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In this note, we present a simple geometric argument to determine a lower bound on the split
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of the intersection cut, where / is the number of integer points lying on the boundary of the
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1 Introduction

Over the years, many classes of cuts have been proposed for solving unstruc-
tured mixed integer programs that can be used within the branch-and-cut
framework; see Nemhauser and Wolsey [25], Marchand, Martin, Weismantel
and Wolsey [23] and Johnson, Nemhauser and Savelsbergh [21]. Among the
many classes of cutting planes proposed, Split cuts (Balas [5]) which are
equivalent to the Gomory Mized Integer cuts (Gomory [17]) and the Mized
Integer Rounding inequalities (Nemhauser and Wolsey [26]) form one of the
most successful classes of cutting planes used to solve general mixed integer
programs; see for example Balas et al. [7] and Bixby and Rothberg [9]. It is
therefore natural to compare other classes of valid cutting planes with split
cuts. One possible method of comparison is to ask if a recursive application
of split cuts will generate the target class of inequalities. If the recursive
application of split cuts does generate a target inequality, the minimum
number of steps necessary to obtain the target inequality gives a measure
of the efficacy of a cutting-plane-algorithm that uses only split cuts. These
questions are related to the question of determining the split rank of the
inequality.

While the exact split rank for a general class of inequalities may be
difficult to obtain, bounds on the split rank are more easily obtainable. A
finite upper bound on the split rank indicates that the inequality under
study can be obtained by recursively applying split cuts. On the other
hand, a lower bound on the split rank indicates how difficult it is to obtain
an inequality using split cuts. Therefore, if the lower bound on the split rank
of an inequality is high, it may be better to apply this inequality directly to
the LP relaxation of the problem instead of generating it using a sequence
of split cuts.

In this note, we study the split rank of valid inequalities for the following
class of problems,

x = f—i—Zriyi xeZ™ yeRl, (1)
i=1

where r* € Q™ and f € Q™ \ Z™. Recently there have been a number
of studies on the facet-defining inequalities of (1). Andersen et al. [2] and
Cornuéjols and Margot [13] characterize the facet-defining inequalities of (1)
when m = 2. Borozan and Cornuéjols [10] analyze non-dominated inequal-
ities of an infinite version of (1) for general m. It can be verified that all
non-dominated and facet-defining inequalities for (1) are intersection cuts, a



concept introduced by Balas [3]. Since (1) is a natural relaxation of general
mixed integer programs, valid inequalities for (1) can be used to generate
cutting planes from multiple rows of any simplex tableau by first relaxing the
non-basic integer variables to be continuous. (Andersen et al. [2], Cornuéjols
and Margot [13]). By a procedure called fill-in (Gomory and Johnson [18],
Johnson [20], Dey and Wolsey [16]) and by a strengthening procedure (Balas
and Jeroslow [8]) valid inequalities for (1) can also be improved to take into
account the integrality of non-basic variables in a simplex tableau.

In this note, we give a geometric argument to deduce a non-trivial lower
bound on the split rank of intersection cuts for (1) under a mild condition
on the columns of (1). This lower bound is related to the number and the
orientation of integer feasible points of (1) that are satisfied at equality for
the intersection cut. In particular, a polyhedral set, called the restricted
lattice-free set, is constructed. A subset of integer feasible points of (1) sat-
isfying the intersection cut at equality, lie on the boundary of this restricted
lattice-free set. We prove that [logy(1)] is a lower bound on the split rank of
the intersection cut, where [ is the maximum number of integer points such
that no two points lie on the same facet of the restricted lattice-free set. We
then show that a related lower bound result holds in more general scenarios,
such as in the presence of non-negativity constraints on the z-variables in
(1). We illustrate the use of this result by showing that the split rank of
the n-row mizing inequality (Giinliik and Pochet [19]) and of some related
inequalities for the constant capacity lot-sizing problems with n periods is at
least [logs(n + 1)].

The paper is organized as follows. We begin in Section 2 by presenting
a formal definition of split rank and by providing a brief literature survey
of known bounds on the split rank of cuts for mixed integer programs. In
Section 3, we present the lower bound result on the split rank of intersection
cuts. Then we illustrate the use of this result to obtain a lower bound on
the split rank of mixing inequalities. We conclude in Section 4.

2 Split Rank: Definition and Literature Review

Consider a general mixed integer set M := {(z,y) € ZP xRY| Gz + Hy < b}
where G € Q™*P, H € Q™*4, and b € Q™*!. Let M° := {(z,y) € RP x
RY| Gz + Hy < b} denote the linear programming relaxation of M'. Given
a vector a € ZP and ¢ € Z, any vector x € ZP satisfies the split disjunction
defined as (a’x < ¢) V (a’z > ¢+ 1). Define the sets L) ., R) . C R? x R,

as LY, == M°Nn{(z,y) € R? x RY|a’z < ¢} and R) . := M N {(z,y) €



RP x RY|a”z > ¢+ 1}. Any inequality that is valid for M := conv(L] .U
R} ) is called a split cut (Balas [4]). Split cuts and other classes of general
disjunctive cuts where introduced by Balas [5]. The term split cut is due to
Cook et al. [11].

The concept of split rank follows from the concept of split closure of a
mixed integer program, defined and analyzed in Cook et al. [11].

Definition 1 (Split closure) Given the linear programming relazation M°
= {(z,y) ERP xRY |Gz + Hy < b} of M! = {(z,y) € Z° xR |Gz + Hy <
b}, the first split closure M is defined as maEZP,CGZM(gc-

Cook et al. [11] prove that the first split closure of a mixed integer set is
a polyhedron. Andersen et al. [1], Vielma [30] and Dash et al. [15] present
alternative proofs of this key result.

The split closure procedure applied to the polyhedron M gives the sec-
ond split closure M2. In general, denote the k™ split closure by MF.

Given two valid inequalities (a!)Tz+(8") Ty < 4! and (a?)Tz+(58%)Ty <
7?2 for M, the inequality (a)Tz+(3')Ty < ~! is said to dominate (a2?)Tx+
(B)Ty < 42 if MO0 { (. ) | (0)) T+ (3)Ty < 71} € MON{(z, )| (0?) T+
BTy <4}

Definition 2 (Split rank) The split rank of a valid inequality o x+3Ty <
v for M is defined as the smallest integer k such that there exists a valid
inequality for M* that dominates oTx + Ty < ~. O

Balas [5] proves that for a facial disjunctive set S, a sequential convex-
ification procedure generates the convex hull of feasible points in 7 steps,
where 7 is the number of conjunctive clauses in the conjunctive normal form
of S; see Balas [5] and Balas et al. [6] for details. Binary mixed integer sets
form a sub class of facial disjunctive sets and this result implies that given a
binary mixed integer set with n binary variables, the split rank is at most n.
Nemhauser and Wolsey [26] prove that for a binary mixed integer program
with n binary variables, any valid inequality can be obtained by using an
enumeration tree whose dept is at most n, where the i level in the enumer-
ation tree corresponds to the split disjunction (x; < 0) V (x; > 1). Balas et
al. [6] show a similar result using the lift-and-project cuts. (Lift-and-project
cuts are split disjunctive cuts). Using a class of problems, Cornuéjols and
Li [12] prove that the upper bound of n on the split rank of valid inequalities
for a binary mixed integer set with n integer variables can be tight. For gen-
eral mixed integer programs the split rank of an inequality may not be finite.
Cook et al. [11] present an example of a problem where the facet-defining



inequality cannot be obtained using split cuts. This result is generalized to
a family of problems in Li and Richard [22]. Dash and Giinliik [14] prove an
upper bound of n on the split rank of a mixing inequality based on n rows.
To the best of our knowledge there are no known lower bounds on the split
rank of valid inequalities for general mixed integer programs.

3 Lower Bound on Split Rank

In this section, we present a lower bound on the split rank of intersection
cuts for,

n
r = f—l—Zriyi reZ" yeRy, (2)
i=1

where ' € Q™ and f € Q™ \ Z™.

An intersection cut can be generated as follows: Let P C R™ be a convex
set containing f in its interior that is lattice-free, i.e., interior(P) NZ™ = ().
Then a valid cutting plane for (2) is

> Pty > 1, 3)
=1
where

) = { A i IAN>0, st f+ % € boundary(P) (4)

0 if r’is a ray for P

As discussed in the introduction, all non-dominated and facet-defining in-
equalities for (2) are intersection cuts.

Throughout this section the following notation is used: Given a vector
x the i component is represented as x;, while z* is used to represent the
ith vector in a list of vectors {z', 22, ...}. Given a set K = {(z,y) € RP x
RY| Gz + Hy < b}, proj,(K) represents the projection of K on the space of
x- variables, i.e., proj,(K) ={z € R? |3y € RY s.t. (z,y) € K}. We always
use m to represent the number of integer variables of (2) and n to represent
the number of continuous variables of (2).

3.1 General Lower Bound

The outline of the geometric scheme to determine a lower bound on the split
rank of (3) is as follows:



e Step 1: Under a mild assumption on the columns of (2), we first
construct a subset of P (P is the lattice-free convex set used to generate
(3) as described in (4)) which we call the restricted lattice-free set.

e Step 2: Then we prove the following result in Theorem 8: [logy(1)] is
a lower bound on the split rank of (3) where [ is the number of integer
points that lie on different facets of the restricted lattice-free set.

We begin with a definition of a generalized simplex from Rockafellar [29].

Definition 3 (Generalized Simplex) A generalized simplex is the con-
vex hull of p points v!, ..., vP € R™ (where |p| > 1) and q rays s',s%, ..., €
R™, i.e., conu(UL_ {v'}) + cone(UI_,{s'}), such that the resulting set has
dimension p + q — 1.

The lattice-free set P C R™ that is used to generate (3) may not be a
bounded set. If P is unbounded, some of the columns 7* of (2) may be rays
of P. Without loss of generality we assume that r? is a ray for P if and only
ifi € {n1+1,...,n}. Also note that since f lies in the interior of P, using (4)
we obtain that if ¢ is not a ray for P, i.e., i € {1,...,n1}, then 7 (r%) > 0.

We next present the assumption that we make on the columns of (2)
that allows the construction of the restricted lattice-free set.

Assumption 1: There exist subsets S, C {1,...,n1} and S, C {n1+1,...,n} of

the columns of (2) such that Q := conv(Uies, {f+ 75} + cone(Ujes, {7°})

forms a generalized simplex and f € affine.hull(Q). O

By the definition of 7F presented in (4), observe that the vertices of Q,
ie., f+ ﬂp"i(;i) Vi € S, lie on the boundary of P. Also the rays of Q are rays

of P. Therefore, ) is a subset of P. We next present an example illustrating
Assumption 1 and the construction of Q.

Example 4 Consider the set

zr = 05 + 3y + Oy — 3ys + Owa + Oys
o = 05 + Oy1r + 3y2 + Oys — 3ya + Oys (5)
zg = 05 — ly1 — lya — lys — lys + lys

x € ZVi € {1,2,3} y; € RyVje{l,2,3,4,5}. (6)

Consider the lattice-free convezx set P C R3 defined by the following system



of inequalities,

—13
—2x1 — 2x9 + 73
2x1 — 2x0 + T3
2x1 + 219 + x3
—2x1 + 229 + 23

(VAN VAN VAN VAR VAN
W Ul w o~ O

P s illustrated in Figure 1. Observe that f := (0.5,0.5,0.5) lies in the inte-
rior of P. The dashed rays represent points of the form x = f+riy;, y; > 0.
Since in this example P is a polytope, we have that ny = n. Now observe that
7P (r) = 2, since (0.5,0.5,0.5) + ELE=D — (2,0.5,0) € boundary(P). Simi-
larly computing ©° (r?), ¥ (r3), 7 (r*), and 7 (r®) we obtain the following
valid inequality for (5),

2
2y1 + 2y2 + 2y3 + 2ys + 5Ys > 1. (7)

Now note that the points f + WPL = (2,0.5,0) =: tY, f+ Lﬂ =

(r1) P (r?)
(0.5,2,0) =: 2, f+#”;3) = (=1,0.5,0) =: 3, and f+#5r5) =(0.5,0.5,3) =
t> are affinely independent and therefore their convex hull is a simplex. Also
note that f belongs to the affine hull of these points. Therefore Assumption
1 holds and it is possible to set S, = {1,2,3,5}, i.e., Q = conv{(2,0.5,0),
(0.5,2,0), (—1,0.5,0), (0.5,0.5,3)}. Note that the choice of S, is not unique
as setting Sy, as {1,2,4,5}, {1,3,4,5}, or {2,3,4,5} also satisfies the con-
ditions of Assumption 1. O

While Assumption 1 is not trivial, observe that a sufficient condition for it
to hold is that the affine hull of the points f + ﬂpri(lri), i €{l,...,n1} and
rays ', i € {n1 + 1,...,n} is R™. Also note that many recent studies of (2)
with two integer variables, i.e., with m = 2 satisfy this sufficient condition.
(Andersen et al. [2], Cornuéjols and Margot [13], Dey and Wolsey [16]).
Without loss of generality we assume that S, = {1,...,]S,|} and S, =
{n1 +1,...,n1 + |S;|}. We next define the restricted lattice-free set that is

used to obtain the lower bound result.

Definition 5 (restricted lattice-free set) If Assumption 1 holds, we de-
fine the restricted lattice-free set, Q%5 C R™ as Q%" := conv(Q U {f}).
O



Integer points on the facets

Figure 1: Example of P and Q%

Since Q is a subset of P and f € interior(P), we have that Q% is a
subset of P.

Example 4 (contd.) The set Q55" which is the convex combination of f =
(0.5,0.5,0.5) and Q = conv{(2,0.5,0), (0.5,2,0),(—1,0.5,0), (0.5,0.5,3)} is
illustrated in Figure 1. Notice that in this ezample Q" is a simplex, since
in this example f € Q and therefore Q55 = Q. If f ¢ Q, then Q5" may
not be a generalized simplex. O

Assumption 1 implies two properties that are used to arrive at a lower
bound on the split rank of (3) in Theorem 8. These properties are presented
in Propositions 6 and 7.

Proposition 6 If Assumption 1 holds, then 3 X35 € R" such that,

1. 50, )\is“’srri =0 (0 is the origin in R™) and

2. 3wl (AT = 1.
Proof: Since Q is a generalized simplex and f € affine.hull(Q), we ob-
tain that |S,| > 1 and 3u € RISIHISH such that > ie(s,us,) M = 1 and

7



i 1 .
> ies, Hilf + 7WPT(T,1')) + D ies, Hilf + 7ﬂ_p71(7_1) +7") = f. Therefore, (7ﬂp“(1rl) +
D ies, TPM(il*))Tl + 2ies (1) 7" T 2ies, #ar' = 0. Define A% as fol-
lows:

<%+2J’e& %) ifi=1

)\fv,sr — ﬂ_p’ui(lrl) lf’L €Sy \ {1} (8)
75 ifi € S,
0 itie{1,..n}\(S,US,)

Clearly by the construction of A5»*°7 we obtain that Yoy )\f“’sr rt = 0. Also
observe that » i WP(Ti)/\fU’ST = 2 ie(S,USy) WP(Ti))‘fU’ST = Yies, ™ (1)

/\f”’Sr = Zie( s,us,) M = 1. The second equality follows from the fact that

7P () = 0 if r is a ray of P. O

Example 4 (contd.) Using the proof of Proposition 6, we can obtain A5 =
(2,0, 2,0,39) such that Z?:l )\,LS”’STTZ =0 and Z?Zl )\f’“srﬂp(r’) =1. 0

In order to present the lower bound result we require some more no-
tation that we present next.

S

e 7°: Define a function 7° : cone{r!,...,r"} — R, as:

' P (rt) ifrl ¢ coneke(svusr)_{rk}
) =< A if3N>0, st f+ 5 € boundary(QSST) . (9)
0 if r is a ray of Qv

It is easily verified that 7 (r?) = 7 (r?) Vi € (S, U S,) and in general
7 (rt) > 7P (r?) since Q%" C P. Since y; > 0 Vi € {1,...,n} in
(2), the inequality "%, 7°(r%)y; > 1 is a valid inequality for (2). The
motivation for the definition of the function 7 is as follows: Theo-
rem 8 will present a lower bound on the split rank of the inequality
S 7w (rY)y; > 1, which is a valid lower bound on the split rank of
(3) as 75(rt) > wP(r") Vi € {1,...,n} implies that (3) dominates the
inequality Y ;" ; 75 (r!)y; > 1. Note also that,

n
ZWS(Ti))\fvysr — Z WS(TZ‘))\;?U’ST
=1 1€(SpUSr)

= Y APeht =1 (10)

1€(SpUS)

The last equality is a consequence of Proposition 6.



o [ Vk CF. Let F¥ be a facet of @5 not containing f. Note that
then FF is a facet of Q. Therefore a non-empty subset of the vertices
of Q (denoted V*) and a subset of extreme rays of Q (denoted C*) pro-
vide the internal description of F¥, i.e., F¥ = conv(Ujeyrcqr,... 15,3 (f+

Wc{i&i))) + cone(Uieckciny +1,.m+15, 117 D)-

o U%Sr [ Let U9 = {a!, 22 23, ..., 2!} where 2/ € Z™ Vj € {1,...,1}
be points such that z7 belong to the boundary of Q%5 and no two
points x71, 72 (j1 # jo) lie on the same facet of Q5*°r. The selection
of the set US»*" is not unique. However, in Theorem 8 we show
that the split rank of (3) is at least [logy(|U°***"|)]. Therefore, the set
US»Sr with maximal cardinality provides the best bound. Henceforth,
we use ! to represent the cardinality of the set U5,

e yJ Vj € USSr: By the definition of 7 € U5 we have that 2l e Fk
where F* is a facet of Q%% . Then 2/ = Yoievk wilf + ) +

)

> iecn pirt, where p; > 0 Vi € (VFUC*) and > ,cx i = 1. Define

Y € R as

i ifie VK

. P (ri)
yl =4 o ifieCk . (11)
0 otherwise

Since Q is a generalized simplex, given any z7 the vector 3/ in (11)
is uniquely determined. Using (11) and the fact that ©(r?) = 79(r?)
Vi € (S, USy), it is easily verified that 3/ € R’} satisfies,

F+Y iyl =alvje{l,..1}, (12)
=1

S o wShyl =15 € {1,...,1}. (13)

=1

As 3/ € R? and it satisfies (12) we obtain that (z7,y7) € M! Vj €
{1,...,1}. Note also that (12) and (13) together essentially imply that
the points (27,y7)Vj € {1,...,1} are satisfied at equality by (3).

o plw ylw. et w; € Ry, ie., wj > 0 for all j € {1,...,1}. Let I
be any subset of {1,...,l}. We denote a point z/* € R™ as 2l% =

m > jer(wjz’). The point 21 is a strict convex combination of



the points 27, j € I. This notation is used for convenience. Define
yhv € R? similarly as y/v = > ier(wy?).

o ylwk: Finally define v/"F = max{§ € R|(zl¥, ylv — §A5) ¢
MP*}. The motivation for the definition of Lk is as follows: By
(13) we obtain that >0, 7#5(r)y] = 1Vj € {1,..,1}. Therefore
S Ws(ri)yil’w = 1. By (10) we obtain that ) ;" , ws(ri))\f”’ST = 1.
Therefore observe that if y/%* > 0, then (27, ylw — 4 Twk\Su.Sry) ¢
MF and Y1 73 (rt) (yhv — ALk, < 1, ie., we obtain a point
(w0, glw — 4 Twk\Sv.9) which belongs to the k™ split closure but is
not valid for the inequality Y ., 75 (r")y; > 1. Thus we obtain,

ZjeIw]'

(vI* > 0) = (split rank of the cut (3) > k + 1). (14)

Observe that since (z7,y7) € M! Vj € {1,...,1}, we obtain that (2%, y/)
belongs to the convex hull of M’. Since M¥ is a relaxation of the convex
hull of M!, we obtain that (z!%,y’*) € M*. Therefore we obtain,

ok > 0vw € RL ), Vk € Z, and VI C {1,...,1}. (15)

Example 4 (contd.) In the example observe that three of the facets of
Q55" contain four integer points in total. The facet defined by the vertices
t1 :=(2,0.5,0), to := (0.5,2,0), t3 := (—1,0.5,0) contains two integer points
(1,1,0) and (0,1,0). Therefore, one choice of the set U5 is {(1,1,0),
(1,1,1),(0,1,1)} as each of these integer points belong to different facets
of Q%5 . In this example it can be verified that =¥ (r") = 73 (%) for i €
{1,2,3,4,5}. However in general if r' € cone(Uje(s,us,)(r?)) and r* # rI
Vj € (S, US,), then 73(r") > 7P (r"). Next we compute 3.

1. ! = (1,1,0). Now observe that x %(f+ﬂp 1)) %(f+#iz))+
%(erﬂPr(Brs))- Therefore, y' = (% % % 0,0). Also note that Z?:l 75 (r?)
1 _
y; = 1.
2. (1,1,1) Now observe that 22 = %(f_|_ ) %(f—i— )_|_

l’
%(f"’ 5 ) Therefore, y2 - (67 ()70 0 )

o
8

3:(07171). Now observe that x3:%(f_|_ ) %(f—i— )+
5
3(f+ ﬁ) Therefore, y* = (0, &, 3,0, %)

10



Observe that Yi € S, = {1,2,3,5} either ygl > 0 or yfé > 0 whenever
Jj1 # j2. (This will be shown to be consequence of the fact that Q is a
simplex and that each of the points x', x2, and x> belong to different facets
of @55 ). This implies that yil’w >0 Vi€ S, Yw € R, whenever |I| > 2.
Now note that since )\f”’s’“ =0Vi¢S,, and Z?Zl A;S“’Srri =0, we obtain
that a point of the form (xl¥ y!® — §X55) § > 0 belongs to the LP
relazation of (5). In other words, v/*"* > 0 whenever |I| > 2. Proposition
7 verifies this result in general. O

We next present in Proposition 7 a property of v/ that is a key com-
ponent in the proof of Theorem 8 which presents a lower bound on the split

rank. Proposition 7 is a consequence of Assumption 1 and the construction
of U5,

Proposition 7 If I C {1,...,1} and |I| > 2, then v/ > 0 Vw € RL,.

Proof: Note first that the dimension of Q%5 is |S,| +|S,| — 1. Therefore
the dimension of a facet of Q%5 is S, + S, — 2. Hence |C*| + |[VF| =
|Sy| + |S:-| — 1. Therefore, for convenience re-number the facets of Q%" so
that {k} = (S, U S,) \ (CFUVF).

Next note that since @ is a generalized simplex, any face of Q55" not
including f (which is therefore a face of Q) of dimension ¢, is described inter-
nally by exactly ¢ + 1 components (vertices and rays). Therefore we obtain
that if 27 € relative.interior(F* N F*2 0 ... N F*) and 27 does not belong
to any other facet of Q%% then 2/ = DS\ {krkaskg} (i (f + 7rQ’ﬂigﬂ))) +
Z’iesr\{kl,kz,...,k’q} wir® where p; > 0 Vi € (S, US,)\ {k1, ko, ..., kg}. Thus it

follows from the construction of i/ (see (11)) that if 27 ¢ F*, then yi > 0.

We prove this result for the case when |I| = 2. For |I| > 2, the proof is
similar. By the construction of U5, 291 and 272 (j; # jo and ji,js € I)
do not belong to the same facet. Therefore, since z/ ¢ F* implies yi > 0,
we obtain that Vi € (S, U S,) either y{l > 0 or yfz > 0. Thus y{’w >0
Vi € (S, US,). Now since f+ Y i, in’wri = ghw S0 )\f“’s""ri =0, and
A5 =0 Vi ¢ (S, US,), 36 > 0 such that (zf ylw — §AS»S) e MO, O

We now have all the tools necessary to prove the main result of this
section. Before we present the proof, we illustrate the key ideas on Example
4.

Example 4 (contd.) We prove that the split rank of the inequality (7)
is at least 2: Consider any disjunction (a’z < ¢)V (a2 > ¢+ 1) ap-
plied to the LP relazation M°. Let LY. := M° N {(z,y)la"z < ¢} and
R = M0 {(z,y)la"x > ¢+ 1}. Suppose proj.(L3.) contains the points

11



{z!,2?} = {(1,1,1),(1,1,0)} and suppose proj.(Rk .) contains the point
2% = {(0,1,1)}. Let w = (0.5,0.5,0.5). Thus 12 = (1,1,0.5) and
ylv = (%,i,i,&%). By Proposition 7, we know that if |I| > 2, then
ALw0 > 0.  Therefore, there exists §j € Ri such that § = ylbh2hw —
AAL2Ew0)\Su,5r g d (33{1’2}’“’, 7) € M. Here it is easily verified that A{L,2hw,0
= £. Since by assumption proje(LY ) contains the points {(1,1,1),(1,1,0)},
we obtain that (V2w 7) € L) .. Also by assumption (z°,y*) € RY .
Therefore any convex combination of the points (x\22h% 7)) and (2®,3°) be-

longs to conv(L] .UR] ). The convex combination (%@{1’2}’“’, y)+

i (@%,9%) is a point of the form (2{1:23bw o {1.23}w _ 5x \Su.5r)

where 6* > 0. Here §* = 1% Next note that for any disjunction such

that proj. (LY ) contains the points {(1,1,1),(1,1,0)} and proj.(R% ) con-
tains the point {(0,1,1)}, the point (x{1:23hw o {L.23hw _ 5428050y pelongs
to conv(L&c U Rgc). It can be similarly shown that for any other partition

Su:Srinto the sets progj, (L2

of the integer points in U 9.) and proj.(RY.), a
point of the form (x{1:23bw o {1.23Lw _§)S0.51) 5 > 0 belongs to conU(LgCU
Rg’c). Since there are only a finite number of partitions, this implies that a
point of the form (x{1:23bw y{123hw _ §350.80) 5 > 0 belongs to M!, i.e.,
L2350, Therefore using (14) we obtain that the split rank of (7) is
at least 2. U

Theorem 8 Let {z', 22, ..., 2!} be a subset of integer points on the boundary
of the restricted lattice-free set such that no two points lie on the same facet
of Q5. Then a lower bound on the split rank of (3) is [logy(1)].

Proof: In order to prove that the split rank is at least [logy(1)], by (14) it
is sufficient to show that /8211 > ¢ for some I C {1, ...,1} and some
w € RL. This is achieved by verifying that if I C {1,...,{} and |I| > 2!*1,
then 1%t > 0 Vw € Rl>0. (Note that it is enough to verify this for a single
w € RL).

The proof is by induction on ¢. By Proposition 7, the statement holds
for t = 0. Assume that the statement is true for ¢t = 1, ..., k. Choose any I
such that |I] > 252, We need to prove that y/*F+1 > 0.

For any disjunction (a’z < ¢) vV (a”x > ¢ + 1) applied to the k™" split
closure M*, let L% .= M*n{(z,y)|a"x < ¢} and RE . := M*n{(z,y)|a"z >
c+1}. Let (aTz < ¢) V (a¥x > ¢+ 1) be any disjunction such that L’;,C
contains the points (27,37) where j € J (J C I) and Rk , contains the points
(27,47) where j € I'\ J. Observe now that the result is implied if we verify
that a point of the form (z/*, ylw — §7\%5) §7 > 0 (where 67 depends
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only on the sets I and J) is valid after applying this disjunction: Since
(zlv,yv) € M C conv(L, U R} ), by convexity of conv(L) .U RJ )
all points of the form (2/%,y/® — §A%5) where 0 < § < 67 belongs to
conv(Lgvc U Rg,c). Since there is only a finite number of ways to partition I
into J and I\ J, we therefore obtain that /“*+1 > 0.

Now we show that a point of the form (zl%, yl®w — §7\Sw5) 67 > 0 is
valid after applying this disjunction: Observe first that =% € projx(L];7c),
I\ € proj, (RF ) and that

a,c

> e Wi AT 2jeng Wi AN T

)

Zje[ wj zje[ W

Therefore when we apply the disjunction (a’z < ¢) vV (a¥x > ¢ + 1), the
Tw 2jes@i 1, 2jeng @i 2

. k k
point (z S ST L + Sy Y ) belongs to conv(Lg .U R; ), where
y1 = y‘]’w — 'yJ’w’k)\SU’ST and y2 = yI\J’“’ — 'yI\J’w’k)\S”’ST. Note also that
Xies Wi Jw  2ogend ¥i N\Juw
jer wj + Zjele y

LJVEJ% ylwk 4 Ljens ¥ 71\‘]’“’7’“ > 0. Clearly, either |J| or
Zjel wy

> jer Wy
I\ J| > % > 2kl Without loss of generality assume that |.J| > 2FF1
Therefore by the induction argument v*** > 0. Also by (15) we have that
,yI\J,w,k > (. O
Now we consider a more general problem than (2). From the definition
of split rank, it is clear that given a problem with m integer variables, the
split rank of the inequality > I, 7¥(r!)y; > 1 cannot increase (and may
decrease) if more constraints were present in the original system in addition
to the constraints z = f + > riy, x € ZM,y € R . Therefore to obtain
a more general lower bound result we assume additional constraints added
to (2) of the form,

(16)

=y, Therefore, to prove the result we need

to verify that

Az < b, (17)

where A € Q™ *™ and b € Q™. At the very least, these constraints can be
used to represent non-negativity of integer variables. The following result
can be proven using an almost identical proof.

Corollary 9 Let

MO .:{ z:erZ?:ﬂiyi, z €R™ yeR",
' z <b.

13



and M' = MPNa € Z™. Let P C R™ be a lattice-free convex set containing
f in its interior. Let the inequality

> wP oy > 1 (18)
=1

be generated using (4). Let {x', 22, ..., 2"} be a subset of integer points on
the boundary of the restricted lattice-free set (constructed as in Definition
5) such that no two points lie on the same facet of Q%" and Ax? < b
V1 < j <. Then a lower bound on the split rank of (18) is [logy(1)]. O

One implication of Corollary 9 is that if after addition of the inequalities
(17) the integer points in U5 are still valid, then the split rank does not
change.

Example 10 Consider the set

zr = 05 + 3y + Oy2 — 3yz + Oya + Oys
xo = 05 4+ Oy1 + 3y2 + Oys — 3ys + Oys (19)
zg = 05 — ly1 — lya — ly3 — lya + lys
x221 (20)
x; € ZVi € {1,2,3} y; € RpVye{1,2,3,4,5}. (21)

Here (20) is an extra constraint when compared with the constraints present
in Example 4. Consider again the same P and obtain again the inequality,

2
2y1 + 2y2 + 2y3 + 2y4 + Vs > 1. (22)

Selecting the same set S, constructing Q%" and selecting the same USv»Sr
={(1,1,0), (1,1,1), (0,1,1)} we observe that every point in US> satisfies
(20). Therefore by Corollary 9, we obtain that 2 is a valid lower bound on
the split rank of (22) when applying split inequalities to M° given by (19) -
(21). O

3.2 Mixing Inequality

To illustrate the use of Theorem 8, we obtain a lower bound on the split
rank of the mixing inequalities. The mixing set presented in Giinliikk and
Pochet [19] is

xi+yo > fi VI<i<n (23)
yo = 0 (24)
x; € 4, (25)

14



where we assume that 0 < f1 < fo < fs < ... < f, < 1.

Theorem 11 ([19]) The mizing inequality

n

Yo = fo— frwr = (fi = fic1)zs, (26)

=2
is facet-defining for (23)-(25).

Next observe that by introducing slack variables y; for each row of (23),
the mixing set may be written as

ri = fi—yo+y ViI<i<n
yo > 0, y>0, z; €Z,

which is exactly in the form of (2). Also note that (26) can be rewritten as

n

vo = fo— AlA —wo+u) =D (fi = fi))(fi = yo + i)

i=2
n n—1

& (L= fa)vo+ fip+ Y (fi— fir)yi =Y filfisr = £i) + fu(1 = fu)
i=2 =1

o Uy Ny ; Sty s, 0

where D = 2?2—11 i(fix1 — fi) + fu(1 — frn). Note that (27) is an inequality
of the form (3).

Proposition 12 If0 < f1 < fo < ... < f, < 1, then a lower bound on the
split rank of the mizing inequality (26) is [logy(n + 1)].

Proof: Let 1 represent the n-dimensional vector with 1 in each component
and e’ represent the unit vector in the direction of the i** coordinate. Select
Sy, ={0,1,2,...,n} and S, = (). Using (27) observe that Q has n+1 vertices
corresponding to the n + 1 continuous variables:

1. oY= - 717Dfni’
2. vli=f+ J%el, and

3. 0= f+ fi_?i_lei i€{2,...,n}.
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Since these points are affinely independent they form a n-dimensional lattice-
free simplex.! Also note that in this case it is easily verified that f € Q.
Therefore Q = Q%%. The facets of Q5 are the convex combination of the
n+ é possible different selections of n vertices among the n + 1 vertices of
QSv7 .

Next observe that n+1 integer points of the form (1,1, ..., 1), (0,1,1, ..., 1),
(0,0,1,...,1) ,...,(0,0,...,0) are satisfied at equality for the mixing inequal-
ity. Number the facets of Q%" as F' = conv(U;»v7). Now observe that:

1 (1,1,1,..,1) = f0-Myr sve 0=fUimfioD i Note that 22000 4
)

Yo, M = 1 and that each of the multipliers for the vertices
are positive. Therefore (1,1,1,...,1) lies in the relative interior of the
facet FO.

2. (0,1,1,..., 1) = U0 5om  ARAZAIGmfio) i Note that {105 )
+ (1+f1_f%(fi_f"‘1) = 1 and that each of the multipliers for the vertices

are positive. Therefore (0,1,1,...,1) lies in the relative interior of the
facet F!.

3. Consider the point (0,0,...,1,...,1), where the first j entries are zeros

and the last (n — j) entries are ones. In this case it can be verified that
(0,0,...,1,...,1) = L=ty Ui=fdhyr sy 1 Uil )Ui=f) iy

ZZL i1 (1+f]'7fl)(fz fi ) ) It can be Verlﬁed that f](lDfn) +(fj gl)fl

Z] 1 (fi—fi- 1)(fg fi) +Z?:j+1 (1+fj*f¢)D(fﬁf¢71) — 1 and that each of
the multlphers for the vertices are positive. Therefore (0,0, ...,1,...,1)
lies in the relative interior of the facet F7.

Therefore there are n + 1 integer points that lie on different facets of Q9.
Thus, by application of Theorem 8, we obtain the result. U

We note here that if only &k of the fractions in the list {fi,..., fn} are
unique, then a lower bound of [logy(k + 1)] on the split rank of the mixing
inequality can be proven. The proof is essentially similar to the proof of
Proposition 12 with the following additional details: Let the list of unique
fractions be { fi,, fiy, .-, fi, }. Select this subset {i1,d2, ..., i} of k inequalities
from the mixing set and treat this as (2). Treat the rest of the constraints,
e, xy+yo > fir i ¢ {i1,i2,...,9} in the mixing set as the constraints (17).
Note that x;; + yo > fir is not of the same form as (17), since it involves yo.

IThe validity of mixing inequality implies that Q is lattice-free. Also note that the
generating lattice-free convex set P is implicit here and can be assumed to be the same

at Q
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However, if (z;,, zi,,..xi, , Yo) satisfy the k mixing inequalities, then setting
xy = xz;; whenever fy = f;. gives a feasible solution to the mixing problem.
Using this fact it can be verified that the result of Corollary 9 still holds.
Now using the rest of the proof of Proposition 12, we obtain the result.

Dash and Giinliik [14] prove an upper bound of n on the split rank of
a mixing inequality based on n rows. We next present a simple example
that shows that the lower bound obtained in Proposition 12 can be tight for
certain instances.

Example 13 Consider the 3-row mizing set with fi = %, fo= % and f3 =
%. Observe that the inequalities yo+0.52140.523 > 0.75 and yo+0.522 > 0.5
are MIR inequalities based on the disjunctions (xg—xz1 < 0) V (zg—x1 > 1)
and (x2 < 0) V (xe2 > 1) respectively. Now we show that the 3-row mizing
mequality yo + ixl + ixg + %333 > % may be obtainable as a split rank-2 cut.
Consider the disjunction (z1 — x2 +x3 < 0) V (1 —x2 + 23 > 1). Then,

1. 1y —x9+x3 <0: Then 0.25[—x1 +x9 — 23 > 0] + [yo + 0.521 + 0.5x3 >
0.75] = yo + 0.2521 + 0.25x2 + 0.2523 > 0.75.

2. w1 —x9+x3 > 1: Then 0.25[x; — x2 + x3 > 1] + [yo + 0.522 > 0.5]
yo + 0.2521 4+ 0.25x5 + 0.2523 > 0.75.

il

Next we illustrate more uses of Corollary 9, i.e., the fact that if the
integer points that are on the boundary of Q% are not cut off by the
constraints (17) then the lower bound on the split rank does not change. A
formulation for single item discrete lot-sizing problem with initial stock sq,
with binary variables v, representing the decision to produce in the period
u, and with constant capacity C' is

t
50 Z dyy
so > 0,vy € {0,1}Vu € {1,...,n},

where dy; is the sum of the demands from periods 1 to ¢; see Pochet and
Wolsey [28], Section 9.4 and Miller and Wolsey [24] for details. Setting

Yo = & and f; = %, we can re-write (28) as
Yyo+x > fr Vi<t<n (29)
0<z;—x41 <1V1I<t<nm (30)
t
xt:ZvuV1§t§n (31)
u=1
Yo >0, 2, € ZLV1 <t <n, v, €{0,1} V1l <u < n. (32)
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Observe that (29)-(32) is essentially a mixing set with non-negativity and
additional constraints (30). The facet-defining inequality for (29)-(32) are
the mixing inequalities. Note that any split cut obtained using a split dis-
junction on the v variables can be rewritten as a split disjunction on the
x variables. Also note that the n + 1 integer feasible points that are sat-
isfied at equality for the mixing inequality are valid after the addition of
(30). Therefore by use of Corollary 9, [logy(k + 1)] is a lower bound on the
split rank of the facet-defining inequalities for (29) where k of the fractional
parts of %s are unique. We finally note that by using Corollary 9 and the
approach used in this section, similar lower bound results can be obtained
for other inequalities based on more involved variants of mixing sets, such
as the lot-sizing problem with Wagner-Whitin costs and constant capacities.
(Pochet and Wolsey [27]).

4 Discussion

A lower bound on the split rank of an inequality indicates how difficult
it may be to obtain an inequality using split cuts. In this note, we have
presented a non-trivial lower bound on the split rank of intersection cuts.
The main insight from this result is the demonstration of the effect of the
orientation of integer feasible points satisfied at equality by (3) on the split
rank of the inequality. We also used this result to derive a lower bound
on the split rank of mixing inequalities. We next discuss some avenues of
possible strengthening and generalization of the results presented in this
note.

First observe that Theorem 8 provides a lower bound on split rank based
completely on the structure of the restricted lattice-free set. It is easily
verified that there can exist two problems with different columns such that
Q55" is the same. It is however not clear whether the split rank of an
inequality is a function of the structure of Q%> (for the best choice of S,
and S;) alone.

Second observe that typically it is very difficult to ascertain the split
rank of a valid inequality for any given problem. As illustrated in Section
3.2, on some examples the lower bound on the split rank of intersection cuts
presented in this note can be verified to be tight. However, this lower bound
seems to be weak when the vertices of the lattice-free set Q% are all
integral and each facet contains an integer point in its relative interior. This
is best illustrated by the following result from Li and Richard [22] (modified
to the notation of this paper).
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Theorem 14 ([22]) If Q%5 C R™ is the lattice-free simplex defined by
the following vertices: (0,0,0,...0), (m,0,0,...0), (0,m,0,...0), ..., (0,0,0...,m),
then a lower bound to the split rank of the inequality is infinite. O

Applying Theorem 8, a lower bound of [logy(m + 1)] on the split rank can
be obtained, which is clearly a weak bound. A more general result that
combines the flexibility of Theorem 8 with results such as Theorem 14 is
an important direction in understanding cutting-plane-algorithms based on
split inequalities.
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