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Background

The analysis of collective decision-making became
one of the most important issues in economic re-
search.

A part of this research program is a formation of
“coalitions” or “social actions groups”.

This is particularly relevant in heterogeneous or
diverse societies where agents are distinguished on
the basis of their characteristics and preferences.

Here we will try to address the question how does
the societal heterogeneity impact the formation of
coalitions.

But why “coalitions”?
Why not the entire society?
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The answer is the persistence of a conflict be-
tween increasing returns to scale (that favor large
groups) versus heterogeneity of preferences and char-
acteristics (that favor small groups). So there is
presumably an optimal intermediate group size.

Formalization

We present here a simplified “public good” ver-
sion of a more general model.

When citizens use a public facility (e.g. a hospi-
tal, a library or a post-office) they face an idiosyn-
cratic private access cost (e.g. transportation) and
must in addition contribute to the costs of the fa-
cility.
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We address two questions:

(i) Is it possible to partition the society into “sta-
ble” groups?
(ii) If the answer to (i) is affirmative, what would

be the size of stable groups? (Zipf’s Law?)
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As an example we consider a population that con-
sists of a continuum of citizens distributed over the
interval.

Facilities can be located anywhere on the line.

All citizens face private access costs increasing in
the distance to the chosen facility.

Each individual is free to choose a facility of her
choice (Nash notion of stability).
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Formalization

We consider a population of agents N who are
distinguished on the basis of a single parameter,
“location”, on the interval I = [0, 1].

The distribution of all agents’ locations x is given
by a cumulative distribution function F on I . In
what follows, we identify an individual with her
location x and, for simplicity, labeled her x hence-
forth.

The populationN is partitioned in several groups
(jurisdictions) each providing its members with an
access to its public project.
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We specify neither the rule for choosing the lo-
cation of the public project nor the individual con-
tributions of residents of S. We simply stipulate
that participation cost of each individual x ∈ S
consists of two parts, one of which is the common
for all members of S and another is agent-specific:
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c(x, s,P) = g(s,P) + Ψ(x,P), (1)

where P is a normalized distribution of locations
of members of S, and s is the population size of S.

Assumptions. Continuity and regularity of g
and Ψ. The continuity with respect to distribu-
tions P is based on the Kantorovich transporta-
tion metric. Consider two distributions P and
P ′. Define by Λ the class of all “transportation
functions” ψ ≥ 0 for which

P ′(x) = P (x)−
∫ 1
0 ψ(x, y)dy +

∫ 1
0 ψ(y, x)dy

Then the Kantorovich distance D between P and
P ′ is determined by:

D[P, P ′] = inf
ψ∈Λ

∫
[0,1]2 |x− y|ψ(x, y)dxdy. (2)
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For the sake of example, consider a simplified
functional form:

c(x, S) =
G

s
+ Ψ(|x−m(S)|), (3)

where
G is the fixed cost of the project,
m(S) is the median of S,(allowing for group loca-
tion decisions to be taken by a majority voting),
Ψ(·) is increasing.
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Partitions

We will restrict our attention to consecutive or
stratified partitions. That it is a typical parti-
tion π in n groups consists of intervals, S1, . . . , Sn,
where each Sk, k = 1, . . . , n has endpoints bk−1
and bk, where 0 = b0 < b1 . . . < bn−1 < bn = 1.

A partition is Nash stable if no individual would
prefer to move to another jurisdiction:

Definition - Nash Stability : A partition π is
Nash stable if the inequality

c(x, S(x, π),P(S(x, π)) ≥ c(x, S,P(S))

holds for every x ∈ I and every S ∈ π, where
S(x, π) is the jurisdiction in π that contains x.
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In order to have a chance for stability, the indi-
vidual b1 should be indifferent between joining S1
and S2, b2 should be indifferent between joining S2
and S3, etc. Indeed, if b1 strictly prefers joining,
say, S1 over S2, then there would be a neighbor-
hood of individuals to the right of b1 who would
rather be in b1, thus, violating the Nash stability
requirement.

We introduce the Border Indifference BI-property:
Definition - Border Indifference : A strati-

fied n-partition π satisfies BI if

c(bk, sk,Pk) = c(bk, sk+1,Pk+1),
where sk k = 2, . . . , n, are the population sizes
of jurisdictions S1, . . . , Sn and
Pk = P(Sk) is the induced (normalized) distri-
bution on Sk.

Naturally,

Proposition 1: BI-property is a necessary con-
dition for Nash stability.
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We utilize the celebrated Debreu-Gale-Nikaido
Lemma used in the proof of competitive equilib-
rium:

Proposition 2: Under continuity and regularity
conditions, for every n there exists a n-partition
satisfying (BI).

However, there is a surprising observation:

Proposition 3: BI-property is not sufficient for
the existence of a Nash-stable partition.

There is an economy satisfying a simplified spec-
ification (3,) satisfying (BI), that does not admit
a Nash equilibrium.
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We need more. So we use the single-crossing
property or the monotonicity conditions (Milgrom-
Shannon, 1994). that would guarantee the equiva-
lence of Nash stability to BI-property.
We introduce a partial ordering on the space of

all probability distributions on [0, 1], which is, in
fact, much stronger than the first-order stochastic
dominance.

Monotonicity of functionals defined over this space
∆[0, 1] should also be viewed with respect to a
given ordering, and naturally the stronger is the
ordering, the weaker is the condition of monotonic-
ity.
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For illustration, we can state a stronger version
of our condition, called increasing differences:

Definition:

Ψ(x,P ′)− Ψ(x,P) (4)

is increasing in x when P is preferred to P ′.

Note that this condition guarantees the Spence-
Mirrlees single-crossing property (also
super-modularity).
We have:

Proposition 4: Under continuity, regularity and
monotonicity, BI-property is equivalent to the
existence of a Nash-stable partition.
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The second part of the research program (in progress)
is to determine the size of groups in equilibrium.

In particular, when does the size distribution sat-
isfy the Zipf’s Law?

To recall, Original Zipf’s Law states that a fre-
quency of any word is inversely proportional to its
rank in the frequency table.

Related to Zeta distributions.
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Examples

• - equal-share rule. Most of the attention in an-
alyzing the jurisdiction-specific component of the
cost allocation has been devoted to the setting where
g(s,P) is invariant of the distribution of members’
locations and depends only on the jurisdiction size
s. In our setting

g(s,P) =
G

s
.

• - Rawlsian cost allocation. Here all personal
costs are internalized (and normalized) so that the
resulting cost allocation is agent-invariant. The
Rawlsian allocation minimizes the maximal indi-
vidual contribution in the case of the fixed cost of
the public project:

c(x, s,P) =
G

s
+

∫
Ψ(x,P)dP .
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• - partial equalization. A mixture of the pre-
vious two approaches. Here, ca = ga + Ψa, where
by definition

ga(s,P ]) = g(s,P) + (1− a)
∫
Ψ(x,P)dP (5)

and
Ψa(x,P) = aΨ(x,P). (6)

As for the nature of the second part of the cost,
which is Ψ, there are several special cases.

• - Pairwise social interactions. Let for any
two members of that group, whose addresses are x
and y, their interaction involves direct cost of their
disagreement: ρ(x, y) (in the simplest version it is
their distance, |x− y|, or an increasing function of
this distance, q(|x− y|)). Then, we have

Ψ(x,P) =
∫
ρ(x, y)dP(y). (7)

or in a simpler case,

Ψ(x,P) =
∫
ρ(|x− y|)dP(y). (8)

Then the convexity of the function ρ(·) ensures
that our satisfied.
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