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Abstract

In this paper we formulate the coordination and optimization problem of an extended supply chain as a bilevel
program. In our opinion this model better represents the dynamics of today supply chains, comprised of separately
owned entities each striving to maximize their own profit and still in need of collaborating and trading to supply
the market. Bilevel programs are NP hard even in the linear case. We provide an efficient heuristic to find good

solutions.
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1 Introduction

In this paper we address the problem of coordinating and optimizing an extend supply chain, i.e., a system made
up of suppliers, manufacturers, distributors, carriers and retailers who collaborate and trade in order to reach the
common objective of supplying products and services to the final customers. We would like to find a supply chain
plan which satisfies a multi item stochastic demand over a time horizon T. The plan will specify the stream of orders
to each element in the supply chain, i.e., the induced demand over the appropriate horizon for each element in the
supply chain. The plan will also specify the inventory and backorders levels, over the time horizon, for each entity in
the supply chain. Finally, for each entity, the plan specifies a detailed schedule of releases, which take into account
resources capacities, processing lead times and local constraints.

Before proceeding further let us analyze which are the benefits of such a plan. First of all, depending on the final

demand pattern, induced demand can be zero for some entities so that we can dynamically adapt the structure of the



supply chain to take advantage of competition, selecting the best supply chain structure for a given stream of final
demand. Hence, we are merging together a strategic decision, i.e., the optimal supply chain structure, with a tactical
decision, i.e., the actual induced demand at each supply chain entity for a given demand pattern. Traditionally,
these decisions are hierarchical and significant savings can be reached by joining these two decisions problems. We
are also merging other two hierarchical decision: inventory and resource capacity planning, a tactical decision, with
scheduling, an execution level type of decision. Basic optimization theory tells us that potential savings can be
significant.

The next question to be asked is what type of model can be used to solve this optimization problem. First of all,
in order to separate the stochastic issues from the deterministic one, we consider, as in [de Kok, Fransoo 2003] and
[Spitter 2005], a rolling schedule approach in which demand is forecasted over a time horizon and in which only
current decisions are implemented at every entity. We will be assuming that safety stocks are computed separately,
before the optimal plans are computed, so that these are input to the problem. Hence, we have a deterministic
optimization problem that theoretically can be solved by a mathematical program: the objective function optimizes
system wide supply chain costs, as if the entire supply chain were owned by the same entity, subject to system wide
constraints and local constraints. There are two issues with this approach: a computational issue and a modeling
issue. The computational issue is that this mathematical program, modeling a realistic supply chain, can not be
solved in reasonable time. The modeling issue is that a mathematical program does not take into account hierarchy
nor competing objectives. The mathematical programming approach was certainly suitable when many companies
were highly vertically integrated, basically from raw materials to retailing, so that a system wide optimal solution
was the right target and a system wide solution could be enforced at every level of the chain. Now, though, supply
chains are comprised of many independent firms, each with a own objective function that can be in contrast with a
system wide optimal solution. A system wide optimal solution can be applied only if there are side payments that
appropriately divide the savings among competing players, [Chacon 2003]. We believe that an alternative approach
that solves both the computational and the modeling issues is to use a bilevel optimization program in which the
objective function still consists of optimizing system wide performances, e.g., minimizing costs, subject to each
player optimizing its own objective function, e.g., profits,. The program will also have upper level constraints which
coordinate the supply chain and lower level constraints which optimize each player resources. For a nice review
of bilevel and multilevel programs the reader is referred to [Vicente,Calamai 1994] and [Colson et. al. 2005]. The
concept of bilevel program can be seen as a generalization of a Stackelberg game and there have been applications

in the military field, production and marketing since the seventies. So far, though, there are not bilevel or multilevel



program approach to optimizing supply chains. Our program will minimize an objective function consisting of
purchasing costs, production and transportation costs, inventory and backlog costs. The program is constrained in
order to satisfy final demand, i.e., having the right amount of products at the right time and at the right location.
Also, the program is constrained in order to maximize each player profit subject to local constraints, representing
usually production and transportation constraints. We will assume that each player will implement a just in time
policy, consistent with the rolling schedule approach, and when ordering it will select the least costly purchase
pattern. A similar rational attitude is assumed for the consumers that will select the cheapest retailers. Each entity
in the supply chain has a price function and a cost function. Both functions depend on the demand the entity faces
over the time horizon T as well by a given current state. The cost function depends also on the chosen plan. In the
next section we will formulate the problem while in the second we will give a heuristic to find a good solution. The
heuristic repeatedly solves a mixed integer program with a non linear objective function. In the last section we give
a simple method to represent this non linear mixed integer program as a linear mixed integer program. The reason
for this modification relies on the fact that methods to solve linear mixed integer programs are more mature than
methods to solve non linear mixed integer programs so that the corresponding software have comparatively better

performances. Computational work is ongoing.

2 Problem Formulation

We have a general, capacitated supply chain represented, as usual, as a network in which each node represents an
element in the supply chain and in which a direct link between two nodes represents a possible flow of goods or
services between the two adjacent nodes. The supply chain is providing ¢ items to the final market and there are a
total of m items in the supply chain. A forecast of the ¢ items over a time horizon T is given as well as exogenous
forecast for each intermediate item. Each resource will define its own safety stock s; for each item for any time
period. Each resource in the network is characterized by a current state, that gives information about some relevant
key indicators. When entity ¢ is faced with a stream of demand d; = (O1i111, - - - Ojitsts - - - s Onimrr) (Where Oy is
the order of item [ placed at i from customer j at time ¢ to be transhipped via transportation mode s) covering the
entire time horizon T, it will select the plan p that optimize its profit function. Hence, the local problem faced by
any entity ¢ is:

Mazx TI; = Rev;(Q, state) — C1(Q;, ps, state)



s.t.
Qi < d;

p:(Q;) feasible towards prodution and/or transportation constraints

Here Rev;(Q;, state) is the revenue collected by producing and/or transhipping @Q; and CI(Q;,p;,state) is the
relative total cost. Beside the usual costs we also consider the cost of modifying plan, i.e., we cost the distance
between the optimal plan and the current plan codified in state, c(dgis¢(pi,p°'?)). This is to properly trade off
the additional revenue of modified forecast and the replanning cost that can cause delays in other scheduled jobs.
Practical application would suggest how this cost is relevant. The distance function can be any relevant distance,
from the euclidean to a makespan distance. Note that the same optimal plan p} can correspond to many possible
combination of customers orders. We assume though that if @7 < d; the plan p; is modified in such a way that
pi(QF + €) would be unfeasible for any vector e. Similarly, one could modify the revenue function in such a way
that QF = d; always. We distinguish between a production plan and a transportation plan. The production plan
P! = (.o, Kit, Git,mie, My, LT, ...) is characterized, for each time ¢, by an output vector K;;, an input vector Gy, a
minimum load m;;, a maximum capacity M;; and a production lead time L%,. The output vector represents all the
items produced by resource i during the production lead time. It will be represented by [ki1t, - - ., kime]. The input
vector represents all the items needed to produce the output. It will be represented by [giit, .. ., gike]- W.lg. let us
assume that k;;; = 1. Then a unit order release at time ¢ will need g;;+ for all j to produce k;;; for all j. Hence, if
we release at time ¢ an order R;; it will produce R k;;¢ for any output item j and it will need R;;g;;¢ for any input
item. We assume a finite capacity modeled by the constraints R;; < Mj; i.e., we can not release more than M;.k;j;

) is characterized by Q%™ a minimum

of output. Similarly the transportation plan p!” = ( min Qmaz [t i

= Wigie o Wit s Migistee

mazx
ijlst?

load for transhipping item [ at time ¢ from ¢ to j via transportation mode s, @ the maximum capacity and
L;jis¢ the transportation lead time. The production cost function C?(R; K;,p?, state) depends on the actual releases
R; over the time horizon, by the chosen production plan and by the current state. Similarly, the transportation
cost function C! (O, pls, state) depends by the actual orders, by the chosen plan and by the current state. The
price charged to client j, p;;(Ojs, state;, states) = pP (O, state;) +ZSGSW pL(Ojis, statey) is divided in a purchasing
price p”(Oy;, state;), which depends on the total purchasing pattern of client j over the time horizon and by the
current state of entity ¢, and in a transportation price p’(Oj;s, states) which depends on the transportation mode

s, on the purchasing pattern along that transportation mode and by the current state of transhipper s. In this way

we indifferently allow in house transportation capability as well the use of third party logistic. Note that the state



indicators used in the cost function and those used in the price function are usually different. For example, the state
parameter in the price function could signal an excess amount of inventory of some item and hence some discounting
scheme. We will distinguish furthermore two type of resources in the network: those resources that have input and
output inventories Ifjntp , 1ij¢, e.g., production centers, and those resources that have only one type of inventories,
I;;i, e.g., whareouses/distribution centers, retailers. The problem that a benevolent central planner would solve
is that of meeting forecasted demand at the minimum cost while satisfying supply chain constraints. Costs taken
into consideration are purchasing costs, production and transportation costs, inventory and backlogging costs. The
possible contrast between the social allocation and each player self interest is best represented via a bilevel program

in which the leader is the social planner while the followers are the separated entities. Before we describe the program

let us summarize all variables and parameters needed.

n: number of resources (nodes) in the network
m: total number of items in the system
q: total number of end items
Dy : exogenous demand of end item [ at time ¢
diy : amount of end demand of item [ faced by ¢ at time ¢
Djy : exogenous demand of item [ faced by 7 at time ¢
S; - safety stock at entity ¢
0; : demand (customer orders) faced by entity 4 over the time horizon
Pilt - unit price for item [ charged by entity 4 at time ¢ for exogenous demand
Oijist amount of item [ ordered by customer ¢ from supplier j

via transportation mode s at time ¢

min .

minimum order quantity for item [ transhipped

ijlst *
via transportation mode s from entity i to entity j at time ¢
it - maximum order quantity for item [ transhipped
via transportation mode s from entity i to entity j at time ¢
Lf;zst : ATP transportation lead time of item !

from supplier i to customer j at time ¢



R :

R;:

My

M;; -

Kit = (kity -« kime) ¢
Git = (Gitty - Gime)
Ly .

Oy :

O js :

state; =:

Dij (6jz , state;, state?) =:

K2

C!.(Ois, pL,, state;y) :
Lig :

By :

hilt(Iilt) :

Bire(Bie)

Jii

CP(R;,p?, state;) :

release at resource ¢ at time ¢
release at resource ¢ over the entire horizon
available to promise, minimum load at resource ¢ at time ¢
finite, available to promise, capacity at resource ¢ at time ¢
output vector at resource ¢ at time ¢
input vector at resource ¢ at time ¢
ATP production lead time at resource ¢ at time ¢
purchasing pattern from customer 7 to entity j over the time horizon
purchasing pattern from customer ¢ to entity j
over the time horizon via transportation mode s
current, given state at ¢

(pfj(ﬁji, state;) + e, pfj(ajis, states)

price charged to customer j from entity i for the purchasing pattern of client j.

It is made of two parts: a purchasing price and a transportation price

production cost at entity @
transportation cost cost at entity is
inventory level of item [ at resource 7 at time ¢
backlog level of item [ at resource ¢ at time ¢
holding cost of item [ at resource 7 at time ¢
backlog cost of item [ at resource ¢ at time ¢
suppliers index set, providing item [ to entity
index set of suppliers to ¢
client index set, ordering item [ from i
transportation mode index set, carrying item [ from i to j
transportation mode index set from 4 to j

index of transportation modes available at i



Rev;(0;; state) : revenue incurred at ¢ by selling O; when in state
CiT (O;; p¥; state) = total cost incurred at ¢ by producing O; according to production plan p! when in state

Rev;s(0;s, state;s) : revenue incurred at (is) by selling O;5; when in state

CL (O, pi™, state;s) : total cost incurred at (is) by transhipping O;s according to plan p!” when in state

The bilevel mathematical model is as follow:

Min DS " par(dae + D) + > 05(0j. statey) + > p3i(0 s, statey))+

t=1 i=1 |=1 i=1j€J; s€S8;;

T n m
+) (CPRK pf state) + D3 CL(O s, pls state®) + > D> (hire(Le) + hare (L) + Buae(Bane)

i SES; t=1i=1 I=1
s.t.
> du = Dy Vi=1,...q Yt=1,...T
i:1 retailer
diz = 0 if retailer i does not sell item |
dyg > 0 otherwise
ILiw—Byy = Ijy—1— Bijp_1+ Z Z Z Oijisr — dite — St V end item [ and ¥ retailer i selling item [
j€Ji s:S5u TZT+L;’;‘ZST=t
Lit — By = ILipg—1 — Bijp—1 + Z Z Z Oijisr — Z Z Ojist — Dy — sae V intermediate items | anc
j€Jiu s:S5a T:T+L;;ZST=t j:J€CI; 5:8551
resources i with only one type of inventory
Liyy— Byt = Ijyi—1— Big—1 + Z Rirkir — Z Ojite — Dt — sane YV items | and all resources i
T:T+Lf::t JECly
with two types of inventories
[th — Bflt = Iflt_l — Bflt_l + Z Z Z Oijisr — Ritgite — Sit YV items | and all resources i
J:Ja 1S540 T:T+L§:1."ZST:t
with input inventories
Lo = Lo YV items | and all relevant resources i
Iy = T;lo YV atems | and all relevant resources 1
my < Ry < My, Vi={l,....,n}, Vit={1,...,T}
I”
Ry < =t for all input item I, ¥V i, V' t
Gitt



mn, < Oijlst < Qmaa? v i7ja Sat

ijlst ijlst

D .
pi - ("'7mitaMitaGit)K’itaLitv"') v ?

tr __ min mazx tr -
Pis = (s ijlsts ijlstaLijzstv ) Vv (is)

Maz Rev;(2?, state;) — CF (x, pl, state;) )
s.t.
¥ < RK;
plan p? can produce z¥ and satisfies all production constraints at entity i
Max Rev;,(2i7), statess) — CL (x5, pl7, statess) Vi
s.t.

xtr S Ois

15

plan p!” can tranship z!7 and satisfies all transportation constraints at entity (is)

3 Problem Solution

This is a difficult problem to solve to optimality in its general form. We should at least have some assumptions
on the cost functions and on the feasible sets. If we though would like to keep its generality (and hence its wide
applicability in practical situation) we need to use heuristic. We would like our heuristic to perform well and being
possible optimal or close to it.

W.Lg. we can assume that each entity production and transportation costs can be written as C7 (x, p;, state;) =
Ci(z, state;) + C;(x, p, state;) i.e., in a part that does not depend on the specific plan and another part that does
instead depend on the specific plan. Just to give an example, costs that do not depend on the specific plan are indirect
material, labor payments, overhead, etc, while set up costs are obviously dependent on the specific plan. In order to
solve the previous problem we adopt the following strategy: for each entity ¢ we compute the set Sol; = {1, 22, ..., p)
such that Rev;(x;, state;) — C(x;, state;) > Rev;(y, state;) — Cry, state;) V i € Sol; and Vy ¢ Sol;. Sol; is hence the
set of the p most profitable production (transportation) patterns for entity 7 without considering costs associated to

the plans. Then for each of this pattern we compute the least cost feasible production (transportation) plan. If a



feasible plan does not exists for some of the x; we drop it from Sol;. Note that if the costs associated with these
plan are more or less the same then Sol; would be the set of the p optimal solutions also for the entire objective
function. In any case Sol; is a good approximation. Let us call P; the set of the p best plan for entity i. We associate
to each of these plans a 0 — 1 variable z;,, and we index all the relevant parameters by the chosen plan. We extend
also the production and transportation function to be zero when the decision variable is 0 and the same as before
otherwise. C? (R;Kiy,ph,, state, zi,) = 0 if 2, = 0 and C¥ (R; K, ph,, state, ziy,) = Ch (RiKiw, Pt , state) if
Ziw = 1. Similarly for the transportation function.

Hence we can consider the following non linear, integer program:

Min Z Z szlt it + Di) + Z Z Z Uw, state;) + Z pji(ﬁijws, states))+

t=11i=1 [=1 i=1 w=1 jeJ; SES;;
T n q
+ R szvpzwvstate Zzw + Zéw zsapiswvstates7ziw)+ zlt zlt +hzlt( 1lt)+ﬂ1lt( zlt))
i i s€S; w=1 t=1 i=1 z:1
s.t.
E dyy = Dy Vi=1,...q, Vt=1,...T
i:1 retailer
diz = 0 if retailer i does not sell item |
digg > 0 otherwise
p
Lt — By = Ijy—1— Bijp—1 + g E g g Oijiswr — dite V end item [ and ¥ retailer i selling item
j€Ji 5:S50 w=171: T+L;lew7_ =t
p
Lyt — Byt = Ij—1 — Bijp—1 + E E E E Oijiswr — E E Ojist — Diyy  V intermediate items | an
j€Ji 5:S50 w=171: -r—}—LJ”WT =t 7:3€CLy 5:Si4
resources i with only one type of inventory
Lyt — Byy = ILijp—1— Binp—1 + E E Riwrkitwr — 5 Ojiir — Dy V idtems | and all resources i
w=1r; T+Lf:”_—t JEC;
with two types of inventories
P
Iy, — By, = Ij,_1—Bj_1+ E E E E Oijiswr — E Riwthitwt Y items | and all resources 1
Jidit 81550 w=17: THLY =t w=1

P
Oijlst = § Oijlswt
w=1
with input inventories

Lo = Lo V idtems | and all relevant resources i

;= . )
Lo = Lo YV items | and all relevant resources i



ZiwMiwt < Riwe < Miwt Ziw V= {1, . ,n}, Vit= {1, e ,T}

haig o _
Ry < 11— for all input item I, Vi, V t
iwlt
min max ..

ZjUJjSlswt < OileUJt < jSlswtzjw v 2WR 37t
p

E Ziw S 1
w=1

p .
piw - ("'7miwtaMi'wtaGiwtaKi’wtaLi'wta"') V 2

tr min mazx tr -
Piws = (7 ijlswt? ijlswt’Lijlswt7 ) v (7'5)

Zi € {0, 1}

What we are doing here is splitting each resource i into p resources and requiring that exactly one of these images
being active. By solving the previous program to optimality two things can happen: the problem is infeasible or it is
feasible. If it is infeasible we need to add more plans i.e., increasing p, otherwise let d} and p; the optimal allocation
for each player. We solve each player profit maximization problem with d} as upper bound. We find an optimal
plan p; and an optimal quantity Q;. We add the new plan p;. If Q; # df we remove p; and recompute the optimal
allocation. We stop when QZ = d} for all 7. In order to prove convergence result we need to add some hypothesis.
In particular the procedure converge very quickly if the profit function is increasing up to capacity, i.e. selling more
is better than selling less. This is because Q; = df and once feasibility is reached we need to add only one round of
plans. As to feasibility, in a well functioning market the most profitable plans for each company should be able to

cover the market, otherwise there would be space for competition.

4 Price and cost modeling

We will assume the following price and cost structures. For each player ¢ we have a discount unit production price

function, i.e.,

Pun i Oji € [qun, qus|

Pfjlz if Ojiy € [qi12, qus]

Piite  if Ojit € (Gitv, Gito+1]
P P D
pijll > pijlg > > pijl’u
Here Oj; is the total amount of item [ ordered by customer j to supplier ¢ over the entire horizon 7' along any

10



. T
transportation mode. Hence Oji = Y3,y ¥ . Oijist-
. 1]

We also define other variables OP;j;; for kK =1,...v and we consider the following additional constraints:

v
D __ P P
P = E :Iilkpijlk
k=1
v
P s
E :Iilk = lwjy
k=1

v
Oji=>_ OPji
k=1
It qik < OPjar < Ifjqaesr YE=1,..0

Wil Izplk S {O, 1}

Here I}, is an indicator function that select the appropriate price and w;;; € {0,1} indicates if an order for item I

is placed from j to i. The relative total production price charged from ¢ to j for item [ is then:

Py Oiji
We will assume the following transportation price function. A fixed cost Cszlst if transportation mode s is selected at

time ¢ and a unit transportation cost per each mode

t .
Pijist1 if Ojites € [qitser, Qarsea]

1 .
Pijist2 if Ojitst € [qitse2, Qitses]

t .
Dijistu i Ojitst € [Qitstus Qitstu+1]

We do not require here prices to be in order so that by increasing v, i.e., by reducing the interval length we can
represent any function.

Here Oj;4 is the total amount of item [ shipped from ¢ to j with transportation mode s at time ¢.

Other price structure can also be defined.

We have then

11



u
t _ t t
Pijist = E Iijlstkpijlstk
k=1

u

E: 3 - q..
Iijlstk = SJZlSt

k=1

u
_ t
Ojilst = Z OPjilstk
k=1
t t t _
Liisen@ijiste < OPjg < Lijisnijistesr ¥V k=1, ..u
t
Sjitsts Lijisee € {0, 1}

Here Sjjs¢ indicates if an order for item [ placed from j to ¢ at time ¢ will be carried along transportation mode s
and I, selects the price.

The total transportation price is hence

T numiji¢

F ¢
E E CijistSjitst + PijistOjilst
t=1 s=1

where num;;;; is the number of transportation mode from ¢ to j for item [ at time ¢.
As to the cost function we will have a production and a transportation cost for each plan. We will have a fixed cost
if a plan (production or transportation cost) is selected and a unit cost function that will be approximated as before

by a step function. We have a fixed production cost for plan w C'PI and a unit cost function per item per plan

cflw = Z Indilmkcflwk:

k=1
u
Z Indilwk = Ziw
k=1
T
Ordilw = Z Kiwi Riwt
t=1

u
Ordij, = Z Ind;,,Orselect;wk
k=1
Indiwrirwr < Orselectipwr < IndipwkGiwk+1 ¥V k=1,..u

Indp, € {0,1}

Similarly for the transportation cost. In the end we can write the following MIP:

12



T n m m numbreak T num;jp numbreak

Min ZZZM diry + D) +ZZZ Z pka z]lk+z Z nglstzazlst+ Z nglst

t=1i=1 [=1 i=1jeJ; =1
n v numbreak: numbreak
g § Czwzzw + E zwk + E E E E stwZUSw + § z]skaSzjswk)+
i=1 w=1

T n m
++ Z Z Z(hiltlilt + hiltliilt + ﬁiltBilt)

t=1 i=1 |=1
s.t.

T
Oijl § zjlst

s€Sij
numbreak
Oijl: Z OF, jlk
numbreak
Z Ifmzzijl
k=1

Ijucqﬂk < OP]lk <P ik dilk+1 YV k=1,..numbreak

Zjils I;l')lk €{0,1}

numbreak

§ ]lstk = Zjilst

numbreak

Ojilst = E orP, ]7l€fk

Izjlatkqulétk <OP zlst Ijlstqu]lStk-‘rl V k =1,..numbreak

t
Zjilst, Iijlstk € {07 1}

numbreak

ORZ‘“; = Z ORiwk

T
ORiw = Z Riwt

t=1

I0? . Giwk < ORjyi, < IOY | Giwks1 V k =1, ...numbreak
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> di

i1 retailer

die

diie

Iy — By

Ly — By

Iy — By
i i

Iy — B

numbreak

Z IOzwk Ziw

k=1
Ziw,IOfwk S {O, 1}

T m

z_]s’w § § Ozjlswt

t=1 =1

numbreak

Oijsw = Z Oijswk

IOﬁjswkqijswwk < Ojjswi < IOﬁjswkqijswkH V k=1,..numbreak

numbreak

§ IOZ]swk = RZijsw

k=1
Zijswvlofjswk € {07 1}

Dy Vi=1,...q, Vt=1,...T
0 if retailer i does not sell item 1
0 otherwise
P
Iijg—1 — Big—1 + Z Z Z Z Oijiswr — ditt V end item | and ¥V retailer i selling item
j€Ji 5:S50 w=171: T+Lxlaw7—t
P
Lijt—1 — Big—1 + Z Z Z Z Oijiswr — Z Z Ojitst — Dy V intermediate items | an
j€Ji 8:S55 w=17: T+L3:ls1”—t Jjij€CLy s:S:5

resources i with only one type of inventory

p
Iiji—1 — Bijjpg—1 + Z Z Riwrkitwr — Z Ojiir — Dyt V items | and all resources 1

w=1 774 LP" —=¢ JECI;

iwT

with two types of inventories

p
Iflt_l B, 1+ Z Z Z Z Oijiswr — Z Riwihitwe YV items | and all resources i
w=1

j:Ji s:S54 w= lTT+LJLl&w’r t
P
Oijist = E Oijiswt
w=1
with input inventories

Lo = Lo YV items | and all relevant resources i

) i , )
Lo =10 YV items | and all relevant resources 1
ZiwMiwt < Rt < Miwt Ziw Vi={l,...,n}, Vit={1,...,T}

14



Iinp

Ry < for all input item I, Vi, V t
qwlt
ijQ;‘?ligwt S Oijlswt é Qﬁgfwtzjw V ivjv S,t
p
Z Ziw S 1
w=1
pfw = (-"amiwt7MiwtaGiwt;Kithiwta-“) Vo1
pf:us = (7 'Z'lesnwt’ ;?ﬁ;iuhl’glswh ) v (ZS)
Z; € {0, ].}
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