
 1

The Role of Matching Grants as a Commitment 

Device in the Federation Model with a Repeated 

Soft Budget Setting1 
 

 

Nobuo Akai†               Motohiro Sato2 
 

Version 10/16/2015 

Abstract 

This paper reexamines the optimality of the soft budget constraint against the hard 
budget constraint in federations. By extending Besfamille and Lockwood (2008) that 
raises the case that the soft budget is ex ante favorable, we consider the commitment 
problem in the repeated-game setting. Policy instruments by the federal government 
are enriched to include a matching grant scheme. We then establish that the matching 
grant scheme works as a commitment device and improves social welfare relative to 
when ex ante policy option of the federal government is limited to either the hard or the 
soft budget.  
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1. Introduction 
 
There is a large literature on the soft budget constraint (SBC) problem, pioneered by 
Kornai (1986). Dewatripont and Maskin (1995) formulate the problem as the case of 
time inconsistency in the context of a principal and agent relationship. To be specific, 
due to a lack of commitment, a lender, acting as the principal, bails out a costly project 
started by a borrower, acting as the agent. Such a bailout might be inefficient from the 
ex ante perspective when the project is not yet initiated, but turn out to be efficient ex 
post once the initial cost is sunk. In anticipation of the ex post rescue, the agent 
undertakes the ex ante inefficient project. In this setting, although a hard budget 
constraint (HBC) is ex ante efficient, the principal cannot commit to it and, therefore, 
the SBC prevails. . 
 
Wildasin (1998) applies the SBC to the context of intergovernmental relations. The 
central government as the principal ex post bails out the local government, acting as the 
agent, which undersupplies an interregional spillover-generating public service. The 
bailout is motivated to enhance ex post efficiency, but it exacerbates ex ante inefficiency 
given that the local government acts in a strategic manner to manipulate ex post 
transfers in its favor. This study has been extended by Akai and Sato (2008). 
 
The above studies presume that the HBC is ex ante preferable to the SBC. There may 
be circumstances, however, when the SBC constitutes an optimal contract from the 
second-best perspective. Indeed, Kornai et al.’s (2003) survey addresses such a case, 
where the government deliberately utilizes a SBC as a device to affect the incentives of 
its agent, such as local government. In this regard, the SBC may ex ante dominate the 
HBC. In this spirit, Besfamille and Lockwood (2008) consider that the central 
government ex ante imposes either a HBC or a SBC on the local government. The 
project requires a certain effort at the local level. Without it, completion of the project 
will require additional costs. In the case of the HBC, there is no transfer to finance the 
extra cost of the project, so it must be terminated. In the case of the SBC, on the other 
hand, the central government grants a transfer ex post to complete the project. 
Besfamille and Lockwood (2008) suppose that the central government is ex ante capable 
of committing to either a HBC or a SBC and derive when and then gives the 
circumstance that the SBC can be the ex ante second-best. 
 
The distinct feature of their model is that the policy option of the central government is 
limited to that it either gives no grant or fully bears the additional cost required to 
complete the project. The analysis presumes that commitment to the policy designed ex 
ante is possible. No ex post discretion is allowed to change from the HBC to the SBC. 
Moreover, the game between the governments is one-shot game, without consideration 
for future welfare. 
 
The current paper, on the other hand, extends Besfamille and Lockwood (2008) in 
several directions. It enriches policy instruments of the central government to include 
matching grants. In addition, we incorporate both the commitment problem and the 
reputation effect. The commitment problem arises when the central government is 
allowed to pursue the ex post optimum by changing its policy ex post, whereas the 
reputation effect can be considered by extending the model to the repeated-game 
setting. Related to it, Crivelli and Staal (2012) account for additional cost of bailing out. 
The reputation effect in our model may constitute such a cost.  
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In addition, we account for a matching grant scheme to subsidize part of the additional 
cost ex post whereas remaining is self financed by the regional government. We then 
establish that the matching grant scheme works as a commitment device and improves 
social welfare relative to the case where ex ante option of the federal government is 
limited to either the hard or the soft budget. It is because the additional benefit of bail 
out becomes relatively smaller with the matching grant, which makes commitment 
possible. 
 
The present paper does not intend to replicate certain practices regarding 
intergovernmental relations. Rather, we aim to provide a theoretical framework to 
synthesize the different views on the HBC versus the SBC.  
 
The rest of the paper is organized as follows. Section 2 describes the basic setting of the 
model. Social and regional gains from HBCs and SBCs are discussed in Section 3. In 
Section 4, we discuss the commitment problem in the case of a one-shot game. Section 5 
examines the case of a repeated game. In Section 6, the model is extended, and the role 
of matching grants as a commitment device is clarified. Section 7 concludes the paper. 
 
 

2. Model setting:  
 
The present model considers an economy with a representative regional government 
(RG) and a federal government (FG). In order to focus on the problem in vertical fiscal 
relations, the model abstracts from horizontal or interregional interaction but addresses 
vertical fiscal relations. Later we briefly address the case of multiple regions.  
 
There arises a non-cooperative game between the RG and the FG. The game is static 
but is assumed to be repeated infinitely, with a public project being undertaken and 
completed in each period. Both governments maybe concerned about the future periods 
that gives rise to reputation effect. (An infinite discount rate implies that government is 
myopic.)  
 
To be specific, in each period, one project is initiated ex ante that generates a benefit ex 
post. Assume that the initial investment cost is 01 >c  incurred by the RG. There is 

uncertainty with regard to the project outcome. If it turns out to be successful with 
probability of 0>p , the project will be completed, generating benefit of 0>gb . With 

probability of p−1 , an additional cost represented by 02 >c  must be spent to complete 

it, which is referred to as ‘bad project’. The benefit in this case is denoted by bb . 

Otherwise, the project is terminated no benefit being accrued to the economy. Ex ante, 
the effort at the regional level can enhance the probability of success; for simplicity, we 
assume that the effort level directly corresponds to p .3 The cost for such an effort is 

assumed to be 0)( >∆ p  with 0)0( =∆ , 0)( >∆ p , 0)('
0

>∆
≠p

p , 0)('' >∆ p , 0)0(' =∆  

and ∞=∆ )1(' 4. The last two conditions assure interior solution of p  

                                                  
3 This implicitly assume that the project fails with no effort, p=0. The result holds even in 
the case where the probability p is positive without any efforts. 
4 In order to interpret our analysis easily, it would be assumed that 0>U in the case of 
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Fiscal regimes 
 
 
In the basic setting, we assume that only the FG can incur the extra expense 02 >c and 

then consider two regimes of vertical fiscal relation, namely the HBC and the SBC. 
Later, we introduce matching grants scheme between the FG and RG sharing the extra 
expense. In the HBC, any ex post rescue is ruled out, which implies that the bad project 
must be terminated. Such rescue is allowed in the SBC in contrast and thus the bad 
project is continued.  
 
Ex ante, the FG chooses either regime in every period. The FG may not be able to 
commit to an ex ante selected regime, however. In this paper, we discuss the disparity 
between ex ante and ex post regimes that leads to the commitment problem, in the 
sense that SBC occurs ex post, even if HBC is socially desirable ex ante. Then, the ex 
ante inefficiency is exacerbated. 
 
Although it is the FG’s mandate to continue or terminate the bad project ex post, the 
decision to start the project ex ante can be assigned to either the FG or the RG. We refer 
to the former situation as a centralized authority, whereas the latter situation is noted 
as a decentralized authority. The ex ante decentralized authority may be plausible in a 
situation where the FG has no information about the project cost at all, but the RG has 

such knowledge. It also includes the circumstance that the FG rely on reports on 1c  

from the RG to determine whether or not to initiate the project. However, such report 
may be manipulated in favor of the regional interest. 
 
Timing 
 
To summarize, we can describe the structure of the game in each period as the following 
steps.  We call Ex ante from Stage 0 to Stage 2 and Ex Post after Stage 3. 
 
 Ex Ante Stage 

� (Stage 0) FB determines regime of either HBC or SBC.  
� (Stage 1) The decision to launch the project is made by the RG in the 

decentralized authority and by the FG in the centralized one. 
� (Stage 2) If the project starts, the RG makes its effort. The game ends 

otherwise.  
Ex Post Stage 

� (Stage 3) If the project is successful, it is completed and creates the benefit 
0>gb . In the case that the project turns out to be bad,  

� Under the HBC regime, it is terminated and generates no benefit. 
� Under the SBC regime, the FG rescues the RG by financing 02 >c  and 

the project is completed yielding the benefit of 0>bb   

 
Regional welfare 
 
We suppose that both the FG and the RG are benevolent, in the sense that they pursue 

                                                                                                                                                  
)1(∆ .  
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the welfare of their jurisdictions. The present model can be easily extended to a political 
economy setting as Goodspeed (2002), but the essence would not be altered.  
 
We consider a conflict of interest between the two governments, with the FG 
maximizing social interest, whereas the RG pursues the regional interest, as is 
standard in the literature. The difference between them is that the RG does not account 
for the additional financing cost required to complete the bad project, whereas the FG 
does. Of course, such cost must be financed by raising a central tax, which will 
ultimately be borne by the residents of the RG. To highlight the inefficiency of the SBC, 
we assume that the RG does not take into account such feed back as it does not see 
through the central budget.  
 
In the SBC regime, we assume that no additional cost is incurred at the regional level 
as 02 >c is fully financed by FG.5 Then, from the ex ante perspective, the regional 

welfare per period becomes: 

)()1( 1 pcbppbU bg ∆−−−+= . 

Turn to the HBC regime. Given that the bad project is terminated with a probability of 
p−1 , the expected regional welfare is:  

)(1 pcpbU g ∆−−= . 

We suppose that the RG cannot self-finance the cost of the project. The presumption 
behind this is that ex post local taxation is quite costly, as is assumed in Besfamille and 
Lockwood (2008). 
 
Now, we establish the effort level chosen by the RG at Stage 2 in each regime. In the 

SBC regime, the effort level is derived from the first-order condition bg bbp −=∆ )(' , 

which gives *
Spp = . Similarly, the HBC induces the regional effort at gbp =∆ )(' , 

yielding *
Hpp = . The convexity of the cost function )( p∆  gives the following lemma. 

 
<Lemma 1> The effort level under the SBC is lower than that under the HBC; namely, 

**
HS pp < . 

 
The incentive for the effort making deteriorates under the SBC relative to the HBC, 
This is due to the insurance effect of the bailout ex post, which is often referred to as the 
ex ante moral hazard.  
 

Denote respectively by )( *
SS pu and )( *

HH pu the maximized objectives of the RG under 

the SBC and the HBC regimes. Comparing them establishes that from the regional 
standpoint, the SBC is always more desirable than the HBC. 
 

<Lemma 2>      )()( **
HHSS pupu >  

where 

)()1()( *
1

***
SbSgSSS pcbpbppu ∆−−−+≡   

                                                  
5 In order to capture the effect created by the ignorance of the bailout cost, we assume that 
the regionals are myopic, namely the RG does not consider the bailout cost. 
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)()( *
1

**
HgHHH pcbppu ∆−−≡  

 
Proof: 
 

)()()1()()( **
1

***
1

**
SSHbHgHHgHHH pupcbpbppcbppu <∆−−−+<∆−−≡  

 

The last inequality is due to the fact that *
sp  maximizes )( puS .    Q.E.D. 

 
 

3. Social welfare  
 
In the present section, we compare ex ante (expected) social welfare in the two regimes 
as the benchmark for examining whether commitment works. The social welfare differs 

from the regional one in the SBC regime since the additional cost 2c 6is accounted for:.  

)())(1()( *
12

**
2 SbSgSS pccbpbpcv ∆−−−−+≡   

Then two welfare functions coincide in the HBC regime on the other hand;  

)()( **
1

*
HHHgHH pupcbpv =∆−−≡   

As noted above, FG ex ante pursues the social welfare in selecting the regimes.  
 
At this point, we would like to distinct two dimensions of the distortion (from the ex 
ante perspective) namely the choices of regime and effort level. To begin with, note that 
the social welfare maximizing effort under the SBC regime needs to fulfill 

2)(' cbbp bg +−=∆  

Define the corresponding effort by **
Sp . It is immediate to see that ****

HSS ppp << . This 

implies that effort level chosen by RG is too small relative to the social optimum given 

the SBC. It is because RG does not account for ex post cost 2c  incurred by FG.  

 
In our context, the first best is not achievable due to the distortion on effort level under 
SBC and the regime decision must incorporate such under-provision of the effort that 

lowers )( 2cvS  and in turn raises scope of HBC regime as the second best outcome. As 

addressed later, lack of commitment generates further ex ante inefficiency distorting ex 
post regime choice.  
 
Turn to regime choice. From the ex ante perspective, the SBC is efficient when 

HS vcv >)( 2 , whereas the HBC is favored otherwise. Let *
2c  denote the critical cost 

such that HS vcv =)( *
2 . Given that HS vv >)0(  and 0)(' 2 <cvS , *

2c  is unique and 

positive. Moreover, we can establish the following lemma. 
 

<Lemma 3> bbc << *
20  

The proof is in the Appendix. As depicted in Figure 1. the SBC is ex ante efficient for 

                                                  
6 We focus on the case where 2cbb >  because the bailout does not occur in this case so any 

regimes are efficient. 
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*
220 cc << , whereas HBC is ex ante optimal when 2

*
2 cc < . In slightly different setting, 

this confirms Besfamille and Lockwood (2008) that addresses the case that the SBC 
becomes more favorable than the HBC. 
 

Figure 1 Social welfare ex ante under HBC and SBC 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

4. The case of a one-shot game 
 
For clarification, we begin with a one-shot game. This corresponds to the case where the 
FG is not concerned about the future or its time discount rate is infinite. In addition, we 
allow FG to alter the regime ex post. Then FG may not commit to the HBC regime even 
if it is ex ante optimal. This is the commitment problem in our context.  
  
To see it we start from the ex post comparison of the benefits between the HBC and SBC 
given that the project is bad. It is then straightforward to see that the SBC is favored 

when 2cbb >  i.e., the benefit of the project exceeds the additional expense. The initial 

investment cost does not appear since it has been sunk. From Lemma 3, bbc << *
20 . 

This in turn implies that FG’s decision switches from the HBC to the SBC ex post for 

bbcc << 2
*
2 . Therefore we have:  

 
<Proposition 1>  

The commitment problem arises for  bbcc << 2
*
2  because that the efficient policy, 

HBC, selected ex ante at Stage 0 becomes inefficient ex post at Stage 3 (see Figure 1). 
 
In the above, it has been taken as given that the project is ex ante initiated. To be 
precise, the ex ante optimum then contains two dimensions of policy decisions. One is 
whether the SBC or the HBC is favored and another is whether the project should be 
started. The latter relies upon the initial cost 1c  as well as 2c . We can then state the 

following lemma. 
 

<Lemma 4>  

From an ex ante viewpoint, the project should be initiated if and only if 

[ ] 0),( 2 ≥HS vcvMAX . 

 

v      Sv  

 

Hv  

 
 
 
 

     0                  *
2c      bb          2c  

Ex ante   SBC          HBC       
optimal policy 
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The SBC regime is desirable from an ex ante viewpoint when (i) HS vcv >)( 2  and (ii) 

0)( 2 >cvS , whereas the HBC regime is desirable if (i) HS vcv <)( 2  and (ii) 0>Hv . 

Without commitment, however, ex ante favored HBC may not be implemented ex post.  
 

At this point, we define Sc1 , such that 0),( 21 =ccv S
S ; i.e., 

)())(1( *
2

**
1 SbSgS
S pcbpbpc ∆−−−+=  with 0)1(/ *

21 <−−=∂∂ S
S pcc  

and Hc1  refers to 0=Hv  or )( **
1 HgH
H pbpc ∆−= . Using these relations, we can depict 

the ex ante optimal regime as in Figure 2 taking 1c  and 2c as vertical and horizontal 

axes. 
 
  
Figure 2 Regional welfare, social welfare and the optimal policy in each regime 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Consider the centralized authority for starting the project. Then, in cases A, D, E, F, G 
and H in Figure 2, the project will be initiated by the FG if it can commit. Among these 
situations, it is optimal to undertake the project in the HBC regime in areas D, E, G and 
H and in the SBC regime in areas A and F. However, without commitment, the HBC 
regime cannot be achieved in D and G creating ex ante inefficiency. It is particularly 
interesting to focus on D, where, despite the fact that the project is socially desirable, 
generating a positive expected social welfare outcome in the HBC regime, the FG 

 
 

0=Sv  

 
Sc1                                                             0=Su  

 
 
 
 
               

Hc1                                                             0== HH vu  

 
 
 
 
                                                         
 
 
 

         0                      *
2c              bb             2c  

Ex ante optimal policy   SBC           HBC         HBC 
Ex post optimal policy   SBC           SBC         HBC 
 
 
 

A
*

B 
C 

D

E F G 

H 

)()1()1( ***
2

*
1 SbSgSS pbpbpcpc ∆−−++−−=  

0>> HS vv  0>> SH vv  

SH vv >>0  

SH vv >>0  
HS vv >> 0

 

SH vv >> 0  
SH vv >> 0  

0>> SH vv
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decides not to commence the project because it foresees an ex post bailout occurring due 
to its lack of commitment, which makes the social welfare negative.  
 
This is reminiscent of Kornai, Maskin and Roland (2003), that addresses “naturally, the 
S-organization would never have wished to see the enterprise set up in the first place 
had it known that this trouble would occur.” Such consideration in turn prevents 
innovative investment and hampers long run development.  
 
Turn to the decentralized authority. it further exacerbates the ex ante inefficiency as the 
socially undesirable project is undertaken and rescued ex post in the bad state, if 0<Sv  

but 2cbb > . To be specific, B and D correspond to such a case. In anticipation that the 

SBC prevails ex post without commitment, the RG will choose to undertake the project 

as 0>Su . This is referred to as the dynamic inconsistency in that the project that 

should not have been initiated ex ante starts and becomes ex post optimal to complete 
it.  
 
At this point, we compare the above results with Besfamille and Lockwood (2008), who 
note that dynamic inconsistency arises when (i) 21 ccbb +<  and (ii) 2cbb > . Their 

definition is different from ours, i.e., (i) 0<Sv  and (ii) 2cbb >  that refers to B and D. 

These areas can contain 
21 ccbb +≥  that is above the line of 

bbcc +−= 21
 starting at the 

point ),0(),( 21 bbcc =  in Figure 2. Ex ante, it is not certain whether the project is good or 

bad and thus the ex ante net benefit should be defined in the expected term as in the 

present model instead of realized one as )( 21 ccbb +− . 
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5.The case of repeated game 
 
Now, we introduce the repeated-game setting. As noted earlier, the game is static and 
each period is divided into several stages of decision making within each period. To 
clarify terms, note that “ex ante” refers to the beginning of each period (Stage 0) and “ex 
post” denotes Stage 3. Given that the ex post decision regarding the bailout is exclusive 
to the FG and that the RG’s current effort does not affect its future gain, the discount 
rate of the RG is irrelevant to the game outcome. We thus focus on the FG’s discount 
rate on the future gain. 
 
In this context, the result may change as the FG is concerned about its reputation or 
future gains from sustaining the HBC regime. To be precise, we consider a trigger 
strategy whereby the RG chooses to maintain a high effort as long as the FG has 
committed to the HBC regime until the previous period. Once the FG deviates from this 
regime to pursue an ex post optimum by the rescue for the bad project, the RG 

subsequently sets its own effort at a low level at *
sp . The game then reduces to a 

one-shot game as the FG finds the SBC regime ex post optimal, given the RG’s strategy. 
We do not allow for renegotiation, which would raise the cost of ex post deviation from 
the HBC regime. This is an extension of the reputation game pioneered by Barro and 
Gordon (1983) in relation to intergovernmental relations. 
 
In the following, we focus on the case where 

bbcc << 2
*
2

, which leads to the commitment 

problem in the one-shot game; i.e., the HBC is ex ante favored but is not optimal from 

the ex post perspective. If )(0 *
22 bbcc <≤< , the SBC is ex ante optimal and time 

consistent irrespective of the discount factor. 
 
Incentive for commitment 

 
We compare the long-term benefit from the HBC with the short-run (ex post) gain from 
deviating to the SBC. Insofar as the former exceeds the latter, the FG can commit to the 
HBC regime. Discount factor about welfare in the next period is denoted by 1<β . (The 

discount rate is equal to 1/1 −β .) Then, the present value of the net gain from the HBC 

relative to the SBC is given by: 

( )( ) ( ))(
1

)(......),( 22
32

2 cvvcvvc SHSH −
−

=−+++=Ω
β

βββββ . 

It is increasing with β  and 2c . On the other hand, given that the project turns out to 

be bad and requires an additional cost, 2c , the bailout policy creates the gain 

22)( cbc b −=Π . Then, the HBC can be sustained and commitment becomes possible ex 

post if and only if: 
 

)(),( 22 cc Π≥Ω β ; that is, ( ) 22)(
1

cbcvv bSH −≥−
− β
β

. 

Define the cost binding the above inequality by *
2ĉ . *

2ĉ  relies upon β . FG can fully 

commit to the HBC ex post if it approaches to unity ( 1→β ), whereas the reputation 

effect does not work when 0=β . Now FG can commit to the HBC regime if *
22 ĉc > . 
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With a finite discount factor, the scope of the ex post deviation is diminished to 
*
22

*
2 ĉcc << . Recall that it arises for bbcc << 2

*
2  in one shot game that corresponds to 

the case of 0=β .  

 
The intuition is obvious. With 0>β , ex post deviation from the HBC leads to the 

welfare loss in the future periods, so raising cost of ex post bailout in the current period. 
The repeated-game setting works as a commitment device, which is known as 
reputation effect.  
 

Figure 3 Social welfare in each regime (HBC or SBC) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Now we have the following proposition.  
 

<Proposition 2>  

In the repeated game setting with the trigger strategy, FG can commit to the ex ante 

favored HBC if *
22 ĉc >  that is decreasing in β  with *

2
*
2 ĉc < .  

 
The reputation effect can generate additional gain when ex ante decision of initiating 
the project is concerned. Recall area D in Figure 2. There, the project is ex ante socially 
desirable only under the HBC regime. In one shot game, FG chooses not to start the 
project because it cannot commit to HBC and social welfare turns to be negative ( 0<Sv ). 

With the reputation effect, on the other hand, the area of D is reduced whereas E is 

expanded because commitment now becomes effective as well for bbcc << 22ˆ . 

7Therefore, the project can be undertaken yielding the social benefit.  
 
 
 

                                                  
7 The border for commitment now becomes 2ĉ in the repeated game setting  lower than 

bb in one shot game setting.  

 
Benefit          
and  

Cost Sv  

 

Hv  

 
 
 

          0          *
2c        *

2ĉ           bb   2c  

 
Ex ante         SBC     HBC    HBC   
Ex post         SBC     SBC     HBC  
 ↑ 

<Time inconsistency> 

( ))(
1

),( 22 cvvc SH −
−

=Ω
β

ββ

 

22)( cbc b −=Π  
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Multiple regions 

 
So far, we have examined the interaction between the FG and a representative RG. The 
model can easily be extended to the case of multiple regions. We denote by N the total 
number of identical regions. p  is the average probability or the share of the regions in 

which the project succeeds. This implies that there are Np)1( −  regions that require 

additional funds to complete the project. We suppose that N is large enough so that the 
individual regions take p  as given. The total future gain from commitment amounts to 

),( 2cN βΩ , whereas the corresponding gain from deviating from the commitment and 

bailing out the regions is given by )()1( 2cNp Π− . Therefore, the condition under which 

the FG prefers to commit becomes: 

 

)()1(),( 22 cpNcN Π−≥Ω β  or ( ) ))(1()(
1 22 cbpcvv bSH −−≥−

− β
β . 

 
Let p̂1−  be the share of the regions with bad projects that binds the above inequality . 

Then, we can establish the following proposition: 
 

<Proposition 3>  

Suppose that ** ˆ HS ppp << . Then, we have multiple equilibria, whereby either (i) all 

regions choose 
*
Hp  and the FG commits to the HBC; or (ii) all regions select 

*
Sp  and 

the FG cannot commit. 
 
Proof: 

 

Consider that all regions expect 
*
Hp . Given that share of the regions with bad projects 

remains at 
*
Hp , so that 

 ( ) ))(1()(
1 2

*
2 cbpcvv bHSH −−>−

− β
β

, 

the FG has no motive to deviate from the HBC regime. Then, the regions do not 

anticipate a bailout ex post and exert a high effort, leading to 
*
Hp . On the contrary, 

suppose that all regions expect 
*
Sp . In anticipation of an ex post rescue, the regions 

make a low effort, resulting in NpS )1( *−  regions with bad projects. Then, the 

commitment condition is violated. Q.E.D. 
 
 

6. Matching grants as a commitment device 
 

This section introduces the matching grants scheme that share 2c  between RG and 

FG. This scheme corresponds to retrospective cost sharing arrangement that covers cost 
overrun as well as initial expenses. The new regime stands between the HBC and the 
SBC and is shown to expand the scope of commitment whereas enhancing ex ante social 
welfare.  
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Refinancing by the RG 

 
In the preceding models, the ex post cost to continue the bad project was not incurred by 

the RG. In the following we allow the RG to collect the extra funds to cover 2c . In 

practice, however, such collection cost is more expensive at the regional level than at the 
federal one, reflecting the scale of the economy and the tax-induced mobility of 
resources across regions. To capture this, we set the cost for refinancing ex post by the 

RG relative to the FG as 1≥γ . To be specific, we assume bbc >2γ  implying that the 

RG cannot alone finance a bad project.  
  
 
Matching grants 

 
We now introduce a subsidy scheme under which the FG may partially share the ex post 
cost to continue the bad project at the rate of m . It may be regarded that the matching 
grant encompasses the two polar regimes, the SBC and the HBC. The SBC regime 
corresponds to 1=m , whereas the HBC is designated 0=m .   
 
In the following, we focus on the case where m  selected ex ante satisfies 

22 )1( cmmcbb γ−+>  or )1/()/( 2 −−=> γγ cbmm b , which guarantees that the 

continuing project with the matching grants, m , is socially desirable ex post. It is 
straightforward that the FG has an incentive to raise the matching grant rate up to 
unity (i.e., 1=m ) ex post (which corresponds to the SBC) because the financing cost by 
the FG is cheaper. Furthermore, in order to make our story interesting, we focus on the 
case that FG cannot commit to the HBC regime ( 0=m ) in the repeated game setting, 

i.e., *
22

*
2 ĉcc << . Then, we consider the level of m  that induces the FG’s commitment 

and enhances welfare. 
 
Regional welfare  

 
Given the matching rate, m , regional welfare becomes: 
 

)())1()(1( 12 pccmbppbU bg ∆−−−−−+= γ . 

mm > ensures that the RG can self-finance the cost of continuing the project and 

completes it ex post when there is a bad situation ex ante. Then, the effort made in 
Stage 2 satisfies: 

2)1()(' cmbbp bgm γ−+−=∆ . 

 

This gives the effort level at Stage 2 as ),,( 2
* γcmpp mm ≡ . 

 
Now, we have the following lemma for the effect on the effort level. 
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<Lemma 5>  

),,( 2
* γcmpp mm ≡  is decreasing in m , whereas it is enhanced with 2c  and γ .8 The 

intuition is that the increase of m  induces moral hazard, whereas the increases of 2c  

and γ  enhance the effort ex ante. 

 
The proof is in the Appendix. 
 
Expected social welfare 

 
Given the matching rate, m , social welfare becomes: 
 

 )(])1()[1(),,( *
122

**
2 mbmgmm pccmmcbpbpcmv ∆−−−−−−+≡ γγ , 

 
with: 

 
dm

dp
mccpv

m
m

mm

*

22
* )1)(1( +−−≡

∂
∂ γ , 

 
2

*

2
*

2

))1()(1(
dc

dp
mcmmpv

c
m

mm +−+−−≡
∂
∂ γ , 

and 

 
γγ d

dp
mccmpv m

mm

*

22
* )1)(1( +−−−≡

∂
∂ . 

 
The signs of these derivatives are not deterministic because the direct effect and the 

indirect one through *
mp  work in opposite directions. In the following, we postulate 

that ),,( 2 γcmvm  is concave in m . The next lemma gives such a case. 

 
<Lemma 6>  

Suppose that α2/)( 2pp =∆  and 2<γ , then ),,( 2 γcmvm  becomes concave in the 

matching rate m . 
 
The proof is in the Appendix. 
 
Similarly to Section 5, we examine whether the commitment works by comparing the 
benefit of commitment and the benefit of the SBC below. Q.E.D. 
 
Condition of commitment  

 
Consider the repeated-game setting. Then, under the matching grant scheme, m , the 
present value of the net gain from the HBC relative to the SBC is given by: 
 

                                                  

8 0
),,( 2

*

<
∂

∂
m

cmpm γ
, 0

),,(

2

2
*

≥
∂

∂
c

cmpm γ
0

),,( 2
*

≥
∂

∂
γ

γcmpm
. The equality holds when 1=m . 
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( )( ) ( ))(),,(
1

)(),,(......),,,( 2222
32

2 cvcmvcvcmvcm SmSm −
−

=−+++≡Ω γ
β

βγβββγβ . 

 
It can immediately be seen that ),,,( 2 γβ cmΩ  is decreasing in γ  and increasing in β . 

 
On the other hand, given that the project turns out to be bad and requires an additional 

cost, 2c , the bailout yields the following gain: 

 22222 )1)(1())1(()(),( cmcmmcbcbcm bb −−=−−−−−≡Π γγ , 

given that mm > . The net gain from the deviation ),( 2cmΠ  is increasing in γ and 2c , 

decreasing in m  and is independent of β . It takes different form from the case 

without matching grants in the last section since the welfare from the commitment is 
different.  
 
Then, the matching grant scheme can be sustained and committed to ex post if and only 
if the following commitment condition is fulfilled:

  
 

 ),(),,,( 22 cmcm Π≥Ω γβ ; that is, ( ) 222 )1)(1()(),,(
1

cmcvcmv Sm −−≥−
−

γγ
β

β
. 

 
Figure 4 depicts the relationship between the long-run (ex ante) gain from the 
commitment and the short-run (ex post) gain from the deviation to the SBC. We use 

),,(ˆ 2 γβ cm  to denote the matching rate yielding the above with equality. Recall that we 

let *
22

*
2 ĉcc <<  so that the FG cannot commit to HBC regime that implies 0ˆ >m . This 

in turn implies that the matching grants serve to improve the ability of the FG to 
commit. 
 

<Proposition 4>: The government can commit to the ex ante policy at the level of m  

when 1),,(ˆ 2 ≤≤ mcm γβ . 
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Figure 4 Matching grants as a commitment device 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
We now turn to the comparative statics to see how the threshold of the matching grant 

rate is related to γ , 2c  and β . As m̂  is lowered, the scope of commitment expands. 

We can establish the following: 
 

<Lemma 7>  
),,(ˆ 2 γβ cm  is increasing with γ  and decreasing with β . 

 
The proof is in the Appendix. 
 
 
We can confirm these results in Figure 4. First, consider the effect of γ . As the increase 

of γ  pushes the level of ),( 2cmΠ up and the level of ),,,( 2 γβ cmΩ

 

down, ),,(ˆ 2 γβ cm  

increases. The intuition is as follows. The increase of γ  results in self- financing by the 

RG becoming costly and makes the incentive for rescue high. Therefore, commitment to 
the ex ante policy requires a higher-level matching grant ex ante, meaning that the 
boundary for commitment, ),,(ˆ 2 γβ cm , increases. Next, consider the effect of β . The 

decrease of β  lowers the level of ),,,( 2 γβ cmΩ , given m . It can be seen immediately 

that ),,(ˆ 2 γβ cm  converges to unity as β  goes to zero; namely, the FG is perfectly 

myopic. This implies that, as long as the FG is myopic, any ),,(ˆ 2 γβ cm  that is less than 

one cannot be committed to and the SBC arises because there is no benefit from the 
HBC. 
 
 
Welfare Implications 

 

 
Benefit 
and  
Cost  
 
 
 
 
 
 
 
 
 
 
 
 

                  ),,(ˆ 2 γβ cm   ),,(~
2 γβ cm              1   m 

 
                       The Scheme Works as a commitment device 

( ))(
1

),,,( 22 cvvcm Sm −
−

=Ω
β

βγβ  

22 )1)(1(),( cmcm −−=Π γ  



 17

Now let us turn to welfare effect of the matching rate. We remove the assumption of 
*
22

*
2 ĉcc <<  so that we account for the case that FG can commit to the HBC. Even so, 

matching grant may be desirable from social welfare standpoint. In ex ante selecting 
m , FG maximizes the social welfare subject to the commitment condition, or it solves 
the following:  
 

),,( 2}{ γcmvMax mm  

      subject to   ),(),,,( 22 cmcm Π≥Ω γβ  

 

Denote by ),(~~
2 γcmm =  the unconstrained solution to the above maximization that is 

given by:  

0
),,~(~)1))(,,~(1( 2

2 =
∂

∂+−−
m

cmp
mcmp S

m

γγγ  . 

Since 1>γ , it is immediate to see that 0~ >m . Noting that HBC regime corresponds to 

0=m . 0~ >m means that setting matching rate m  enhances social welfare.m~ is the ex 

ante optimal matching rate and FG can commit to it if ),,(ˆ~
2 γβ cmm > . Otherwise, FG 

ex ante sets the rate at m̂  that just binds the commitment condition. Define  

          )],,(ˆ),,(~[),,( 222
* γβγγβ cmcmMaxcm =  

Then we can show:  
 

<Proposition 5>: FG can choose matching rate m  ex ante to enhance social welfare 

compared to the SBC and HBC regimes whereas assuring commitment or 

              )](,[),),,,(( 222
* cvvMaxccmv SHm ≥γγβ  

with strict inequality insofar as 1),,( 2
* <γβ cm .  

 
The proposition is intuitive given that matching grants improves social welfare given 
that it covers the SBC (m=1) and HBC (m=0) regimes as special cases. The present 
model addresses that the SBC may become ex ante optimal as in Besfamille and 
Lockwood (2008) because ex ante policy option feasible to FG is limited to the two 
extreme regimes. Moreover, as we have established in Section 5, there is the 
circumstance that FG cannot commit to the HBC that is ex ante desirable since the 
regime is too costly to sustain from the ex post viewpoint. The matching grants that 
enriches FG’s option serves to resolve these dilemmas.      
 
 

7. Conclusion 
The present paper reexamines the argument of Besfamille and Lockwood (2008) that 
the SBC regime may ex ante dominate the HBC. They suppose that the FG can commit 
to an ex ante policy decision and its policy instrument is limited to either no refinancing 
or 0=m  (referred to as the HBC regime) or full refinancing or 1=m  (corresponding 
to the SBC). 
 
First, we showed that, in the one-shot game, the commitment problem arises depending 

on 2c  and bb (where bbcc << 2
*
2  shown in Figure 1). There exists an interesting case 

where the project is socially desirable in the HBC regime, but not in the SBC regime 
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(where SH vv >> 0 , shown by area D in Figure 2). In this case, the allocation of the 

authority for starting the project to either FG or RG becomes important.  
 
Moreover, when considering the situation where the game is repeated, The scope of 
commitment is enhanced because the FG cares more about the future period welfare, as 
seen in Figure 3. We confirm that the repeated-game setting works as a commitment 
device. 
 
We allow the FG to establish an ex post cost sharing (subsidy) in a more flexible way, by 
choosing a matching grant scheme In this setting, the matching grants scheme works as 
a commitment device and social welfare improves. The results imply that an additional 
policy instrument, apart from an all-or-nothing bailout policy, is useful. 
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Appendix 
 

Proof of Lemma 3 

Suppose that bbc >*
2 . Then, we have )()( *

1
**

1
*

SgSHgH pcbppcbp ∆−−<∆−− , which 

contradicts that *
Hp  is the optimal value to maximize )(1 pcpbg ∆−− . 

Q.E.D. 
 

Proof of Lemma 4 

Suppose that *
20 c≥ . Then, we have: 

HHgHHbHgH

SbSgSSbSgSS

vpcbppcbpbp

pcbpbppccbpbpcv

=∆−−>∆−−−+>

∆−−−+≥∆−−−−+≡

)()()1(

)()1()())(1()(
*

1
**

1
**

*
1

***
1

*
2

***
2

. 

This contradicts the definition of *
2c  such that Hvcv =)( *

2 . Q.E.D. 

 
Proof of Lemma 5 

Noting that 0)('' >∆ m
Sp , we have: 

0
)(''

),,( 22 <
∆

−=
∂

∂
m
S

S

p

c

m

cmp γγ
, 0

)(''

)1(),,(

2

2 ≥
∆

−=
∂

∂
m
S

S

p

m

c

cmp γγ
, 0

)(''

)1(),,( 22 ≥
∆

−=
∂

∂
m
S

S

p

cmcmp

γ
γ

. 

The denominator is positive ( ),(),,,( 22 cmcm mm Π>Ω γβ ) at mm ˆ=  under the 

assumption that ),,( 2 γcmvm  is concave. We also have 0<Ωγ  and 0>Ωβ . Q.E.D. 

 
 

Proof of Lemma 6 

 

With α2/)( 2pp =∆ , ( )2
* )1( cmbbp bgm γα −+−=  or 

 2
* cp

dm

d
m αγ−= , 

which in turn gives:  

 2
22

* )()1)(1( cmcpv
m mm αγγ −−−≡

∂
∂

. 

 
Therefore, 

 2
2

2
222

2
22

*
2

2

))(2()()1()()1( ccccccp
dm

d
v

m mm −=−−=−−






−≡
∂
∂ γαγαγγαγαγγ  <0. 

 
Proof of Lemma 7 

 

0
),(),,,(

),,ˆ,(),,(ˆ

22

22 >
Π−Ω

Ω
−=

∂
∂

cmcm

cmcm

mm γβ
γβ

γ
γβ γ

, 



 20

0
),(),,,(

),,ˆ,(),,(ˆ

22

22 <
Π−Ω

Ω
−=

∂
∂

cmcm

cmcm

mm γβ
γβ

β
γβ β

. 
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