ )+ t

n
aES  

 
 
What happens with the usual 
Walras-Nash optimization? 
Since   ′G (E) = a, the firm pays a 
wage of a per unit labor. 
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Worker  maximizes: 
  

  
max

E
uγ ((1− t)aE + t

n
aES , E) 

yielding: 

  
  

u1
γa(1− t)+ u2

γ = 0  or

−u2
γ

u1
γ = a(1− t)

 

But condition for Pareto eff’y 
is:    

  

−u2
γ

u1
γ = a.   (MRS=MRT) 

As a polity this society might 
wish to choose a high tax rate t, 
but it is plagued by the 
consequent inefficiency. 
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What happens with additive 
Kantian optimization? 

d
dr
|r=0 u

γ ((1− t)a(E(γ )+ r)+ t
n
a(ES + nr),E(γ )+ r) =

u1
γ ((1− t)a + ta)+ u2

γ = 0  
u1
γ ((1− t)a + ta)+ u2

γ = 0   implies 
 
−u2

γ

u1
γ = a;    MRS = MRT.    qed 

 
Proposition  On L, linear 
taxation for any t, is efficiently 
implemented in K +  eq.  
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Formalization 

 
Let {  V

γ (E(1),..., E(n))}be the 
payoff functions of a game.  
  
(Here,  
  V

γ (E(⋅)) = uγ ( X t (⋅), E(⋅))) 
 
An additive Kantian 
equilibrium is an effort  
allocation   E(⋅) such that: 
 

  
(∀γ )(0 = argmax

r≥−min E (τ)
V γ (E(1)+ r,..., E(n)+ r) 
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I.o.w.: Nobody would like 
everybody to increase 
(decrease) his effort by any 
given amount. 
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How should we define 

cooperation? 
 

‘Cooperative’ game theory 
avoids the problem.  It simply 
presumes that the outcome of 
cooperation will be Pareto 
efficiency. 
 
Cooperative game theory posits 
values of coalitions, but has no 
theory of how coalitions create 
these values (i.e., how they 
cooperate). 
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I suggest:  in a game {V γ} we 
agree to cooperate at an 
allocation E(γ )  if we agree to 
take a similar action, such as 
each adding a constant, r, to our 
contribution.  At any allocation 
E(γ )  each player may 
recommend such a cooperative 
action.    If nobody advocates 
any such action, we are at a 
stable point.   This is (in this 
case) an additive Kantian 
equilibrium. 
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To summarize:  we have two 
examples of allocation rules 
which, combined with 
multiplicative (or additive) 
Kantian optimization generate 
PE on all convex economies. 
 
Thus    
 
(Equal division,  K +  ) 
(Proportional division, K ×  ) 
 
These are the classical 
‘communist’ and ‘socialist’ 
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allocation rules – but now 
combined with Pareto!   
 
Are there other such efficient 
Kantian pairs ? 
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V.General Kantian 
‘variations’ 

 

ϕ : +
2 →  +         ϕ(E,r)

ϕ(E,1) = E,ϕ  concave in r
  

 

  

ϕ+ (E,r) = E + r −1
ϕ× (E,r) = rE

 

 
Def’n.  A pair   ( X (⋅),ϕ) is an 
efficient Kantian pair if  X  is 
efficiently implemented on E in 
 K ϕ equilibrium. 
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Define for any  β ≥ 0 
 

  
X β(E(⋅),γ ) = E(γ )+β

ES + nβ
G(ES ), 

   ϕ
β(E,r) = (r −1)(E +β)+ E 

 
Theorem 3. For all  β ∈[0,∞], 
  ( X β(⋅),ϕβ ) is an efficient Kantian 
pair. 
 
 NB.  β = 0 is  K ×, β = ∞ is  K +. 
In other words,  we can 
implement efficiently a 
continuum of rules, spanned by 
polar cases of socialism 
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(consumption prop’l to labor) 
and communism (the kibbutz) 
 
There are some other rules as 
well, but they are ‘in 
neighborhoods’ of the rules 
stated in Theorem 3. 
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What is the rule X β  ? We can 
write: 
 
X β (E(⋅),γ ) = λ E(γ )

ES G(ES )+

(1− λ)G(E
S )

n
,

  

where   λ = ES

ES + nβ
 . 

 
These rules are ‘convex 
combinations’  of ‘communism’ 
and ‘socialism.’ 
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We can illustrate the contrast 
between K and N equilibrium as 
follows.
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VI   A contrast 

 
There have been three general 
approaches to explaining 
cooperation in ‘classical’ 
economic theory: 
 
1. other-regarding preferences 

(altruism) 
2.  repeated games 
3.  behavioral economics 
 
All three approaches maintain 
Nash Equilibrium as the 
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underlying concept that 
organizes social behavior. 
 
I am arguing there is another 
possibility: to alter the 
optimization protocol.  Note 
Pareto Efficiency has been 
achieved in the above 
examples even with ‘selfish’ 
preferences.  
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VII. Discussion 

 
In Nash optimization, an agent 
decides whether to alter his 
behavior assuming that all 
others’ behaviors will not be 
altered.   Certainly an appealing 
but autarkic notion of stability. 
 
In Kantian optim’z’n, an agent 
alters his behavior if and only if 
he would have all others alter 
theirs in like fashion .  
Moreover, all agents examine 
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counterfactuals in the same 
set of social action vectors. 
 
Two institutions could lead to 
this kind of behavior: 
 
(1)  Kantian morality 
(2)  A conception of 
cooperation 
 
We’ve shown that Kantian 
behavior can achieve full 
efficiency for some allocation 
rules.  
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But even with other 
allocation rules with 
redistribution through taxation  
(e.g., convex economy, non-
linear production, private 
ownership of assets)  Kantian 
equilibrium is ‘more efficient’ 
than Walrasian equilibrium, if 
the tax rate is ‘large.’     
 
Ironically, the larger the tax 
rate, the more efficient does 
(additive) Kantian equilibrium 
become in a market economy.  
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(‘Equal division’ is just a tax 
rate of unity.)   
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But is it utopian to suppose 
Kantian behavior could come to 
be the norm? 
 
1.  We try to teach children 
Kantian behavior.  (“Do unto 
others…”; “How would you 
like it if everyone threw his 
candy wrapper on the 
sidewalk?”) 
 
2.  In UK, during WWII, the 
social norm of  “I’m doing my 
bit.”  Doing your bit is not Nash 
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behavior: it is Kantian.  It 
works iff  everyone is doing his 
bit of extra.  It worked during 
WWII. 
 
3. Charitable giving may be 
explained by Kantian thinking.  
And voting? 
(I vote, costly for me,  because I 
like the world where my action 
is universalized.) 
 
4. Striking workers are Kantian 
optimizing.  (Enforcement 
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required against Nash 
deviators (free riders.) )  
5. Collective action more 
generally.  Paying taxes.   

  
Explaining socially responsible 
behavior by invoking existence 
of penalties is only a small part 
of the story. 
 
6. E. Ostrom argues that in 
small societies,  fishers-hunters 
etc. overcome the tragedy of the 
commons by regulating fishing 
& hunting. 



 45 
 
*These are  K × equilibria. (each 
keeps his catch) 
 
7.  Group selection.  If cultures 
which generate efficient 
solutions are selected by 
evolution, these results suggest 
that Kantian optimiz’n may be 
an evolutionary outcome.  
 
* So groups which evolved 
Kantian optimization will be 
selected. 
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8.  Monitoring, policing: 
Suppose some optimize Kantian 
and some optimize Nash.  
(Fishers; strikers and scabs…) 
Ostrom discusses enforcement 
of equilibrium with 
punishments and social shaming.   
Interpretation:  enforcement 
against Nash optimizers is 
required in practice.  Mancur 
Olson… 
 
Equipped only with theory of N-
equilibrium, one thinks that 
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enforcement is needed for all 
players.  This may be false.   
  
Cooperation may best be 
thought of as a property of the 
optimization protocol that 
individuals use, not of 
preferences!  
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VIII.  Other-regarding 

preferences 
 

Suppose people have O-R 
preferences: this induces 
pervasive consumption 
externalities.   Market equilibria, 
even sans taxation are not PE. 
All-encompassing utility 
functions: 

    

U γ (x(⋅), E(⋅)) = uγ (x(γ ), E(γ ))+
αexp log(uτ (x(τ), E(τ))∫ dF(τ)

 

 
α is the degree of social ethos 
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Characteriz’n of Pareto 
efficiency in the α −economy 
 
Theorem 4 A strictly positive 

allocation   (x*(γ ), E*(γ )) is Pareto 

efficient in the economy 

   (u,G, F ,α) if and only if: 

 (a) 
  
∀γ

u2[*,γ ]
u1[*,γ ]

= − ′G (E), 

and (b) 

  

∀γ 1
u1[*,γ ]

≥

α(Q*)(1− p)/ p u[*,γ ]p−1 u1[*,τ]−1 dF(τ)∫
1+α(Q*)(1− p)/ p u[*,τ]p−1 dF(τ)∫
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where   Q* = u[*,γ∫ ]p dF(γ ) ,  

where SWF is  

    u(*,γ ) p dF(γ )∫( )1/ p
. 

Follows that: 

*   α > ′α ⇒ PE(α)⊂ PE( ′α )    

*   
PE(∞) = PE(α) = singleton

α≥0
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  PE(∞) is the (usually unique) 

allocation that maximizes social 

welfare. 
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Disappointing theorem 

 
Theorem 5.  The Kantian 
equilibria of    (u,G, F ,α) are 
independent of α. (so they are 
the K-equilibria of the selfish 
economy !) 
 
Seems like bad news: K-
equil’um cannot deal with 
consumption externalities 
associated with social ethos 
To prove  Thm 5, introduce 
some notation for the SWF: 

 H (u
τ (Xτ (


E),E(τ ))dF(τ )∫   
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Proof: 
Denote

 
d
dr
|r=1 u

γ (Xγ (r

E),rE(γ )) = Dru

γ [

E]  

Now 
 

d
dr
|r=1U

γ (Xγ (r

E),rE(γ )) =  

 Dru
γ [

E]+α ′H (u∫

τ
)Dru

τ [

E]dF(τ ) = 0 

 ∴Dru
γ [

E] = k 

∴k +αk ′H (uτ )dF(τ )∫ = 0

∴k = 0
  

But this means the equilib’m is 
a K-equilib’m in the economy 
with α = 0 .    qed 
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This means that K-
equilibrium cannot address the 
externality due to social ethos 
as such.     
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Some hope… 

 
Theorem 6. Let  
 

  
uγ (x, E) = x − Eρ

ργ
, ρ >1 

Then for each ρ there exists 
 β

* ≥ 0 s.t.   X β*
(⋅) is implemented 

  PE(∞) .  
 
I.e., some convex combination 
of the equal-division and 
proportional alloc’n rules can be 
implemented efficiently in K 
equilibrium for any α  .  



 56 
This suggests two 
instruments: 
 
(1) Politics: the  polity chooses 
β ...  
 
(2) Cooperation: all agents 
optimize according to the 
Kantian variation ϕβ 
 
(recall ϕβ (E,r) = rE + β(r −1) ) 
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Let’s contrast this to Nash 
equil’m.    
 
Theorem 7. There are no 
allocation rules which are 
efficiently implementable in NE 
on  Efin  the finite convex 
economies. On continuum 
economies, the Walrasian 
allocation rules (with zero 
taxation) are PE Nash 
implementable (and are the only 
such rules). 
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Question.  How does  K + 
equilibrium with linear taxation 
in a Walrasian continuum 
economy compare to Nash 
equilibrium for linear taxation 
in Walrasian economy, where 
tax rate is chosen by median 
voter?  Neither are efficient 
with non-linear production. But 
simulations indicate  K + 
equilibrium dominates Nash in 
terms of social welfare. 
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*Median voter chooses tax rate 
* lognormal distrib’n of γ 
*quasi-linear preferences 
*  G(x) = x0.75 / 0.75 
*note inefficiency of tax’n 
discourages choice of large t 
under Nash optimiz’n 
  

theta t-Kant t-Walras Soc Wel - Kant Soc Wel - Walras

0 0.7 0.166667 5.68571 5.42386

0.1 0.7 0.164717 5.68571 5.42415

0.2 0.7 0.16314 5.68571 5.42436

0.3 0.7 0.161839 5.68571 5.42451

0.4 0.7 0.160747 5.68571 5.42463

0.5 0.7 0.159818 5.68571 5.42473

0.6 0.7 0.159018 5.68571 5.4248

0.7 0.7 0.158322 5.68571 5.42486

0.8 0.7 0.157711 5.68571 5.42491

0.9 0.7 0.15717 5.68571 5.42495

1. 0.7 0.156688 5.68571 5.42499
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IX.  Existence of K-equilibria 

 
Existence of interior  K + 
equilibrium is quite general; 
weak conditions on u required 
of  Inada-type:  marginal utility 
of consumption gets large as 
consumption gets small & marg. 
disutility of labor gets large as 
labor gets large 
 
Existence of proportional 
solutions in the fisher economy 
was proved by Roemer & 
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Silvestre (1993).   These are 
exactly the  K × equilibria of the 
proportional rule. 
 
Dynamics: There are simple 
dynamics which converge to K-
equilibrium when preferences 
are separable 
 
 
  



 62 
X. Discussion 

 
1. Kantian equilibria are 

invariant w.r.t. the degree 
of social ethos.    

2. However, we have a degree 
of freedom in the choice of 
β  .  For a family of quasi-
linear economies, we can 
choose β   so that alloc’n 
rule X β   is efficiently 
implemented in K β   
equilibrium for any 
α ∈[0,∞] .   I.e., some 
combination of Equal 
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Division and Prop’l 
Division can be effic. 
implemented regardless of 
degree of social ethos. 

3. Even for private-ownership 
alloc’n rules with linear 
taxation, K-equilibrium 
appears to give higher 
social welfare than 
Walsras-Nash equil’m. 

  



 64 
 

4.  Big Question: If a society 
has a social ethos  (positive 
value of α), are people more 
likely to use Kantian optimiz’n 
than Nash optimiz’n? Or would 
people be more open to a 
Kantian social norm?   I believe 
so but I have no convincing 
argument. 

 


