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1. Introduction

This paper proposes an easy to implement test for two long memory processes
being uncorrelated. Recently, we have witnessed increasingly large number of
studies using the autoregressive fractionally integrated moving average process of
order p,d, q, denoted as ARFIMA (p, d,q) or I(d) process, when the integrated
process of order d, or the differencing parameter d is a fractional number (e.g.,
Robinson, 1991; Ding and Granger, 1996; Baillie, 1996; Ray and Tsay, 2000;
Bollerslev and Wright, 2000). One of the advantages of using the ARFIMA
process is that it provides a parsimonious way to describe data series with long-
range dependence. However, the use of the ARFIMA process also incurs some
problems in some popularly used test statistics. Tsay and Chung (2000) proved
that two stationary I(d;) and I(dy) processes can yield spurious regression so
long as dy +da > 0.5, dy € (0,0.5), and d2 € (0,0.5). On the other hand, Tsay
(Theorem 4, 2000) showed that the insignificant testing problem first considered
by Robinson (1993) could also arise if djdy < 0, because the ¢ ratio will converge
to zero, the actual size of using t-test for the null hypothesis of no relationship
between the two unrelated I(d) processes will be significantly below the nominal
size. Thus, the usual ¢ statistic could be of no use in empirical applications when
the DGP are I(d) processes.

One possible way to tackle the preceding testing problems is to first esti-
mate the parameters of the ARFIMA model for Yi; and Yo, respectively. Under
the assumption that the differencing parameters d; and do are known, the null
hypothesis that Yj; and Yo are independent of each other can be tested with
accuracy by Monte Carlo simulation (Tsay and Chung,2000). Nevertheless, it is
well known that the estimation of the differencing parameter of the ARFIMA
process may not be very accurate in finite samples when d is close to 0.5. There-
fore, the simulation method may not be a good way to meet our purpose.
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Our test follows the suggestions of Haugh (1976) and Hong (1996) to con-
struct the residual cross-correlation functions from prewhitened time series. We
shall first justify the use of Haugh’s statistics when the DGP are the ARFIMA
(p,d, q) processes. We then show that y; can be approximated well by an AR(k)
model. This finding itself contains some interesting empirical implications. First,
the AR approximation is easy to implement because we do not need to estimate
the differencing parameters of the data series. Second, through a simulation
study, Ray (1993) showed that an AR approximation could be useful for long-
range forecasting of a long-memory process. Her simulation results are explained
by our theoretical analysis. Third, the good performance of the indirect estima-
tion method for the I(d) process proposed by Martin and Wilkins (1999) and
that of the efficient method of moments (EMM) employed by Gallant, Hsieh
and Tauchen (1997) are easily understood, because they both employed an AR
model as the auxiliary model. Fourth, the issues of spurious regression between
two stationary long memory processes considered by Tsay and Chung (2000) will
not arise.

We also consider the determination of the order of an AR(k) model fitted
to a long memory process. We propose to use the AIC or the Mallow’s C), to
select a finite order AR(k) model. Our Monte Carlo experiments show that
an AR(k) approximation can yield the mean of the residual variance estimate
very close to the true variance of e; and the lag length needed to approximate
the ARFIMA process is quite small. Our experiment clearly demonstrates that
the good finite sample performance of Haugh’s statistics when the DGP are
the ARFIMA processes. The size distortion of the Haugh’s statistics is well
controlled for various combinations of d; and do and the power performance
is very promising. We also illustrate our methodology by applying our tests
to the volitility betweeen two daily nominal U.S. dollar exchange rate-Euro and
Japanese Yen and find that there exist strong simultaneous volatilities interaction

between them within one month.



This paper is organized as follows. Section 2 provides the theoretical justifi-
cation of the test statistics, including the proof of approximating a long memory
processe by an AR (k) model. In section 3, we use Monte Carlo studies to demon-
strate the usefulness of AIC and Mallow’s C), criterion for selecting an AR (k)
model to long memory processes. Section 4 presents the empirical analysis of
the correlation in volatility between Euro and Japanese Yen. The last section

summarizes this paper. All proofs are in the Appendix.

2. THE MODEL AND THE MAIN RESULTS

Haugh (1976) proposed the following test statistics for two weakly dependent

processes being uncorrelated :

M
Sy =T 7pa()® and =17 Z — 1) P2(D)?,
=M
where
T-1
> CekCrrike
pa(l) = L

1/2 1/2°
(Z €tk1> (Z 6tk2)
t=k+1 t=k+1

and €11 and €y, 2 are residuals from fitting Y1; and Yo; with an ARMA model,
respectively. Haugh (1976) proved that Sj; and S}, are both asymptotically
distributed as X% M- Hong (1996) suggested constructing the Haugh’s statistics
with residuals from an AR(k) filter and showed that Haugh’s statistics perform
very well.
Ths objective of this paper is to further extend the two test statistics, Sys and
37> to the long memory case, i.e, the ARFIMA (p,d, q) processes. We suppose
the DGP, y;, an ARFIMA (p, d, q) process, satisfies the following Assumption 1

throughout this paper.



Assumption 1. y; is generated as:

¢(L)(1 = L)%y = 0(L)ey,

where (i) d € (0,0.5); ; (iii) ¢(L), and 6(L) are finite degree polynomials, and
the zeroes of ¢(L), and 0(L) all lie outside the unit circle; (iv) ¢(L) and 6(L)
have no common zeroes; (v) e; is an independently and identically distributed

process, with E(e;) = 0, E(e?) = 02, and E (6;1) < 00.

Hosking (1996) shows that a stationary and invertible ARFIMA process with

d # 0 has an autocovariance function that satisfies

. szy(O)F(l B 2d) 2d—1
WY T (@01 = d)

Y as j—>oo7

where I'(.) is the Gamma function, and

(1461 +...+6,)*
(1_¢1_---_¢p)2.

Assumption 1 guarantees that the conditions in Theorem 3 of Hosking (1996)

fy(o) =

hold, and allows us to represent an ARFIMA process y; as:

oo
Yy = Z¢j€t—j, where ¢; = O (jd_1> as  jJ — 00,
=0

or

o
Yyt = Zﬁjytfj +e¢, where §; =0 (jfd*l) as j — o0.
j=1

Accordingly, we resort to analyzing the asymptotic properties of Haugh’s

statistics when Y7; and Yo; are generated as
ARFIMA(py,dy,q1) :  é1(L)(1 — L)Yy, = 01(L)ey s,
and (1)
ARFIMA(pa,da, q2) : ¢o(L)(1 — L)%2Ys; = 6(L)eay,
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where d; € (0,0.5) and d2 € (0,0.5), respectively, and ej and ez are both
zero mean white noise processes with variances 0% and 0%, respectively. We first
show that an ARFIMA (p,d,q) process can be approximated by an AR model,
then show that the residual correlations of two prewhitened ARFIMA processes
are asymptotically Chi-square distributed under the null hypothesis.

2.1. Approximating an ARFIMA (p,d,q) by an AR Model

Based on a binomial expansion, an ARFIMA (p, d, q), y;, satisfying Assump-
tion 1 can be represented by an infinite order AR process (Brockwell and Davis
(1991)), i.e., yr = Z;’il Bjyi—j + et, where 3; ~ 6574 as j — o0, d is a con-
stant, and e; is a zero mean white noise process with variance o2. Our analysis
centers on figuring out the conditions needed for the growth rate of lag length k

such that y; can be approximated well by an AR(k) model, i.e.,

k 00 k
ye=ei+ > Bivii+ > By = ek + > Bivi—i,

j=k+1

and

> By = o0p(1).

j=k+1
Theorems 1-4 establish that the OLS residuals €; j, from an AR(k) filter are able

to mimic the statistical properties of e; asymptotically. For ease of reading, we
put all the proofs in the appendix.
To show that :

et = e+ 0p(1), (2)

o~

we need to investigate the asymptotic properties of B = (Bl, ..., Ox) and Z;’;k 1 Bive—j.
We note that the OLS residuals €; j, can be rewritten as:
o0 k
Gk=c+ Y Bivj— (ﬁj - 5;‘) Yt—j-
J=k+1 J=1
Theorem 1 discusses the asymptotic properties of the OLS estimator ﬁ, which is
obtained from regressing y; on y;—1,..., ¥;—; and the asymptotic properties of
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the OLS residuals €;; and those of the residual variance sz i defined as sz P =

_ T A~
(T = k)" Yk G

Following Berk (1974), we let the norm of a matrix D be defined as
|D|| = sup | Dal|, where ]| < 1.

The Euclidean norm of the column vector z is used, and ||z||> = 2’z. Berk
(1974) shows that || D||?> < > i d%j, where d; ; is the (4, j)th element of matrix
D, and ||D|| is dominated by the largest modulus of D’s eigenvalues.

THEOREM 1. If the data generating process satisfies Assumption 1, k =
0.5—d
0 (T = ), d € (0,0.5) then as T — oo:

1 HB = ﬁH = O (K95-979-05) " when d € (0,0.5).
2. er=e+o0p(l), when de (0,0.5).
3. Sg,k L, 62, when de (0,0.5).

Item 1 of Theorem 1 shows that the OLS estimator 3 is a consistent estimator
for the population parameter vector § when k& — oo as T' — oo. However,
item 1 of Theorem 1 also says that the convergence rate of Bj to B could be
slow if d is close to 0.5. Nevertheless, regardless of the convergence rate of Ej,
item 2 of Theorem 1 clearly indicates that a stationary and invertible fractional
white noise process can be well approximated by an AR (k) model when the lag
length k is chosen appropriately. We note that the growth rate k£ in Theorem 1
is only a sufficient condition to ensure that a stationary and invertible fractional

white noise process can be approximated well by an AR model.

2.2. Asymptotic Properties of Haugh’s Statistics When the DGP are
the ARFIMA (p,d,q) processes



THEOREM 2. If the data generating processes satisty Assumption (1), and
all the conditions in Theorem 1 hold, then as T" — oo, both Sy; and S}, are
asymptotically distributed as X%M—i—l when ey 4 is independent of e ¢ for all t and

S.

Theorems 1 and 2 provide the sufficient condition to ensure that the Haugh’s
statisitcs is asymptotically Chi-Square distributed. As a matter of fact, we only
need a suitable finite k to ensure that the Haugh’s statistics are asymptotically

Chi-Square distributed.

THEOREM 3. If the data generating processes satisfy Assumption 1, and the
shocks of the two processes e1; and e s are independent for all t and s, there
exists a positive finite constant ¢ such that for k > ¢, when T" — oo, both Sy

and S}, are asymptotically distributed as X%MH'

Theorem 3 yields the theoretical foundation for Haugh’s statistics using
AR(k) to prewhitten the ARFIMA (p,d,q) processes. The significant differ-
ence between Theorem 1 and 2 and that of Theorem 3 is on the condition for
lag length k. Theorem 3 implies the appropriate lag length k needed to approx-
imate ARFIMA (p, d, q) is finite and could be very small. This could be useful
for empirical analysis. Moreover, the following Theorem 4 shows that based on

the reasoning of Theorem 2, the power of both Haugh’s statistics approach to 1.

THEOREM 4. If the data generating processes satisty Assumption (1), and
all the conditions in Theorem 1 hold, then as T" — oo, the power of both Sy

and S}, approach to 1 when ey is correlated with eg s.

3. Order Selection for an AR Approximation
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The adequacy of an approximate model for the DGP depends on the choice
of order of the AR approximation. This section considers two commonly used
criteria for choosing a suitable AR (k) model for approximating ARFIMA pro-
cesses, the Akaike’s (1973) AIC and the Mallows’s C), criterion. Through a
Monte Carlo study, we show that both suggest a lower order AR(k) is sufficient
to prewhiten an ARFIMA process.

Beran (1995) derived a version of the AIC for determining an appropriate
autoregressive order for a class of finite order fractional autoregressive processes

as
2(k + 2)

AIC(k) = loga? + =

(3)
where G2 is the estimate of the variance o2, when the true model is y =
Z;?:l Bjyi—j + et. However, our true model, y; = Z;‘;l Byi—j + et, is of infinite
dimension. Ng & Perron (2005) shows that such a model can be approximated
well by a finite order AR model. Hence, we modify (3) as

2(k + 2
AIC(k) = logs?, + 2k+2)
: N
where N =T — 2k.

Similarly, we modify the Mallow’s (1973) C), criterion to minimize

., (T— 2k:)§zk

3.1. Finite Sample Performance of an AR Approximation for ARFIMA

model

Monte Carlo experiments are conducted to examine the finite sample prop-
erties of our analytical results. The Monte Carlo experiment for each model
is based on 1,000 replications with different sample size 1. We follow McLeod
and Hipel (1978)to first generate T" independent values from the standard nor-

mal distribution and form a 7" x 1 column vector e. We then calculate the T
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autocovariances of the I(d) process, from which we construct the T'x T variance-
covariance matrix X and compute its Cholesky decomposition C' (i.e., ¥ = C'C”).
Finally, the vector p of the T realized values of the I(d) process is defined by
p = Ce. We discard the first 200 values.

In light of the empirical evidence provided by Cheung (1993), we simulate
several ARFIMA (p.d.q) processes with d = (0.1,0.2,0.3,0.4,0.45) and 02 = 1.

1- ) Yt = €4,
1—0.70)(1 — L)%y = (1 4 0.5¢),

(

(

(1—-0.7L —0.3L*) (1 — L)%y; = ey,
(1-0.7L —0.3L%) (1 — L)%, = (1 + 0.5¢;),
(

1—-0.7L—0.3L% —0.4L%) (1 — L)%y = e

All simulations are performed for 7' = 200, 500 with k ranging from 1 to some
maximal order kj,q.. According to Theorem 1, k., increases with sample
size T and we can set ke = o(TOisT_dd). Thus, with respect to the different
combinations of d and T, the values of k4, can be calculated. We set ka0 = 9
and kg, = 14 for all cases of T' = 200 and T" = 500, respectively, regardless
of d.

Because nearly identical results between AIC and C), Table 1 only displays
the frequency of the order selected by AIC for selecting AR (k) fitted to the DGP
(a)-(e). To save the space, only the detailed model selection results for d = 0.1,
d = 0.4 and d = 0.45 are displayed. The results for d = 0.2 and d = 0.3 are
available from authors. Table 1 shows the lag length needed to approximate a
fractional white noise processes is indeed very small. Particularly, for d = 0.1,
no matter what the sample size and model selection criteria used, the value
of £ which minimizes these two selection criteria is 1. The largest value of k

selected by C), for the combination of 7" = 500 and d = 0.45 is also only 3. In
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particular, for " = 200,d = 0.4, the order chosen by the AIC is very similar
to those reported in Beran (1995) as well. In Table 2, we report the mean of
residual variance §zk when k£ = k* which is the suitable lag length chosen by
AIC. The results reveal that when k£ = k*, the mean of fs\g’ i is indeed very close
to the true o2 which is set to be 02 = 1 in our experiment. It suggests the
performance of € j, asymptotically approaches to that of the white noise error
et

Likewise, the results show that the lag length needed to approximate the
more general ARFIMA (1,d, 1) process is close to that found in the case of
DGP (a). For instance, in Table 1, the lag length k needed to approximate
GDP (b) is 2 when T" = 200, while the value of k is only 1 in the case of the
fractional white noise process. Further, as T' = 500, the largest lag length £ to
approximate the DGP (c) is only 2 for d < 0.3 and 4 for d = 0.4 and d = 0.45.
In spite of a relatively higher autogressive order in DGP (c¢), DGP (d) and DGP
(e), the appropriate lag length k to approximate those three models are still very
small. Apparently, the results reveal that for 7" = 200 and T = 500,d = 0.1,
k = 2 is large enough to approximate model (c)-(e) well; for the case of T =
200,d € (0,0.5) and the case of T'= 500,d < 0.2, k = 3 and k = 4 are what
we need for each case, respectively. Further evidence on how well an appropriate
lag length k for approximating Model (b)-Model (e) are also reported in Table
2. The mean of the residual variance is again close to 1.0, when k = k*.

Our simulation evidence appears to indicate that the suitable lag length k
will rise slightly with the increase of the AR order in ARFIMA (p, d, ¢) processes.
In most cases, Kk = p+ 1 or k = p + 2 would be the appropriate lag length for

approximating an ARFIMA (p, d, q) process with the finite sample size.

3.2. Finite sample Properties of Haugh’s Statistics When DGP are
the ARFIMA Processes
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In addition to reporting the finite sample performance of Haugh’s statistics,
we present the conventional procedures of examining the independence between
two stationary long memory processes. We first estimate the differencing pa-
rameter, d with the maximum likelihood method, then use t-ratio to be the test
statistic. Those results are shown in Table 3. It shows that with the increase
of the differencing parameter, d, the bias of maximum likelihood estimates of
d becomes larger. At 5% significant level, there are significant size distortions
for t ratio test. Table 3 also confirms that the significant spurious regression
appears to be present, when T' = 200. To save space, only the results for DGP
(b) are displayed in this paper and the results for other DGPs are available from
the authors. Table 4 and 5 examine the size and power of Haugh’s Sy, and Sy~
test, based on AR(k) approximation at 5% significant level where Y7, and Ya; are
the ARFIMA (1,d,1). They show that the empirical sizes are very close to 5%
for every pair of d; and dy where the two processes are uncorrelated with each
other. In other words, the size control of Haugh’s two tests is extremely well for
the DGP to be the ARFIMA (1,d, 1) processes. We also consider the power of
Haugh’s statistic by considering processes whose pattern of short cross correla-
tion is same as those of many financial time series, as described in Hong (1996).
We assume that the error term ej; and ez, are generated as: pi2(j) = 0.2 for
j = 0 and p12(j) = 0 for j # 0 where p12(j) denotes the cross correlation
function of ey and ey at lag j. The results in Table 5 also shows that the re-
jection percentage of 1000 replications at 5% are similar to those of Table 2 in
Hong (1996), where two time series he considered are short memory processes.
The power performance of Haugh’s statistics does not depend on the long mem-
ory characteristics of the data series, as long as the data series themselves are
stationary. The predictions made in Theorem 2 are clearly borne out in our sim-
ulation studies as they clearly demonstrates that the Haugh’s statistics derived
from prewhitening ARFIMA (p,d, q) processes by AR(k) works well in finite

sample.
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4. Application to foreign exchange rates volatility

In this section, we illustrate our methodology by considering the volatility of
foreign exchange rates. The emergence of the Euro (EUR) and the Japanese Yen
(JPY) as the two major currencies of the world has raised questions about how
the two currencies will interact and what it will mean for foreign exchange rate
markets. The data series under this study are daily spot exchange rates from
January 3 , 2000 to August 31, 2005, with totally 1426 observations. Define
the volatilities of the EUR (Yg;) and the JPY(Yy,) as squared returns of those
curriencies,

2 2
Yir = Ry = (In(Ppit/Ppii—1))”  Yyr = Ry, = (In(Pyi4/Pyii-1))

where Pg; and Py, are the daily prices of two important nominal U.S dollar
exchange rates-the Euro and the Japanese Yen, respectively.

Our fist task is to check the statistics properties of Yg; and Yy;. We use the
Conditional Sum of Squares (CSS) estimation method discussed in Chung and
Baillie (1993). The results of estimating ARFIMA (1,d, 1) models for Yg; and
Yy+ are reported in Table 7. The volatility of the Euro and the Japanese Yen
are estimated as 1(0.3224) and 1(0.1209) with highly significant AR and MA
parameter estimates (¢, 6).

We then use AIC to select the order of an AR (k) approximations of sta-
tionary long memory processes. Setting kysq = 25, the chosen order of AR (k)
models fitted to Yg; and Yy by AIC is at k = 22 for both series.

In spite of noting that the lag length & = 22 is more suitable order of
an AR(k) for approximating Yg; and Yy, we also check the robustness of the
inference by considering empirical evidence at k, k = 16, ---,25. Table 7 reports
the results. The performances of Sy; and S}, are all significant at 5% level for
M = 5,10,15,20,22,25. The test results appear to suggested there exists ”
strong contemporaneous correlation ” between the volatility of Euro and Yen

within 25 days, even though both of these two series are long memory processes.
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5. Conclusion

In this paper, we have proved that a stationary long memory ARFIMA
(p,d, q) process can be aprroximated well by an AR(k) model when k is chosen
appropriately and show the applicability of Haugh’s (1976) statistics to test
for two long memory processes being uncorrelated based on the sample cross-
correlation function of AR prewhiten ARFIMA processes. The new test is easy
to implement and avoids issues arising from inaccurate estimation of d nor the
issues of spurious regression induced by the long memory processes considered in
Tsay and Chung (2000). We also demonstrated the desirability of using Akaike
information criterion to select the order of an autoregression for approximating
long memory processes.

Monte Carlo experiments conducted in this paper confirm our theoretical
prediction. We find that Haugh’s statistics based on an AR approximation
is an accurate and powerful method to detect the independence between two
ARFIMA (p,d, q) processes. We also applied our methodology to investigate the
independence between volatilities of two daily nominal dollar exchange rates-
Euro and Japanese Yen. We found that there existed 7 strong contemporaneous

correlation ” between the volatilities of Euro and Yen within 30 days.
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Table 1. The Frequencies of Selected Lag Lengths for AIC respectively
When the DGP are models (a)-(e)

DGP  k 1 2 3 4 5 6 7 8 9
d T

(a) 0.1 200 AIC 758 134 57 25 12 8 1 1 1

500 AIC 639* 192 81 45 24 6 5 6 1

04 200 AIC 238 361* 201 101 53 23 10 7 2

500 AIC 7 154 262* 214 143 95 47 27 21

0.45 200 AIC 198 365* 222 110 53 23 16 7 2

500 AIC 2 129 259* 223 146 99 53 32 23

(b) 0.1 200 AIC 271 505* 121 57 24 9 4 4 1

500 AIC 22 650 113 137 36 21 9 7 1

04 200 AIC 7 634* 94 159 48 31 13 6 1

500 AIC 1 270 32 345 106 108 53 39 14

0.45 200 AIC 4 630* 87 169 49 32 13 8 2

500 AIC 1 230 30 366* 104 124 56 39 16

(¢) 0.1 200 AIC 54 678 169 56 27 5 4 3 1

500 AIC 1 518 268 112 56 22 5 9 2

0.4 200 AIC 91 9 412* 273 112 46 29 16 5

500 AIC 1 1 82 245 236 175 119 69 56

0.45 200 AIC 47 8 404* 295 125 57 36 21 9

500 AIC 1 1 57 233* 245 185 131 79 61

(d) 0.1 200 AIC 143 241 428 96 49 25 9 4 1

500 AIC 4 42 624* 124 141 24 19 12 2

04 200 AIC 74 7 639* 72 117 41 22 14 5

500 AIC 1 1 375* 45 317 80 81 37 27

0.45 200 AIC 47 2 658* 78 125 40 22 14 7

500 AIC 1 1 344* 39 331 90 89 58 45

(e) 0.1 200 AIC 7 1 725* 165 64 20 6 4 2

500 AIC 1 1 549* 251 114 46 14 12 12

0.4 200 AIC 6 8 46 465* 277 106 53 29 14

500 AIC 1 11 95 255% 249 177 115 47 26

0.45 200 AIC 3 8 14 466* 289 119 53 27 8

500 AIC 1 1 2 69 247* 254 179 116 49

Notes: The results are all based on 1,000 replications. * denotes the lag length
k* at which simulated numbers chosen by AIC and C), are the maximum
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Table 2. Results on Mean of Residual
Variance S?, when k = k*

DGP d 0.1 0.4 0.45

T
(a) 200 0.997 1.007 0.997
500 1.002 1.009 1.010
) 200 0.995 1.007 1.003
500 1.000 1.007 1.008
) 200 0.999 1.001 1.009
500 1.014 1.007 1.008
) 200 1.000 1.001 1.002
500 1.011 1.008 1.009
) 200 1.000 1.001 1.002
500 1.013 1.011 1.012

Table 3. The Rejection Percentages of the ¢t When
Yi: = ARFIMA(0,d;,0), Yoy = ARFIMA(0,d>,0),
and pi3(j) = 0 for all j

Y1 dy 0.1 0.2 0.3 0.4 045

Yor do
0.1 104 145 15.3 186 24.1
0.2 14.3 15.0 1b.5 19.7 27.3
0.3 15.7 16.0 16.8 24.7 30.2
0.4 18.0 20.2 242 289 32.7
045 242 278 30.8 33.1 334

Notes: T = 200. The critical value of the above two-tailed t test is at 5% level
of significance.
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Table 4. The Size and Power Performance of the S;; Test

at 5% Level of Significance When Y;; = ARFIMA(-0.7,d;,0.5),

Yo = ARFIMA (—0.7, ds, 0.5)

Y1t dq k M 0.1 0.2 0.3 04 045
Size Ygt d2

0.1 karc 5 5.3 54 5.1 52 55

9 5.1 5.1 5.3 5.2 5.1

15 4.6 4.7 48 51 59

02 kqice 5 52 55 57 56 54

9 54 5.3 5.2 54 53

15 4.7 5.0 5.6 54 44

0.3 karc 5 44 4.7 48 49 48

9 43 4.1 42 47 46

15 39 4.0 41 41 46

04 karc 5 5.6 5.8 49 46 55

9 49 46 43 48 49

15 4.0 3.9 42 42 44

0.45 karc 5 44 4.3 46 5.0 49

9 49 4.6 4.7 45 45

15 4.0 4.0 41 42 46

Power 0.1 kare 5 408 41.0 405 40.3 40.0

9 30.2 304 304 30.1 30.1

15 23.0 233 236 232 238

0.2 kare 5 407 414 41.0 40.9 40.6

9 294 289 29.1 30.3 30.0

15 21.6 21.8 244 237 234

0.3 kare 5 40.0 40.2 40.3 40.5 40.7

9 30.2 30.2 29.7 30.5 30.3

15 213 21.2 21.6 21.8 219

04 kare 5 391 396 40.2 399 40.2

9 293 286 30.3 30.3 30.1

15 21.2 21.3 21.7 21.9 219

045 kare 5 389 395 39.6 40.0 40.1

9 299 298 288 293 30.0

15 20.0 204 219 221 220

Notes: T = 200, k = kajc, and the results are all based on 1,000 replications.
The critical value used is obtained from X% M1 at 5% level of significance.
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Table 5. The Size and Power Performance of the 53, Test
at 5% Level of Significance When Y;; = ARFIMA (—0.7,d;,0.5),
Yo = ARFIMA(—-0.7,d3,0.5)

Yt dq k M 0.1 0.2 0.3 0.4 045
Size Yo do

0.1 kuc 5 50 4.9 50 5.0 5.0

9 5.2 5.3 53 5.0 5.0

15 5.7 5.7 57 54 5.3

0.2 karo 5 5.3 4.8 4.9 5.0 5.1

9 5.1 5.2 5.1 5.2 5.1

15 56 54 56 58 5.7

0.3 kaic 5 5.3 5.3 5.1 5.1 5.1

9 5.2 5.3 55 5.8 5.3

15 56 6.0 57 57 5.8

0.4 karc 5 5.1 5.2 5.4 5.2 5.0

9 55 5.4 55 5.7 5.6

15 56 5.7 55 58 5.8

0.45 kgic 5 5.0 5.0 52 5.1 5.1

9 56 5.4 53 56 5.6

15 53 5.7 56 59 5.9

Power 0.1 karc 5 41.7 41.7 414 41.2 41.3

9 322 33.1 309 309 322

15 235 256 262 252 25.8

0.2 kgc 5 416 419 41.7 41.7 414

9 33.8 323 333 323 314

15 259 26.1 25.6 25.7 25.6

03 kic 5 408 41.1 417 409 41.5

9 327 33.0 32.7 323 323

15 258 26.6 26.2 26.0 257

04 kare 5 397 405 41.0 40.7 40.9

9 315 323 32.7 323 324

15 259 264 26.2 259 259

0.45 kaqc 5 396 40.1 40.9 40.7 40.5

9 32.3 324 32.7 32.1 32.2

15 256 26.1 26.6 25.8 26.3

Notes: T = 200, k = kajc, and the results are all based on 1,000 replications.

The critical value used is obtained from X% M1 ab 5% level of significance.
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Table 6. Estimation of ARFIMA (1,d,1) models
for the volatility of Euro and Japanese Yen

Estimates Japanese Yen Furo
d 0.1209 0.3224
) 0.5948 0.3703
0 —0.6824 —0.6982
tq 1.6699 4.1900
te 4.0956 6.2149
ty —4.8412 —10.2539

Table 7. Test statistics for correlation in volatility
between Euro and Japanese Yen

17 18 19 20 21 22 23

38.17* 37.10* 37.15% 39.77" 40.07" 39.75* 39.27*

10 51.46* 50.33* 50.25% 53.28% 53.82" 53.82" 53.62"
15 51.61* 55.35% 55.31" 57.76% 58.33" 58.32*% 58.20"
20 65.74* 64.61* 64.60" 66.99* 67.50* 67.83* 67.77*
22 65.90" 65.78" 66.10* 67.10* 68.80* 69.10" 68.96*
25 69.36" 68.26" 68.59* 71.23* T71.85* T2.17* 72.17*

38.21* 37.14* 37.18" 39.81" 40.10* 39.78* 39.31%

0 51.57* 50.43* 50.35" 53.38" 53.92* 53.93* 53.73*
5 56.76" 55.50" 55.46" 57.90" 58.47* 58.46* 58.35"
0 66.00*" 64.87* 64.87" 67.25" 67.76* 68.10* 68.04*
2 66.21% 66.52* 67.10° 68.07" 69.01* 68.73* 69.01%
5 69.28% 68.58" 68.92" 71.56* 72.18* 72.50* 72.51*
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For clarity of exposition, let us define the OLS estimator Bk,T as:

R T -1
Bk, r = ( > Yth/> > Yy,

t=k-+1 t=k+1

where 5 7= (Big, - Bk)s and V) = (Ye—1, ., yr—g). Let

T T
= Z Y;‘,Y;f/7 and /’?(k) = Z Yt?Jt»

t=k+1 t=k+1
then
T
Brr — B = R(k)™ Z Yierk,
t=k+1
where
oo
€k = €t + Z Bjiye—j-
j=k+1
Suppose
0 g cee k-1
1 0 - Vk-2
R=| 0 e
Ye—-1 Vk-2 --- 70

where v is the autocovariance function of y; at lag s.

1
> Yieyy=M and  ———R(k) = R,
t=k+1

then Bij — [ can be rewritten as

Bk,T—ﬁ—T1k<R*l R~ )M-i-—R (Z Yt@t)

t=k+1
T
+ﬂR { Z Y;s(et,k—et)}

t=k+1

(A1)

Let C' denote an arbitrary finite positive constant throughout this Appendix..

LEMMA A.1. If the data generating process is the ARFIMA (p,d, q) process,

then as k — oo, T'— oo and k/T — 0, we have the following results:
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1. ||R7!|| is bounded for d € (0,0.5).
2, HR*—l _R—1H — 0, (KT%4-1), when d € (0.25,0.5) and k= o (T1~24);

HR*—l . R—lH — Op (kT_O'5(LOG T)O.5) when d € (0,025] and k =
o (T°?(Loc T)~09).

A.1. Proof of Lemma A.1
The spectral density of the the ARFIMA(p, d, q) process y; is

o2l (o> 2
FO) = ‘0( i/\)t’l_e—u
2o ()]

Because the roots of ¢(L) and 6(L) are assumed to be outside the unit circle,

—2d

f(A) > 0 for all A in our model setting. Moreover,
2 2
0 (1
O\ = L% A2 as A — 0.
2 [¢(1)]
We thus have
MIN fA) >0

By Proposition 4.5.3 of Brockwell and Davis (1991), the eigenvalues of the co-
variance matrix R are all greater than 0, and the eigenvalues of R~! is uniformly
bounded for all k. This proves item 1 of Lemma A.1.
To prove item 2 of Lemma A.1, let Q = R* — R, ¢ = ||R*_1 — R and
p = ||R7!||. Observe that
o= - R = R R B R
<RI = mep e
<(+alQlp
and
¢ <p’ QI (1 =pllQ~ (A.2)
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Equation (A.2) indicates that ||Q| - 0 is the necessary condition for ¢ —— 0
to hold.
Let ¢; ; be the (4, j)th element of @, where ¢, =1,... k, ie, Qisak xk

matrix with

T
Gijg=(T—=k)" > Givej — Vg =Vij — Vi
t=kt1

where 75 denotes the sample autocovariance function of y; at lag s. We first note
that E(qi;) = E(3i—j) — vi—j = 0, it follows that
E(¢};) = E{(i=j —7i-j)*} = E[i=j — E(i—;) + E@mn.ij) — Yi-j
=E[ij —EGi-)]" = VAR (i) -
To derive the asymptotic properties of E(q?_ j) or those of VAR (7;—;), we

]2

first rewrite y;—; and y;—; into moving average representations:
o0
Yt—i = Z¢s€t—i—s- (AB)
s=0

Both y;—; and y;—; satisfy the conditions in equations (1), (2), and (3) of Hosking
(1996, p.262) automatically. Given that item (iii) of Assumption 1 is satisfied,
i.e., E(e}) < oo, then the conditions imposed in Theorem 3 of Hosking (1996)
are all fulfilled. Following the arguments in the proof of Theorem 3 of Hosking
(1996), we show that E(qz ;) is uniformly bounded by

O (T44-2), if 0.25<d<0.5,

MAX E(¢;) =
(%,j) 19) (Tﬁl(LOG T)) , if 0<d<0.25.

1<i,j<k

(A.4)

Note that both ¢ and j might increase with the sample size T'.
Given the results in (A.4) and ||D|]? < > i dij, where d; ; is the (7, 7)th

element of matrix D, it follows that

2
T
2 — . .
E[QI < Y Max E|[(T—k7" Y peivhy—v(i—J)
1<ij<k —7 = t=k+1
O (K*1714=2) | if 0.25<d<0.5,

O (K*T '(Loa T)), if 0<d<0.25.
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As d € (0.25,0.5), following the arguments of Liitkepohl and Poskitt (1996,

p.69), Hk:_1T1_2d (fk — Fk) is bounded in probability, i.e.,

Fe-r =
Op (k:T2d*1). The preceding arguments can be similarly applied to the cases
d € (0,0.25] to show that

O, (kT?1-1) if 0.25<d<0.5,

||Q|| = Op (kTiOb(LOG T)0~5> , if O0<d < 0.25.

(A.5)

Given the results in (A.5), k = o(T24) must be imposed to make ||Q||* -
0as d > 0.25; when 0 < d < 0.25, k = o(T%5(LoG T)7°?) is needed to ensure

that ||Q[|* -2 0. Conditional on these restrictions being imposed, by (A.2)

k= o(T'2%), if 0.25 <d < 0.5,

A6
k= o(T%(Loc T)~%%), if 0<d<0.25. (46)

1Q| 25 0 when {

Thus, when these conditions are all fulfilled, ||Q)|| 2, 0, and item 2 of Lemma

1 is established.

LEMMA A.2. Given that the conditions in Lemma A.1 hold, and for some

positive constant C' and K, as T'— oo, we have the following results:

L | S Yier|| = Co®V2TY2 = 0, (K2T7Y2), it d € (0,0.5).

9 HﬁZthkHYt(@t,k _ et)H = OK, o2k 05-dTd=05 = O (05-dd=05)  jf
d € (0,0.5).

3 |7 e Yiews|| = Op (R79TO5H), if d € (0,0.5).

A.2. Proof of Lemma A.2
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We note that

. T
T % Z Yies
t=k+1

2 k T 2
E = (T — k)_Q Z E ( Z yt_iet>
=1

t=k+1

k
= (T =k %0° = Cyo’kT™" = O(kT ™),
i=1

where C' is a positive finite constant. Additionally, because y;_; is independent
of e; when ¢ > 0, and item 1 of Lemma A.2 is obtained.

To prove item 2 of Lemma A.2, we observe that

Observe that the 2nd moment norm of Z = Z?:k:—&—l Z;’;kﬂ Biyi—jyi—i sat-
isfies

1/2

(B|1z2}"° <|BZ)+ {E|Z - BEZ2}'* = 4" + B* (A.9)

To calculate the asymptotic properties of A* and B* in (A.5), let us first de-

fine 75— = E (yr-iys—i) and 77, = E { (Z?ikﬂ ﬁjl/tﬁ) (Z}ikﬂ 5]'!/871') }
Using First Moment Bound Theorem in Findley and Wei (1993), we find that

T T 1/2
B" < Ky < Z Z 73—t7§-t> (A.8)

s=k+1t=k+1
where K, denotes some positive finite constant.

Furthermore, we note that

T T T T T—k—1
SN i <6 D0 D hed < w(@ =k D> |l
s=k41t=k+1 s=k+1t=k+1 i=—(T—k—1)

(A.9)
The definition of the spectral density of {y;} is
(e _ 0=
|(e=)I? (e[

and the autocovariances are

fy(N) = 1 — e A 7*0?/ (27) [2sin()/2)|7*%0? / (27)

T 0_2 ™ e—i)\ 2
’y(h):/ elhAf()\)d)\z—/O %cos(m)(2sm(A/2))—2ddA. h=0,1,2,--

™
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Thus,

= [ 13 B Rryar

j—k+1
o0
Z 3 ﬂ]ﬁh’/ =N ()
=k+1 h=k+1
(o]
= Z Z ﬁjﬁhh/h j
=k+1 h=k+1
2
o0 o0 o
Z 1Y D BiBrnl (4.10)
=kt =k 1 h=k+1,h]
2 (0.@) o0
j=k+1 h=k+1,hj
2
o0
S,yo Z 6] —|—002k_2d
j=k+1
= Ok 252

By (A.10), we can get the order of the second term on the right side of (A.9)
being O(T'*24%=24) Thus,

T T 1/2
pen (Y Y i) el )
s=k+1t=k+1
Let
Yt—5 = Z¢llet j—l1>» Yt—i = Z¢l2€t i—lo-
lo=0
Then
T 00
A =EZ|=|E| Y > Byl
t=k+1 j=k+1
T o) 0
=19 22 2 B | 2 ondg-n | o ¢ (A12)
t=k+1 j=k+1 11=0
o0
S Y ([ Gttt
t=k+1 j=k+1
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Using the integration by parts, we note

o d—1 [ Cnd— 1 . nd—
/ o G == [ (=)l = i o+ G- i)
l

1=0 d  Ji=o
Thus,

o[~ urw+g-iyan) <o (G- )

1=0

or

(7 ity ) = (Gt @+ G-y ).

where C* denotes some finite positive constant. Hence, following the argument

of Robinson (1993, p.693),

5;3 00
1 /

t=d-1gr — O (k:‘d> .

Then, we can observe (A.12) and have

{ > > (/OO 0+ G =) 1dz1>}

t=k+1 j=k+1

<020{ > > ﬁy( TT + (- >>‘“)}
t=k+1 j=k+1 (A.13)
NO'ZC{Z Z - 1( 7T+ (- ))dl)}

t=k+1 j=k+1
< Co? {de (%Td (T+ ((k+1) - z’))d_1) }
Combining (A.7),(A.11) and (A.13), we have
2

T 0
{ > > 5jytjytz‘} < 254 {T2k2d <d12T2d (T + ((h+1) — Z-))2d—2)}

t=ht1 =kt 1
a1 d B
+ Cot {Tk d (ETd (T+ ((k+1)—14)) 1>}CKPT0'5+dk d

+ 02K50_4T1+2dk—2d
(A.14)
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Therefore,

2
2 k

T o)
=(T=k)72> 8D wei Y, By

i=1 | t=k+1 j=k+1

1 T
m Z Y;t(@t,k* - et)
t=k+1

— O(k}l_QdTQd_l).

Thus, item 2 of Lemma 3 is established.
Because the order of magnitude of item 3 of Lemma A.2 cannot be greater
than that of the sum of the items 1 and 2 of Lemma A.2, item 3 of Lemma 2

follows.

A.4. Proof of Theorem 1
We note that

T
~ 1 1
x—1 -1 _1
— < — -
ol et
t=k+1
1 T
+ Rilﬂ { Z Y; (et,k — et)} = Zi1 + Zop + Z3p = O(k0.5ded70.5),
t=k-+1
because
_ 1 1.5—d3d—1.5 . ‘ ‘
T—Fk O(K'5 =Tl (Loc T)0?) if d € (0,0.25],
1 T
-1 _ 1/270—1/2
Zor < HR H T—_ktzk;_lyiet =0(k 12 ),

T
1
Zar < B m{ > Vilew - et)}H = O(k"7170%)
=kt 1

Item 1 of Theorem 1 follows immediately.

To prove item 2 of Theorem 1, we note that the OLS residuals are defined

as:
00 k R
Gk=c+ Y Bigj— (5;‘ - 53') Yt—j- (A.15)
j=k+1 J=1
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We prove that

2 2

o o
E| Y Big| <supBE@iy)| Y. 8| =Cuok™™
j=k+1 j=k+1

and Z;’ik 1 Biy—j = Op(k’d).Furthermore, by Cauchy-Schwarz’s Inequality,

we obtain
1/2 1/2
k N k R 9 k
S (G-8)us< | G-m) | |Xuk|  =owariod)
j=1 j=1 j=1

(A.16)
and it shows that k = O(Toi%ld) is needed to make Z?:l <BJ — ﬁj> Yi—j 0.
Because 352 41 iy = Op(k™") and $5_, (B = 8) iy = 0p(1), item
2 of Theorem 1 follows immediately.

Item 3 of Theorem 1 can be easily proved with the help of item 2 of Theorem

1, and the details are omitted.

A.4. Proof of Theorem 2

To save the space, some detailed proofs of Theorem 2 are omitted and avail-

able to authors.

We define
00 k
Cri1 = €1+ Z Biiyt—j1 — Z (ﬁj,l - 5j,1> Yt—j1s
j=k+1 =1
00 k
Citl k2 = Crql2 T Z Bj2Yiri—j2 — Z (@',2 - ﬂj,2> Ytri—j,2-
Jj=k+1 Jj=1

Together with equation (2), we know that

- 2, g 1/2
( Z 5?,1@,1) ( Z €%+l,k,2> ~C(T k)

t=k+1 t=k+1
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Hence, we obtain

T—1 ~ ~
D i—kt1 Ct k1 CHLE2

p2(l) =
T o 2/ 1/2
Zt:k+1 et,k,l Zt:kJrl et—|—l,/€,2
T-1
Z €t,1€1+1,2
_ t=k+1
T 1/2 T 1/2
~9 ~9
< Z %1) ( Z 615,2)
t=k+1 t=k+1
T—1 k
C ~
— = e o — 3 »
T — k t,1 Z (/63,2 5]2) Yt+i—j,2
T—1 00
C
+ = e - »
T — k t,1 Z Bj,2Yt+1—35,2
T T —k Z Bjaye—j Z B 2Yt+i—j2
C T—1 00 k
Tk Z Z Bi1ye—ja Z (@',2 - 5j,2> Yttl—j,2
t=k+1 \j=k+1 j=1
T—1 00
C
+ = e AV
T _ 2,t+1 Z Bi1yt—j1
t=k+1 j=k-+1
T—1 k
C ~
- 7 1 (& P — . s
T — k 2,t+1 Z (5971 5]&) Yt—j1
t=k+1 j:1

o I koo 00
Tk ‘ (@‘ - ﬂj) Yt Z Biye+i-
t=k+1 \ j=1 j=k+1
C T—1 N k R
+ T . (51‘,1 — ﬁj,l) Yt—j1 Z (53‘,2 — 69‘,2) Ytpl—5,2

(A.17)
Before we calculate the asymptotic properties of the terms at the right hand

side of (A.19), we note that: for any conformable matrix A and B, we have

IAB|I* < | AI* 1B]1%, (A.18)
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We denote

ﬂ(k + 17 OO) - (ﬁk—kl: 61(:—6—27 ce 7600) Y;f—k - (yt—k—la Yt—k—2,- - 7yt—oo)/ .

Then, under the independence assumption between € 1 and €441 2,

T -k “, Z (53}2 - 5j,2> Yt4+1—75,2
o Il 2 R )
= T—Fk Z et 1Yy Hﬁ(k) —6(l<;)H = 0,(T~ k)0, (k24721
t=k+1
and

T—1 k

C 3 - —_ —

T—k, kﬂem z; <5(k,2) - ﬁ(k,2)> Yiti—j2 ’ — 0,(T~"%%1/2)0, (KO5-4T4-05),

= -

(A.19)
by item 1 of Lemma A.2 and item 1 of Theorem 1. Similarly, we observe

that

T-1 k

C 3 - — —

T — k Z €t+1,2 Z (ﬁj,l - ﬁj,l) Yt—j1 = O0,(T 0'5k1/2)0p(k0'5 drpd 0.5)
t=k+1 j=1
(A.20)
For the third term at the right hand of (A.17), notice that
T-1 0 2 N 5

C _ o2

B T —k Z €t,1 Z Bj2Yt+1—42 < T k%gQ Z B;

t=k+1 j=k+1 et

= Op (kYT = k) ™)

and
o T-1 00
T % t_zk;l@t,l j_zk;rlﬁj,zym—j,z YT —k)™"%)  (A21)
Following the preceding reasoning for ( , we also have
C T-1
T % > e Z Bjyi—j YT —k)™"%) (A22)

t=k+1 j=k+1



To compute the fourth term at (A.17), we find that

2
T-1 00 00
Do D Bawm-n > Biatiri-jz
t=k+1 \j=k+1 j=k+1
2 9 (A.23)
00 T-1 00
= Z Bj2Yt+i—j2 Z Z Bj1Yt—ja
Jj=k+1 t=k+1 \j=k+1

Thus, using the same reasoning for A*, we have

2

T—1 00
E Z Z Biayt—in = E Z 2170
t=kt1 \j=kt1 t=ht1 j=kt1

T-1-1 T-l oo

+QZ Z Zﬁj,lﬁvlw v+ 2 Z Z Z Zﬁ],lﬁle Yt—3j,1Ys— vl)

t=k+1 j=k+1v=75+1 t=k+1 s=t+1 j=k+1 v=j+1
=O((T — k)k™*)

then
T—1

Yo D B | ¢ =0T = k)R (A.24).

t=k+1 \j=k+1
Thus, from (A.23) and (A.24), we have

C T-1 00 00
T—k Z Z Bj1yt—j1 Z B} 2Yt+1-5,2 = O(T~ 12|24
t=k+1 \j=k+1 j=k+1

25)

For the fifth term at the right hand side of (A.17), by the item 2 of Lemma

A.2; we observe

C T-1 00 R 2
T % > By | > (ﬁm - ﬁj,2> Ytti—j,2
t=k+1 \j=k+1 j=1
L T 2
= 2| 3 [B(k.2) = B(k,2)| YirsaV{ 1Bk + 1,00, 1)’
t=k+1
R T-1 2
< [Btk.2) -5 > Y2V Bk + 1,00,1)
t k+1

— O<k1—2dT2d—1)O(kl—QdTZd—l)
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by item 2 of Lemma A.2 and item 1 of Theorem 1.
Also,

C T-1 o) R
T -k Z Bjaye-ia (53',2 - 5])2) Yirijo || = Ok 27271
t=k+1 \j=k+1 j=1

(A.26)
Similarly, we prove that

71 k
C

Tk Z Z (BJ'J - ﬁj,l) Yt—j1 Z Bj2Ytti—j2 | = O(k'—2d2d=1)

t=k+1 j:l j:k+1
(A.27)
Moreover, for the ninth term at the right hand side of (A.17),
=, koo ko 2
T—% RS (ﬁj,l - ﬁyﬂ) TEIRESY (ﬁj,g - ﬁjz) Yerl—j2
t=k+1 | j=1 j=1

2 ? 2
< [[Beky — 5w By - k)|

1 T—1
t=k+1

Moreover, under the independent assumption between x; and x;,; observe
that

2

T 2 T
1 2 1 2
< . .
E|-— kt% YiaYerol” < (T - k) R MAX E ( > ?/t,z,lyt+l,j,2)

t=k+1
=O0(K*T)
Combining the preceding findings and item 1 of Theorem 1, we prove that
C T-1 k R k R
T % S (5j,1 - 59',1) Yeqd g3 Y (ﬁj,Q - ﬁj,Q) Yeri—j2 p|| = O(K*2T>715),
t=k+1 | j=1 =1
(A.28)
Consequently, by (A.17), (A.19), (A.20), (A.21), (A.22), (A.25), (A.26),

(A.27), (A.28), it can be established that p12(l) — p; is 0,(T~/2) as follows.
T-1

E , €t,1€¢+1,2

~ =k
p12(l) _ t=k-+1

T 12 , 1/2
2 2

( > em) ( > em)

t=k+1 t=k+1
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Thus, we can interpret the cross-correlation estimates constructed with the OLS
residuals behave as those of two white noise series, e1; and ea ¢, asymptotically.
Furthermore, following equations (1.3) and (1.4) of Haugh (1976), we thus prove

Theorem 2.

A.5. Proof of Theorem 3

To prove Theorem 3, let k be a positive finite constant, suchask =1,2,---, ¢
and c is a positive finite constant. According to the proof procedure of Theo-
rem 2, Theorem 3 can be established directly. The detailed proof is available to
authors.

A.6. Proof of Theorem 4

Following the theoretical reasoning of Theorem 2, we note that

-1
Z €t,1€441,2

Pra(l) = 1=kt +op(T~V2) = pra(l) + 0,(T71/?),

T 1/2 T 1/2
2 2
( Z et,1> ( Z %2)
t=k-+1 t=k+1

under the null hypothesis of independence. Hence, the asymptotic power of the

two Haugh tests based on the AR approximation of long memory can be obtained

directly
limy—ooPr(Su > Xap41) = 1= © (Xapr41) = 1

where ® is the cumulative distribution of X% Ml
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