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Abstract 
 

In this paper we study the integration of production, transportation and storage decisions in 
a multi plant-distribution center supply chain structure. Multiple plants produce one type of 
item, each of them with different production capacity and costs, and send finished goods to 
the distribution center (DC) using capacitated vehicles. Customer demand is known at DC 
level and has to be satisfied without backlogging. This problem contains classical 
capacitated lot sizing problem as a subpart, which, in the general case, is NP-hard. We 
propose an exact pseudo-polynomial dynamic programming algorithm and show that the 
problem is NP-hard in the ordinary sense. We then compare the computational time of this 
dynamic program to that of a mixed integer linear program (MILP) which is selected among 
4 different MILP formulations based on its lower computational time. 
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1 Introdu
tionFirms have 
ontinuously sear
hed for ways to optimize their supply 
hain, i.e., to min-imize operational 
osts generated in ea
h stage of the 
hain. In re
ent years, with anon-growing trend of delo
alization of �rms in di�erent regions, transportation and in-ventory 
osts have be
ome as important as produ
tion 
osts. This fa
t for
es �rms tooptimize their entire 
hain a
tivities globally rather than sequentially. Simultaneousoptimization is based on the integration of all a
tivity 
onstraints into a single modelto solve it in one time, 
ontrary to the sequential optimization where ea
h a
tivity isplanned independently. Resear
h 
ondu
ted until now on the integrated approa
h showthe signi�
ant gain obtained in terms of the total 
ost and the redu
tion of ine�
ien-
ies and delays. For example Chandra and Fisher [2℄ show a redu
tion of 3% - 20% onthe total 
ost after a simultaneous approa
h, rather than a sequential approa
h. Park[12℄ has a similar approa
h as Chandra and Fisher. The author 
ompares total 
ostobtained by a simultaneous approa
h, where produ
tion is planned under transportationand produ
tion 
onstraints, to the total 
ost obtained by a sequential approa
h, whereprodu
tion is optimized �rstly and followed by the distribution optimization.There are also many �rms trying to integrate planning de
isions of independentlymanaged a
tivities of their 
hain. In the literature one 
an �nd some real 
ase studies.Matta and Miller [11℄ 
oordinate produ
tion, storage and transportation de
isions be-tween two plants. They study the in�uen
e of di�erent parameters on the integrationand on the total pro�t, using data obtained from a pharma
euti
al �rm. Gnoni et al. [6℄introdu
e an industrial 
ase 
on
erning the supply 
hain of a multi-site, multi-produ
tand multi-period manufa
turing system, produ
ing braking equipment 
omponents forthe automotive industry. They propose an hybrid model (analyti
al + simulation model)to solve it.In most of the 
ases, authors propose mixed integer programs to solve these inte-grated problems whi
h be
ome 
omputationally intra
table with the addition of many
onstraints. They propose then some relaxation or de
omposition te
hniques or heuris-ti
s to solve them. Do�gan and Goets
hal
kx [3℄ study a multi-period model of produ
tionand distribution, for a supply 
hain with potential suppliers, potential plants, distribu-tion 
enters and 
ustomers, and solve the problem using Benders' de
omposition. Wuand Gölba³� [17℄ propose a multi-
ommodity �ow network for a stru
ture 
onstituted of
apa
itated multi-plants and multi-produ
ts. They �rstly analyze the single 
ommoditymodel after the relaxation of the 
apa
ity 
onstraints, then they propose a Lagrangeanmethod for the integrated model.For more detailed information on the studies done in integrated supply 
hain man-agement, the reader 
an refer to the following reviews. Thomas and Gri�n [15℄ givean overview of the papers in the area of the 
oordinated supply 
hain management andalso some operational and strategi
 models. Sarmiento and Nagi [14℄ make a study onthe integrated analysis of produ
tion-distribution systems. Erengüç et al. [4℄ propose areview on the integrated produ
tion and distribution planning in supply 
hains.There are also some papers presenting polynomial time algorithms, sometimes based2



on dynami
 programming approa
h, in order to solve integrated models. Van Hoesel et al.[16℄ study a serial supply 
hain, with multiple levels of storage, and give polynomial timealgorithms under some hypotheses on the 
osts and produ
tion 
apa
ities. Kaminskyet al. [8℄ analyze also a serial supply 
hain 
onstituted of two 
apa
itated produ
tionstages and the transportation and storage between these stages. They propose somepolynomial time algorithms under di�erent 
ost stru
tures. Lee et al. [9℄ analyze anintegrated inventory replenishment and outbound dispat
h s
heduling problem. Theystudy a stru
ture 
omposed of one manufa
turer supplying a warehouse, whi
h thendelivers to some distribution 
enters. In the �rst transportation e
helon there is onlya �xed 
ost generated if a positive amount is delivered, but between the warehouseand DCs ea
h vehi
le generates a �xed transportation 
ost. The authors propose anetwork approa
h to solve the problem and propose polynomial time algorithms usingsome optimal solution properties.Li et al. [10℄ study two variants of the dynami
 e
onomi
 lot sizing problem. In the�rst one, the produ
tion is restri
ted to a multiple of a �xed bat
h size in ea
h period,ba
klogging is allowed and all 
ost parameters are time varying. In the se
ond one, ageneral form of produ
t order 
ost stru
ture is studied. Some polynomial time algo-rithms are given for these 
ases. Jin and Muriel [7℄ study a stru
ture of one warehousere
eiving a single produ
t from a supplier and replenishing the inventory of n retailerswith dire
t shipments. Ordering from the supplier and shipping to the retailers gen-erate full tru
kload transportation 
osts with 
argo 
apa
ity 
onstraints. Giving someoptimal solution properties, they study de
entralized and 
entralized systems. In thede
entralized system, ea
h retailer and the warehouse de
ide how and when to replenishin an independent way whi
h makes it easier than the 
entralized system where the de
i-sions are interdependent. The authors propose an algorithm in O(nT 2) with n being thenumber of retailers and T the number of periods. For the 
entralized system and singleretailer 
ase they propose an algorithm with 
omplexity in O(T 3). They use Lagrangeande
omposition to solve the multi-retailer model.In this paper, we study the integrated plani�
ation of produ
tion, transportationand storage a
tivities. The supply 
hain stru
ture we analyze 
onsists of multiple plantsprodu
ing a single-item with a limited 
apa
ity, a distribution 
enter (DC) to store the�nished goods, and the transportation between plants and DC. This problem will be
alled MPP (multi plant planning) in the rest of the paper. A more detailed des
riptionof MPP stru
ture, di�erent hypotheses and 
ost assumptions is given in se
tion 2.One 
an easily see that the sub-stru
ture of MPP with only one plant replenishingDC where the storage 
an take pla
e is a spe
ial 
ase of single-item 
apa
itated lotsizing problem (CLSP). The lot sizing problem 
onsists in �nding optimal produ
tionquantities while minimizing produ
tion and holding 
osts. Bat
h sizes are 
omputed asa fun
tion of 
apa
ity, demand and 
ost 
on�gurations. The reader 
an refer to Brahimiet al. [1℄ to learn more about lot sizing problem literature and its variants. See alsoPo
het and Wolsey [13℄ for the use of a mixed integer programming approa
h to solvee�
iently produ
tion planning problems 
ontaining lot sizing substru
ture. For MPP, theprodu
tion 
ost stru
ture be
omes more 
ompli
ated with the possibility of produ
tion in3



di�erent plants. In addition to the 
apa
itated multi-plant produ
tion planning, the �xedtransportation 
ost asso
iated to ea
h vehi
le shipped makes also the resolution harderthan the 
lassi
al CLSP, due to the step-wise 
ost stru
ture. However, we propose ane�
ient way of 
omputing optimal produ
tion and transportation quantities using a two-step pseudo-polynomial dynami
 program. To 
ompute one of these two steps, we use asimilar dynami
 programming formulation as the one proposed in the literature to solvethe 
lassi
al single-item CLSP.The paper is organized as follows. In Se
tion 2, a detailed des
ription of the problemis given with all hypotheses made. A mathemati
al formulation by a mixed integerprogram and the idea of three other MILP formulations are also des
ribed, followedby the 
omplexity result of MPP. In Se
tion 3 a pseudo-polynomial dynami
 programis given. Some 
omputational experiments are reported in Se
tion 4 and �nally some
on
luding remarks are presented in Se
tion 5.2 Problem des
ription and 
omplexityThe stru
ture of the supply 
hain studied in this paper 
ontains multiple 
apa
itatedplants, a distribution 
enter (DC) where the external demand is known and the trans-portation by 
apa
itated vehi
les between them (see �gure 1). Shipments 
onsist only ofdire
t deliveries. The produ
tion a
tivity generates a setup 
ost whi
h is independent ofthe quantity produ
ed and generates also a unit 
ost per unit of produ
t. All �nishedgoods produ
ed at a given period are dire
tly shipped to DC be
ause of the absen
e ofsto
k area in plants. Ea
h vehi
le shipped generates a �xed 
ost per vehi
le and a unit
ost per unit of produ
t. With this assumption, one 
an easily dedu
e that one unit of�nished produ
t generates obligatory one unit of produ
tion 
ost and one unit of trans-portation 
ost, whi
h will be integrated in the remaining of the paper under the notation
p. If �nished produ
ts are not used to satisfy demands at a given period, they are storedin DC and generate unit holding 
ost per unit of produ
t and per period. However,demand delivered the same period to the 
ustomers do not generate any holding 
ost.All produ
tion, transportation 
osts and 
apa
ity limits are period and plant dependent.Holding 
ost is also time varying. The aim is to minimize the total 
ost of produ
tion,transportation and holding, while satisfying 
ustomer demands without ba
klogging.The notation used in the paper and a mathemati
al formulation by a MILP are givenas follows.Plant

• N : number of plants,
• Cit: produ
tion 
apa
ity of plant i in period t, assumed to be integral,
• qit: setup 
ost in plant i in period t,
• pit: integrated unit produ
tion and transportation 
ost in plant i in period t,4
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Figure 1: Multi-plant problem (MPP) stru
ture.Transportation
• fit: �xed transportation 
ost generated by one vehi
le shipment from plant i toDC in period t,
• Vit: 
apa
ity of the vehi
le shipped from plant i to DC in period t, assumed to beintegral,DC
• ht: unit inventory 
ost at DC at the beginning of period t,Others
• dt: 
ustomers' aggregated demand in period t, known at DC level, assumed to beintegral,
• T : number of periods in the planning horizon,
• 1{x>0} =

{

1 if x > 0,
0 otherwise.De
ision variables

• xit: produ
tion quantity of plant i in period t,
• st: inventory level at DC at the beginning of period t,
• yit =

{

1 if xit > 0,
0 otherwise.

• zit: number of vehi
les sent in period t from plant i to DC.5



2.1 MILP formulation of the MPPIn this paper the aim of giving a MILP formulation is on one side to better des
ribe theproblem 
onstraints and formalize it more 
learly, and on the other side to provide anexa
t formulation in order to 
ompare the 
omputational time of the dynami
 programproposed later in the paper. For single-item lot sizing substru
ture of MPP, four di�erentformulations by MILP are given in the literature (see Po
het and Wolsey [13℄ for moredetails). In order to �nd the most e�
ient MILP formulation in terms of the exe
utiontime, we 
oded and 
ompared these four formulations under di�erent 
osts and 
apa
ity
on�gurations for MPP (see se
tion 4). The aim is to 
hoose the fastest one before
omparing its exe
ution time to that of the dynami
 program. In most 
ases AGGis found more e�
ient, thus we only give its formulation in this se
tion. Some otherinstan
es where one of the other three formulations is faster are given in se
tion 4. Thede
ision variables of the other three formulations are also dis
ussed very brie�y in thisse
tion.
min

T
∑

t=1

(htst +
N

∑

i=1

(qityit + pitxit + fitzit))

s.t.
N

∑

i=1

xit + st = st+1 + dt;∀t (1)
xit ≤ Cityit;∀i,∀t (2)
xit ≤ Vitzit;∀i,∀t (3)
xit ≥ 0;∀i,∀t, st ≥ 0;∀t (4)
yit ∈ {0, 1};∀i,∀t (5)
zit ∈ N

+;∀i,∀t (6)The most natural formulation of the problem is given above (in the remaining of thepaper we 
all it AGG-aggregated formulation). The obje
tive fun
tion minimizes thetotal 
ost in the supply 
hain. Constraint (1) represents the material balan
e in ea
hperiod at DC. The produ
tion 
apa
ity restri
tion and the value of the setup variablesare �xed by 
onstraint (2). In 
onstraint (3), the number of vehi
les sent from ea
h plantto DC is 
omputed as a fun
tion of the quantity produ
ed in ea
h period. Constraint(4) imposes the non-negativity restri
tion on the de
ision variables xit, st and 
onstraints(5), (6) impose the integrality and non-negativity restri
tions on yit, zit.We 
ompared the performan
e of the above formulation with three other formulations.The �rst one is based on fa
ility lo
ation problem formulation. De
ision variables xitbe
ome xiqt whi
h is the quantity to produ
e in plant i in period q to satisfy demandat DC in period t. One 
an write the obje
tive fun
tion by eliminating either sto
kvariable s or produ
tion variable x. Thus the fa
ility lo
ation based formulation (FAL)
an be entirely written using only de
ision variables xiqt, ziqt and yiq. For the single-6



item un
apa
itated lot sizing problem (ULSP), same authors have shown that the linearrelaxation of FAL gives an integer optimal solution.The se
ond formulation is similar to FAL. It is based on a multi 
ommodity formula-tion (MC) where ea
h demand at a given period is 
onsidered as a separate 
ommodity.The new de
ision variables are xiqt and sqt, respe
tively produ
tion quantity in period qto satisfy demand in t, in plant i and storage quantity at the end of period q destinatedto satisfy demand in t. The �ow 
onservation 
onstraint is written for ea
h 
ommodity.The linear relaxation of MC for the 
lassi
al ULSP gives also an integer optimal solution.The third one is based on a shortest path formulation (SP) of ULSP. A new de
isionvariable φqt is integrated in the SP formulation: for the un
apa
itated 
ase φqt is 1 ifthe 
umulative demand ∑t
j=q dj > 0 is produ
ed in q to satisfy all demands between qand t, 0 otherwise. Additional 
apa
ity and multi-plant produ
tion and transportation
onstraints are added 
ompared to SP for ULSP. This formulation is also very similar tothe idea of the dynami
 programming re
ursion given in se
tion 3.2. Again for the linearrelaxation of ULSP, SP formulation gives integer optimal solution. These 3 formula-tions loose their integrality property with the addition of produ
tion and transportation
apa
ity restri
tions.As for the 
omplexity of MPP, this problem in
ludes a spe
ial 
ase of the single-item
apa
itated lot sizing problem assuming only one produ
tion plant, transportation to DCand storage at DC. Florian et al. [5℄ give an NP-hardness proof for the single-item CLSPwith equal demands and zero storage 
osts. The same authors show that single-itemun
apa
itated LSP remains NP-hard even for the 
ase with equal demands, zero storage
osts, zero setup 
ost and arbitrary 
ost fun
tions. We assume that in MPP, all problemparameters 
an take arbitrary values. Thus, for the general 
ase MPP, whi
h 
ontainssingle-item CLSP, is NP-hard. In the next se
tion we propose a pseudo-polynomialdynami
 program to solve MPP in its general form to optimality. The existen
e of apseudo-polynomial dynami
 programming algorithm makes the 
omplexity of MPP NP-hard but only in the ordinary sense.3 A pseudo-polynomial dynami
 programThe dynami
 programming algorithm is 
onstituted of two parts: a general part andan assignment part. In the general part we 
ompute the total minimum 
ost to payover periods (1, · · · , T ) for the entire supply 
hain. To be able to 
ompute the optimalplanning, one needs to know how to assign ea
h produ
tion quantity to N plants at a givenperiod. The assignment part ensures this 
omputation. It is 
omputed independently ofthe general part, for ea
h feasible total produ
tion quantity, for ea
h period. On
e thetotal minimum 
ost to pay for produ
ing any feasible quantity among N plants is knownfor any period t, this information is used in the optimal planning 
omputing inside thegeneral part.Let us des
ribe these steps in a more stru
tured way. We begin by 
omputing theassignment of produ
tion to ea
h plant. For ea
h period t over 1, · · · , T , and for ea
hfeasible produ
tion quantity in [0,

∑N
i=1

Cit], a minimum 
ost ve
tor is 
omputed, taking7



into a

ount only produ
tion and transportation 
osts. The upper bound of the feasibleprodu
tion quantity at t 
an be tightened to min{
∑T

j=t dj ,
∑N

i=1
Cit} using the assump-tion of zero storage level at the end of T . With this 
omputation, for a given period t, weknow exa
tly whi
h quantity to produ
e in ea
h plant for any feasible total produ
tionquantity. We have thus T minimum 
ost ve
tors. These ve
tors 
ontain the informationneeded by the general part. As for the 
omputation of the optimal planning, we 
onsidera 
umulated produ
tion 
apa
ity of all plants. Knowing the inventory quantity at thebeginning of a period t, we de
ide whi
h quantity to produ
e at this period. This time,the holding 
ost is also taken into a

ount together with the minimum 
ost ve
tor. Forthe re
ursive formula in the general part, we used a similar idea as Florian et al. [5℄ withthe addition of transportation 
osts. In what follows we give more details on these twoparts. In Appendix an example is given to illustrate the re
ursive formula of the dynami
program.3.1 A pseudo-polynomial dynami
 program for multi-plant produ
tionassignmentThis 
omputation is independent of the general part. For a given total produ
tion quan-tity in period t, the aim is to assign it to plants. Capa
ity and 
osts in ea
h plant andfor ea
h vehi
le �eet are period dependent, thus the 
omputation is done for ea
h period.The output is a set of T ve
tors, where ea
h ve
tor t has a dimension of the size of feasibleprodu
tion quantities (min{

∑T
j=t dj ,

∑N
i=1

Cit}). Ea
h of these T ve
tors 
ontains theminimum total 
ost gt(x) for a given quantity x.To 
ompute these ve
tors, we 
onsider the state (t, i, x) 
orresponding to (period t,plant i, the quantity that 
an be produ
ed in plants i, i + 1, · · · ,N). Before de�ningsome lower and upper bounds, we give the following notation. LBr(•) : lower bound of
r dependent on •, UBr(•) : upper bound of r dependent on •.For a given period t and plant i, the lower and upper bounds of x are respe
tively,
LBx(t, i)=0 and UBx(t, i)=min{

∑T
j=t dj,

∑N
j=i Cjt}. The lower bound LBx(t, i) meansthat, it has been de
ided to produ
e all the orders in plants (1, · · · , i−1) and there remainsnothing to produ
e in the plants (i, i + 1, · · · ,N). The upper bound UBx(t, i) meansthat, it has been de
ided to produ
e nothing in plants (1, · · · , i− 1) and there remains aquantity of min{

∑T
j=t dj ,

∑N
j=i Cjt} to produ
e in the remaining plants (i, i + 1, · · · ,N).For ea
h state, one has to de
ide whi
h quantity xi,t to produ
e in plant i at t tominimize the total produ
tion and transportation 
osts. For a given state (t, i, x), thevalue of xi,t varies in the interval: [LBxi,t

(t, i, x), UBxi,t
(t, i, x)℄ where; LBxi,t

(t, i, x) =

max{0, x −
∑N

j=i+1
Cjt} and UBxi,t

(t, i, x) = min{x,Cit}. LBxi,t
(t, i, x) means that wehave to produ
e at least the quantity whi
h 
an not be satis�ed in the remaining plants(i+1, · · · , N), and UBxi,t

(t, i, x) is the minimum value between the produ
tion 
apa
ityof the plant i and the value x given in the state.The obje
tive fun
tion to minimize is gt(x, i):8



gt(x, i): The total minimum 
ost to pay to produ
e the quantity x in plants (i, i +
1, · · · , N) in period t. This 
ost is 
omputed for ea
h value x ∈ [LBx(t, i), UBx(t, i)],
t ∈ [1, T ] and i ∈ [1, N ].Considering gt(x,N + 1)=0, ∀x,∀t, ba
kward re
ursion 
an be written as:

gt(x, i) = min
xi,t

{

gt(x − xi,t, i + 1) + qit1{xi,t>0} + pitxi,t + fit

⌈

xi,t

Vit

⌉} (7)where xi,t has to be taken over the interval [LBxi,t
(t, i, x), UBxi,t

(t, i, x)]. As we seeabove, in the formulation of gt(x, i), we �nd the expression gt(x − xi,t, i + 1) whi
h isthe minimum total 
ost to pay for produ
ing a quantity of x − xi,t among the plants(i+ 1, · · · , N). Other expressions des
ribe the total 
ost to pay for produ
ing and trans-porting the quantity xi,t in plant i in t.The minimum 
ost ve
tor to use in any state of the general formulation is gt(x, 0),∀x ∈
[0,min{

∑T
j=t dj ,

∑N
i=1

Cit}]. For short, we note gt(x, 0) as gt(x).3.2 General pseudo-polynomial dynami
 programTo formulate the algorithm, 
onsider T periods. In ea
h period t there are BSs(t) states,where BSs(t) is the maximum quantity that 
an be stored at the beginning of a givenperiod t. At a given period t, the beginning inventory 
an not ex
eed the maximumquantity that 
an be stored from the beginning of the horizon until t and also the totalremaining demand to satisfy from t to T . Mathemati
ally saying:
BSs(t) = min{

t−1
∑

k=1

(

N
∑

i=1

Cik − dk),

T
∑

k=t

dk}.Ea
h state (t, st) means (period t, inventory level at the beginning of period t), where
st ∈ [0, BSs(t)]. The de
ision is made on the quantity xt that must be produ
ed fora state (t, st) in order to minimize the total 
ost. The lower and the upper bounds ofthis quantity xt are respe
tively, max{0, dt − st} and min{

∑N
i=1

Cit,
∑T

k=t dk} − st, be-
ause one has to satisfy at least the demand at t whi
h is not satis�ed by the beginninginventory, and this produ
tion quantity 
an not ex
eed neither the total produ
tion 
a-pa
ity at t nor total demand in [t, T ], minus the quantity stored at the beginning of t.The aim is to �nd an optimal produ
tion planning whi
h minimizes total produ
tion,transportation and storage 
osts. The obje
tive fun
tion that minimizes the total 
ost is:
ϕt(st): The total minimum 
ost to pay for periods (t, t + 1, · · · , T ), knowing thatthere is a quantity st in the sto
k at the beginning of period t.A ba
kward re
ursion is 
arried out, assuming that ϕT+1(sT+1) = 0 with sT+1 = 0,we obtain the following formula: 9



ϕt(st) = min
xt

{ht+1(st + xt − dt) + gt(xt) + ϕt+1(st + xt − dt)}. (8)where the minimum in (8) has to be taken over all xt ∈ [max{0, dt−st},min{
∑N

i=1
Cit,

∑T
k=t dk} − st]. In the formulation of ϕt(st), gt(xt) 
orresponds to the minimum 
ostvalue to produ
e a quantity xt among plants {1, · · · ,N} at t (see the previous se
tion).The total minimum 
ost to pay over periods (1, · · · , T ) 
orresponds to ϕ1(s1), 
onsideringthat at the beginning of the period 1, the sto
k level is s1. We thus obtain an optimalplanning taking into a

ount produ
tion, transportation and storage 
onstraints of theentire 
hain.3.3 Algorithm 
omplexityThe 
omplexity of the re
ursive formulation in (8) is in O(CP P

d
P) where C

P P

=
∑

t

∑

i Cit, and d
P

=
∑

t dt. The 
omputation of one state (t, s) is bounded by
min{C

P

, d
P

} where C
P

=
∑

i Cit. The inventory level at the beginning of t is boundedby d
P. The re
ursive formulation 
omplexity is thus O(Td

P

C
P)=O(CP P

d
P).The 
omplexity of the minimum 
ost ve
tors 
omputation in (7) is inO(NC
P P

Cmax).The state number is bounded by NC
P P. The 
omputation of one state is bounded by

Cmax whi
h is the maximum value of produ
tion 
apa
ity over horizon and over allplants. Thus, in total, the algorithm 
omplexity is in O(CP P

d
P+NC

P P

Cmax) whi
his pseudo-polynomial.4 Computational experimentsIn this se
tion, we present the results of the tests 
arried out with MILPs and the dynami
program. The aim is to 
ompare the 
omputational time of these methods under di�erentparameters. Dynami
 program is 
oded in Java, MILPs are 
oded using Java+Con
ertTe
hnology and exe
uted with Cplex 9.1. Tests are 
arried out on an Intel Xeon 3.2 GHz(bi-pro
essor HT), 4 Gb RAM. For MILPs exe
ution the gap to the optimal solution is�xed to 0.01%.4.1 Experimental proto
olFirstly, we de�ne the di�erent instan
e sets used. Parameters in�uen
ing MILPs 
om-putational time are: number of periods, number of plants, demand 
on�gurations, pro-du
tion and vehi
le 
apa
ities, di�erent 
ost values. For the dynami
 program, theparameters that in�uen
e the exe
ution remain the same ex
ept 
ost 
on�gurations. De-mand 
on�gurations and produ
tion 
apa
ities are given in Table 1, where their valuesare uniformly distributed in given intervals.Demands are 
hosen as a fun
tion of the 
umulative produ
tion 
apa
ity of plants.For example, D1 is used to generate a demand ve
tor of size T , where demand values arerandomly 
hosen in the interval U(0, 3.
∑N

i=1
Cit; 0, 8.

∑N
i=1

Cit) for ea
h period t, amonginteger values. Tests are 
arried out for 3 demand 
on�gurations: D1, D2, D3. In the10



�rst one, demands are distributed far from the 
umulative produ
tion 
apa
ity. In these
ond one they are 
loser to the 
apa
ity, and in the third one they are very tight. Plantprodu
tion 
apa
ities are 
hosen in 3 intervals for ea
h period: Small, medium and large
apa
ities. Even if demands are s
aled with 
apa
ities, for larger 
apa
ities produ
tionquantities have more variability. Table 1: Instan
e sets.Demands Produ
tion 
apa
ities
D1: U(0.3, 0.6) C1: U(8, 10)
D2: U(0.6, 1.1) C2: U(80, 100)
D3: U(0.9, 1) C3: U(800, 1000)In Table 2, di�erent 
ost 
on�gurations are given. Produ
tion setup 
ost is either�xed to a 
ertain value or 
hosen from a uniformly distributed interval, and other 
ostsare generated as a fun
tion of this setup 
ost. pit = a.qit, fit = b.qit, and hit = c.qit.For 
ost 
on�gurations (Cost1, Cost2, Cost3), setup 
ost is the same in ea
h plant andperiod. In Cost2, transportation 
osts and in Cost3 holding 
osts are higher than setup
ost. For Cost4, 
osts di�er ea
h period and for ea
h plant signi�
antly.Table 2: Cost 
on�gurations.SET q a b 
Cost1 30 0.01 0.1 0.001Cost2 30 0.01 2 0.001Cost3 30 0.01 0.1 2Cost4 U(20,30) 0.01 0.1 0.0014.2 In�uen
e of the parameters on MILPs exe
ution timeTo obtain ea
h value in Tables 3 to 10, 10 tests are 
arried out. In Tables 3 and 4, theinstan
e 
hosen is T = 10, N = 10, Cost1, D1. We give the relative gap between thebest feasible solution and the best lower bound found after 1 min (see Table 3) and after10 min (see Table 4), for ea
h MILP formulation. Almost for all instan
es, the AGGgap is lower than the others. For instan
e, for demand 
on�guration D1 and produ
tion
apa
ity C1, the gap of AGG varies between 0% and 0.6%. We observe that after afew se
onds we obtain already this gap, whi
h, even after 10 min 
an not be redu
edsigni�
antly (see gap values in Table 4). A positive gap 
an remain even after 30 minsof exe
ution. We also remark that with bigger variabilities on produ
tion quantities (forP3), this gap is smaller. On some instan
es the other formulations 
an be faster thanAGG, for reasons that remain di�
ult to state.Table 5 is given for demand 
on�gurations D2 and D3, with a time limit of 1 min.This limitation is determined as a fun
tion of the maximum time that the dynami
11



Table 3: In�uen
e of produ
tion 
apa
ities and demands on MILP exe
.time (Cost1).Gap LB-UB after 1minAGG FAL MC SPC1 [0-0.6℄% [0-0.6℄% [0-0.7℄% [0-0.6℄%D1 C2 [0-0.25℄% [0-0.3℄% [0-0.4℄% [0-0.3℄%C3 [0-0.05℄% [0-0.18℄% [0-0.15℄% [0-0.1℄%Table 4: In�uen
e of produ
tion 
apa
ities and demands on MILP exe
.time (Cost1).Gap LB-UB after 10minAGG FAL MC SPC1 [0-0.55℄% [0-0.6℄% [0-0.5℄% [0-0.4℄%D1 C2 [0-0.2℄% [0-0.2℄% [0-0.2℄% [0-0.2℄%C3 [0-0.04℄% [0-0.1℄% [0-0.09℄% [0-0.08℄%program takes under the same 
on�gurations. We remark that when average demands are
loser to the produ
tion 
apa
ities, total exe
ution times of all formulations are redu
ed,whi
h is due to the redu
tion on the 
hoi
e of produ
tion quantities. For D3, for whi
hdemands are very tight, the exe
ution time is almost instantenous for all formulations.Table 5: In�uen
e of produ
tion 
apa
ities and demands on MILP exe
.time (Cost1).Gap LB-UB after 1minAGG FAL MC SPC1 [0-0.2℄% [0-0.29℄% [0.1-0.44℄% [0-0.34℄%D2 C2 [0-0.05℄% [0-0.07℄% [0-0.1℄% [0-0.07℄%C3 ∼ 0% ∼ 0% ∼ 0% ∼ 0%C1 [0-0.25℄% [0-0.3℄% [0.1-0.32℄% [0.1-0.3℄%D3 C2 ∼ 0% ∼ 0% ∼ 0% ∼ 0%C3 ∼ 0% ∼ 0% ∼ 0% ∼ 0%In Tables 3 to 5, the 
ost 
on�guration was the same in ea
h plant, ea
h period, but inTable 6 we introdu
e some variability between plants in terms of 
ost 
on�gurations. ForTable 6 the instan
e 
hosen is T = 10, N = 10, Cost4. With this new 
ost 
on�guration,all MILP formulations be
ome very fast, they are all very 
lose to the optimum in lessthan 1s. This 
an be due to the di�eren
e between feasible solution values, whi
h allowsto 
ut easily unne
essary solutions in the B&B tree.In Table 7 the instan
e 
hosen is T = 10, N = 10, C1. The aim of this tableis to show the in�uen
e of the transportation and holding 
osts in
rease. The mostinteresting results in Table 7 are the values obtained with the 
ost 
on�guration Cost3.When holding 
ost is very high 
ompared to setup 
ost, the gap for 3 formulations AGG,FAL and MC 
an a
hieve 5% to 7% after 1 min of 
omputing time. Even after 10 min,these gaps 
an not be redu
ed signi�
antly. However, for the same instan
e, the gap for12



Table 6: In�uen
e of produ
tion 
apa
ities and demands on MILP exe
.time (Cost4).Exe
ution timeAGG FAL MC SPC1 0.4s 0.2s 0.3s 0.1sD1 C2 0.2s 0.7s 0.9s 0.2sC3 0.05s 0.3s 0.4s 0.07sC1 0.7s 1.1s 0.9s 0.5sD2 C2 0.5s 1.5s 1s 0.7sC3 0.4s 2.5s 2.6s 0.2sC1 0.4s 0.3s 0.3s 0.2sD3 C2 0.3s 0.8s 0.8s 0.3sC3 0.06s 0.09s 0.1s 0.08sSP de
reases very fast and we obtain solutions very 
lose to the optimum.Table 7: In�uen
e of 
ost 
on�gurations and demands on MILPs exe
ution time (C1).Gap LB-UB after 1minAGG FAL MC SPCost1 [0-0.6℄% [0-0.6℄% [0-0.7℄% [0-0.6℄%D1 Cost2 [0-0.7℄% [0-0.7℄% [0-0.7℄% [0-0.63℄%Cost3 [0.2-4.6℄% [3-6.2℄% [2.5-6.7℄% [0-0.05℄ %For most of the 
ases, the AGG formulation runs faster than the others. Thus,we 
hose AGG formulation to 
ompare its 
omputational time to that of the dynami
program.4.3 Comparison between AGG and dynami
 program exe
ution timeDemand and 
apa
ity 
on�gurations, number of periods and plants are 
hanged to seetheir in�uen
e on the dynami
 program exe
ution time (see Table 8 for D1-D2, and Ta-ble 9 for D3). For small instan
es, the dynami
 program exe
ution time is instantaneous.In the same table, we give also the AGG gap after 1min. For a large number of periodsand plants, tight demands and large produ
tion 
apa
ities, AGG takes less time. For thesame instan
es (large T, N and P), the dynami
 program exe
ution time in
reases, whi
his due to its pseudopolynomial nature. Dynami
 program is advantageous 
ompared toMILPs, for small and medium instan
es, and parti
ularly for 
ost 
on�gurations Cost1and Cost3 
oupled with small instan
es. We 
an make the same remarks on AGG timeas before on the in�uen
e of tighter demand 
on�gurations.In Table 10, we show some limits of the dynami
 program with larger number ofperiods and plants. For instan
e, C=100, T=40 and N=60, dynami
 program takes1min. When C is in
reased to 1000 units, for the same instan
e, the dynami
 programgenerates an out of memory error. For these instan
es, AGG generates a solution with a13



Table 8: Comparison of AGG and dynami
 program exe
ution times.D1 D2
AGGmax AGGmoy DP AGGmax AGGmoy DPC1 0.6% 0.2% 0.06s 0.3% 0.12% 0.09sN=10, T=10 C2 0.25% 0.13% 0.47s 0.06% 0.04% 0.45sC3 0.05% 0.03% 46s ∼ 0 ∼ 0 40sC1 0.3% 0.12% 0.09s 0.1% 0.1% 0.1sN=10, T=20 C2 0.3% 0.15% 1s 0.07% 0.04% 0.9sC3 0.06% 0.03% 107s 0.03% ∼ 0 88sC1 0.1% 0.05% 0.07s 0.09% 0.05% 0.06sN=20, T=20 C2 0.15% 0.1% 4.3s 0.1% 0.04% 4sC3 0.03% 0.01% 544s ∼ 0 ∼ 0 374sTable 9: Comparison of AGG and dynami
 program exe
ution times.D3

AGGmax AGGmoy DPC1 0.3% 0.15% 0.06sN=10, T=10 C2 0.03% ∼ 0 0.44sC3 ∼ 0 ∼ 0 43sC1 0.16% 0.1% 0.09sN=10, T=20 C2 0.05% 0.03% 0.9sC3 ∼ 0 ∼ 0 86sC1 0.05% 0.03% 0.06sN=20, T=20 C2 0.05% 0.02% 3.8sC3 ∼ 0 ∼ 0 365sgap of 0.1% in 1min.Table 10: In�uen
e of period-plant number and 
apa
ity on DP time.T=20, N=40 T=20, N=60 T=40, N=60C1 0.3 s 0.3 s 0.9 sC2 8.5 s 13 s 64 sC3 1060 s OM OM5 Con
luding remarksWe studied the integrated planning of produ
tion and transportation of a single-item ina multi-plant environment. These two a
tivities, with 
ost and 
apa
ity 
on�gurationsthat are dependent on ea
h plant, are 
oupled with the storage a
tivity in the uniquedistribution 
enter. This problem 
an be seen as a generalization of the single-item14




apa
itated lot sizing problem with a more 
ompli
ated 
apa
ity and 
ost stru
ture due toplant dependent 
apa
ity limitation and pie
ewise 
ost stru
ture in ea
h plant. One 
analso interpret the produ
tion planning for the subpart of MPP with only 1-plant-DC as ageneralization of CLSP. In the general 
ase, MPP is thus NP-hard. The problem 
onsistsin �nding an optimal produ
tion planning while minimizing produ
tion, transportationand storage 
osts in the entire 
hain.Compared to the 
lassi
al CLSP, the di�
ulty arises in 
omputing total produ
tionand transportation 
osts, whi
h 
onsists in assigning some feasible produ
tion quantityto a �nite number of plants, in ea
h period. For this 
omputation, we found a pseudo-polynomial dynami
 programming algorithm, whi
h 
an be 
omputed independently fromthe rest of the general algorithm. The general algorithm itself 
onsists in de
iding theoptimal produ
tion quantity and the storage level in ea
h time period. Di�erent waysof 
omputing this general algorithm 
an be found in the literature of single-item CLSP,whi
h is also formulated by a pseudo-polynomial dynami
 program. For the total 
ost
omputation in the entire 
hain, there exists thus a pseudo-polynomial time dynami
program whi
h 
onsists of two independent algorithms. The 
omplexity of MPP is thusNP-hard, but only in the ordinary sense.We formulated the same problem by mixed integer linear programs. We found fourMILP formulations in the literature of CLSP, whi
h we adapted to MPP. We 
oded andtested them under di�erent 
ost and 
apa
ity 
on�gurations, in order to 
hoose the moste�
ient in terms of the exe
ution time. We then 
ompared the exe
ution time of themost e�
ient MILP to that of the dynami
 program. We gave instan
es where ea
hmethod is more e�
ient. We showed also the limits of ea
h one. Exe
ution time ofMILPs is quite unpredi
table for di�erent instan
es. All problem parameters in�uen
etheir exe
ution time. However, for some spe
i�
 instan
es, we 
ould observe similarvalues and interpreted these values regrouping them in tables. One 
an predi
t easilythe exe
ution time of the dynami
 programming algorithm looking at its 
omplexity.Parti
ularly, when produ
tion 
apa
ities are small-medium size and 
ost 
on�gurationsare hard for MILPs (ie Cost1 or Cost3), dynami
 program 
an be very advantageous.The main advantage of DP versus MILPs is that its exe
ution time does not dependon 
ost 
on�gurations. However, for larger instan
es (large produ
tion 
apa
ities, largenumber of periods and plants), dynami
 program 
an take more time and even returnout of memory errors. Reader 
an �nd the in�uen
e of di�erent parameters on methodsexe
ution time in Se
tion 4.As perspe
tives, one 
an redu
e the MILP exe
ution time, using di�erent extendedformulations proposed by Po
het and Wolsey [13℄ for extensions of lot sizing problem.Better formulations may be found exploring the problem stru
ture. Dynami
 programre
ursion may also be improved with new dominan
e rules related to the problem.A
knowledgement We are grateful to Y.Po
het for his 
areful reading of this paper.
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AppendixExample to illustrate the dynami
 programWith the example below, we illustrate the multi-plant produ
tion assignment and thegeneral dynami
 program re
ursion. We �rstly give the problem instan
e. We 
onsider
4 periods and 3 plants. Demands to satisfy over 4 periods are d=[4,3,5,4℄. All 
osts and
apa
ities are plant and period dependent and their values are given in Tables 11 and12. Holding 
ost is given as h=[0.01,0.02,0.02,0.01℄.Table 11: Cost 
on�gurations for the example.Setup 
osts (q) Unit prod. 
osts (p) Transp. 
osts (f)t=1 t=2 t=3 t=4 t=1 t=2 t=3 t=4 t=1 t=2 t=3 t=41 5 5.2 4 3 0.2 0.3 0.4 0.3 1 2 1 1.5plants 2 5 6 4 4 0.3 0.2 0.3 0.3 1 2 1 23 4.7 5 5.1 5 0.19 0.2 0.3 0.2 2 1 2 1Table 12: Produ
tion and vehi
le 
apa
ities.Produ
tion 
apa
ities Vehi
le 
apa
itiest=1 t=2 t=3 t=4 t=1 t=2 t=3 t=41 2 3 1 4 2 2 2 2plants 2 3 1 3 3 3 2 3 23 2 4 5 2 1 2 3 1First of all we 
ompute the assignment of produ
tion to ea
h plant (see se
tion 3.1).For ea
h period t and for ea
h feasible produ
tion quantity xt, the minimum 
ost ve
tor
gt(xt) is 
omputed. In this stage, the only 
osts we take into a

ount are produ
tion andtransportation 
osts. Let us �rstly 
ompute the upper bound min{

∑T
j=t dj ,

∑N
i=1

Cit}of xt for a given t (xt means total produ
tion quantity at t without spe
ifying in whi
hplants). Lower bound of ea
h xt is 0 (LBxt
= 0).

t = 1; UBx1
= min{16, 7} = 7

t = 2; UBx2
= min{12, 8} = 8

t = 3; UBx3
= min{9, 9} = 9

t = 4; UBx4
= min{4, 9} = 4With the re
ursive formule (7), one 
an obtain T minimum 
ost ve
tors gt(x) forea
h x value in the interval [LBxt

, UBxt
℄ given above. In Table 13 we give gt(x) values
omputed for ea
h t and x.To not 
ompli
ate Table 13, we did not give detailed information on ea
h value, butwith this 
omputation we know exa
tly whi
h quantity xit to produ
e in ea
h plant i at18



Table 13: Minimum 
ost values gt(x), (see se
tion 3.1).Feasible produ
tion quantities (x)
0 1 2 3 4 5 6 7 8 9

t = 1 0 6.2 6.4 6.9 13 13.3 20.19 22.38 - -
t = 2 0 6.2 6.4 7.6 7.8 15.3 15.6 17.9 26.1 -
t = 3 0 5.3 5.6 5.9 10.29 10.6 13.9 16.2 16.5 21.9
t = 4 0 4.8 5.1 6.9 7.2 - - - - -a given period t. For example, for t = 1, x = 5 is 
omposed of x11 = 2 and x21 = 3.We will now show how to use these ve
tors in the 
omputation of the general part. Inthe general 
omputation, we are given the inventory quantity st at the beginning of theperiod t and we de
ide the quantity xt to produ
e at this period. In Table 14 we givetotal minimum 
osts in ea
h state. For example, for t = 3 and s3 = 2, ϕ3(2) = 13.1 isthe total 
ost to pay from period 3 to 4 with an initial sto
k of 2 units at the beginningof period 3.Table 14: Total minimum 
ost 
omputing for the entire 
hain, (see se
tion 3.2).Inventory levels st at the beginning of period t

0 1 2 3 4 5 6 7 8 9
t = 1 34.24* - - - - - - - - -
t = 2 24.38 20.94 20.66 17.8 15.1 - - - - -
t = 3 17.8 16.58 13.1 12.8 10.68 7.2 5.98 5.14 4.86 0.08
t = 4 7.2 6.9 5.1 4.8 0 - - - - -This time, to 
ompute ϕt(st), the holding 
ost is also taken into a

ount togetherwith the minimum 
ost ve
tor gt(x). To detail how ea
h value in the table is 
omputed,we take: t = 3, s3 = 2, ϕ3(2) = 13.1. In the re
ursive formula we 
ompute,

ϕt(st) = min
xt

{ht+1(st + xt − dt) + gt(xt) + ϕt+1(st + xt − dt)}where xt takes its values in [max{0, dt − st},min{
∑N

i=1
Cit,

∑T
k=t dk} − st]. For theinstan
e 
hosen, this interval is [max{0, 5 − 2},min{9, 9} − 2] = [3, 7]. Thus f3(2) is
omputed for ea
h value of x3 ∈ {3, .., 7}.

x3 = 3, f3(2) = h4(2 + 3 − 5) + g3(3) + f4(2 + 3 − 5) = 13.1∗

x3 = 4, f3(2) = h4(2 + 4 − 5) + g3(4) + f4(2 + 4 − 5) = 17.2

x3 = 5, f3(2) = h4(2 + 5 − 5) + g3(5) + f4(2 + 5 − 5) = 15.7

x3 = 6, f3(2) = h4(2 + 6 − 5) + g3(6) + f4(2 + 6 − 5) = 18.7

x3 = 7, f3(2) = h4(2 + 7 − 5) + g3(7) + f4(2 + 7 − 5) = 16.2The minimum 
ost for t = 3 and s3 = 2 is thus f∗
3 (2) = 13.1 with x∗

3 = 3. Thetotal minimum 
ost to pay over periods (1, · · · , T ) 
orresponds to ϕ1(s1) with s1 = 0.19



In Table 14, ϕ1(0) 
orresponds to 34.24 with x∗
1 = 5. Optimal produ
tion quantities arethen x∗ = [5, 4, 3, 4] with x∗

11 = 2 and x∗
21 = 3 for the �rst period, x∗

32 = 4, x∗
23 = 3 and

x∗
14 = 4 respe
tively for periods 2, 3 and 4.
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