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Abstract
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1 Introduction

Motivation. The primal-dual long-step infeasible-start interior-point methods (IPM)
are widely recognized as the most powerful polynomial-time schemes for solving nonlinear
conic optimization problems (see [3, 6, 9, 11]). However, the practical implementations
of these methods are known only for symmetric cones (e.g. [1, 7, 10]). The main reason
for this is that only for symmetric cones (which are self-dual), the analytical form of the
primal and the dual barriers coincide.

For other nonlinear cones, the situation is not so simple. Very often, we are able to
construct a self-concordant barrier F'(z) for the primal cone K. However, in order to have
a perfect symmetry in the primal-dual schemes, we need to choose the barrier Fp(s) for
the dual cone

K* = {s: (s,x) >0Vz € K}

equal to the Fenchel transform of the primal barrier Fp(z):

Fp(s) = Fp(s) = max[—(s,x) — F(x)]. (1.1)

xT

Thus, we need to assume that this (complex) nonlinear maximization problem is easily
solvable, preferably in a closed form. This is not true even in the simplest situations. One
of the most important examples is provided by the three-dimensional power cone:

K, = {x ER:xR: (x@))“ (ac(?))l*“ > ]x<3>]}, a € (0,1),

(1.2)
2c 2(1—« 2
Fra(@) = ~In|(a®)* (c@)*"% = (20)] < 1na® - a2,
Then, for the dual cone we have
« -«
Ky = {semoons ()" () 7= o}
(1.3)
2c 2(1—«a 2
Foals) = ~In[(2)" (£2)"7 = (39)°] - ms® — s,
Another interesting example is the conic hull of the epigraph of the exponent:
Kp. = {:1: € Rx R?i- sz > :c(Q)ln%},
Fpe(r) = —In (m(l) —2®1n %) —Inz® —Inz®),
(1.4)
Kp, = {s €Ry x Rx Ry : sM) 452 >s0) lnz%},
Fpe(r) = —In (s(l) + 52 —sW1n %) —InsM —1ns®).

In both examples, the corresponding Fenchel transform of the primal barrier is not com-
putable in the closed form.



The main goal of this paper is to study our abilities in constructing the efficient
primal-dual methods when the primal and the dual cones are endowed with independent
self-concordant barriers!). We propose several new potential-reduction and path-following
strategies. Our technique is based on asymmetric primal-dual barrier augmented by
squared residual of the primal-dual linear system. From the theoretical point of view, the
most efficient among our schemes is an infeasible-start long-step path-following method.
Its complexity estimate coincides with the best estimate known for this problem class.
Note that even for symmetric cones, our schemes are new.

Contents. The paper is organized as follows. In Section 2, we introduce the primal-dual
conic problem. The main difference from the standard setting is that the primal and
dual barriers are independent. We introduce a measure for the quality of the primal-
dual barrier with respect to some strictly feasible reference point. In Section 3 we study
the efficiency of a feasible-start potential reduction method as applied to a homogenized
primal-dual setting. We prove that it generates an e-solution to our problem in O(vy In %)
iterations, where vy is the parameter of the primal-dual barrier. In Section 4 we propose
two new infeasible-start potential-reduction methods. The first method is based on the
quadratic potential, and the second one minimizes a homogeneous potential function. The
potential functions of both methods include a squared residual of the homogenized linear
system of the primal-dual conic problem. Thus, these methods generate minimization
sequences inside full-dimensional convex cones, maintaining no linear constraints during
the minimization process.

Finally, in Section 5 we study a new full-dimensional path-following scheme based
on the quadratic potential function. We prove its complexity estimate of the order
O(y/vy In %) iterations. This scheme admits a cheap long-step predictor-corrector strat-
egy, which can significantly improve its practical performance. In the last Section 6 we
present and discuss the computational results.

Notation. In what follows, we denote by E (or other capital letter) a finite dimensional
linear vector space. The dual space (the space of linear functions on F) is denoted by E*.
We denote the value of function s € E* on x € E by (s, z). This notation is used for all
linear spaces employed in the paper. Thus, the actual meaning of (-, ) can be understood
from the spaces of the arguments. For example, for the coordinate space £ = R"™ with
E* = R™, this notation has the following sense:

(s,x)y = Zn:s(i)m(i), z,8 € R™
i=1

For a linear operator A : E — H* we denote by A* : H — E* the adjoint operator:
(Az,y) = (A*y,z), z€E, ye H.
For a positive-semidefinte self-adjoint linear operator B : F — E* we denote
lzlg = (Bx,z)'/? zeckE.
If B is positive definite, then we can define the corresponding dual norm:

sl = (s,B7's)t/%, s E".

1)

For an alternative way of fighting with primal-dual asymmetry the reader can consult [2] or [5].



For the reader convenience, we recall some facts related to the self-concordant barriers.
A convex cone K C F is called normal if it is a closed convex pointed cone with nonempty
interior. If K is normal, then the dual cone K* is also normal. We say that function F'(x)
is a mormal barrier for cone K if it is self-concordant and logarithmically homogeneous:

F(rz) = F(zx)—vrplnt, ze€intK, 7> 0, (1.5)

where vp is the parameter of the barrier (thus, we have vp-normal barrier). One of
consequences of identity (1.5) is as follows:

(VF(z),z) = —vp, z€intkK. (1.6)
Recall that for self-concordant barriers the following inclusion holds:
{fue K: (V*F(z)(u—z),u—x) <1} C K. (1.7)
Another useful result is the Theorem on Recession Direction:
(V2E(z)u,u)/? < (-VF(x),u), zcintk, uck. (1.8)

If F' is a vp-normal barrier for K, then its conjugate function F*(s) is a normal barrier
for K* with the same value of the parameter. The primal and dual normal barriers satisfy
several useful relations. The most important one is as follows:

F(z)+ F*(s) > —vp—vrpln {s.2) (1.9)

vp

where x € rint K and s € rint K*, and equality is attained if and only if s = -V F(z).

2 Asymmetric barrier for primal-dual cone
Consider the following conic optimization problem:
Find fp = min{(c,z), Az =0b, z € K}, (2.1)

where ¢ € E*, A is a nondegenerate operator from F to H*, b € H*, and K C F is a
normal cone. The problem dual to (2.1) can be written as follows:

Find f;, = H;g}({(b,g), s+A*y=c, s K*}. (2.2)
We always assume that both primal and dual problems are strictly feasible:
Jxg et K, so €int K*, yoe H: Ax=0b, s+ A*yg=c. (2.3)
In this case, the problems (2.1), (2.2) have zero duality gap:

b= I E

Assume that we are able to compute values and derivatives of a vg,-normal barrier
Fp(x) for the primal cone K. Then for problems (2.1), (2.2), we can introduce a primal-
dual central path (x(t),s(t),y(t)) € K x K* x H:

Ax(t)=b, s(t)+Ay(t) =c, s(t) = —1VFp(x(t)), t>0. (2.4)



In view of assumption (2.3), this trajectory is well defined (see, for example, [3]).
Further, we assume that for the dual cone K™, there is also a computable v, -normal
barrier Fp(s). Of course, the best choice would be to take

Fp(s) = Fp(s), seintK*. (2.5)

However, very often this is impossible since such a choice presumes a closed-from solv-

ability of the nonlinear unconstrained optimization problem in (1.1). Therefore, in this

paper we study the situation when Fp is an arbitrary normal barrier for the dual cone.
Thus, in our situation we have to treat the primal-dual problem

glslg <C,l’> - <b7 y>

st. Ax=0b, s+ A*y =, (2.6)
re K, se K¥,
by the following normal barrier
VU(z) = ¥Y(z,s) = Fp(z)+ Fp(s), ve = vr, +Vr,,
z = (x,8) €int K x int K* it K.

Unfortunately, this barrier does not fit the standard problem settings addressed in the
literature. Let us look, for example, at generalized Karmarkar method (see Section 4.3 in
[6]). This technique can be applied to the following problem:

Find f* = n}})n{(d,w) ce,w) =1, we K}, (2.7)

where K is a normal cone endowed with a #-normal barrier. It is assumed that ff=0
and the feasible set of problem (2.7) is bounded.

Note that the primal-dual problem (2.6) can be rewritten in the format (2.7). Indeed,
let us define

A~

K = rint{w=(z,s,9,7): Az =7b, s+ A*y=r71c, x € K,s € K*,7 > 0},

(e,w) = T.

Then the corresponding optimization problem has zero optimal value. However, in this
case the feasible set of problem (2.7) is never bounded. To see that, it is enough to consider
the central path (2.4) as t — co. It is interesting that the primal-dual problem (2.6) can
be solved by a variant of Karmarkar method (see Section 5.1 in [3]), but only if we choose
the barrier for the dual cone as in (2.5).

In the sequel, we are going to show that the barrier ¥(z) can be used for constructing
different polynomial-time interior-point schemes. Our analysis is based on the following
measure of the quality of this barrier with respect to the reference point zg = (xg, so) (for
simplicity, we take the same point as in condition (2.3)). Let us define

k = k(z0) = Fp(xo)+ Fp(so)
(2.8)
_%uép {Fp(z)+ Fp(s) : (so,z) + (s,z0) = 2(s0,x0)} .

Note that zo satisfies the equality constraint in the minimization problem in (2.8). There-
fore k(z9) > 0.



Lemma 1 For any z € K we have

W(z) > W(z) — k(z) — v In L0, (2.9)
Proof:
Indeed,
(1.5) 2(s0,20)T 2(s0,%0)"S (s0,2)+(s,x0)
Ve 2 P (godthan) + D (Gosfthag) — e in o
(2:8) 50,2)+(s,z
> W(z9) — k(20) — vy ln %
O
3 Feasible-start potential-reduction IPM
Consider the following potential function:
o(w) = (vo+1)In[{c,x) — (b,y)] + Fp(x) + Fp(s) —In7T, w € int F,
(3.1)
F = {w=(v,8,y,7) € K x K*x HXx Ry : Ax =7b, s+ A*y = 7c}.
For any w = (z,s,y,7) € int F we have
0 < <87$> = <7'C - A*y,(L'> = T<C,JZ> - <A.’If,y> = T [<C, ‘I.) - <b7 y>] (32)

Therefore, function ¢ is well defined.
Let us associate with F a full-dimensional convex cone K. This means that we define
a linear transformation A(u) such that

ueK & w=Au)eF.

Denote by f(u) the restriction of the barrier ¥(z) —In7 onto K. Clearly, f is a (vy + 1)-
self-concordant barrier for K. Finally, denote by (d, u) the corresponding restriction of the
linear function (¢, ) — (b,y). Then, in the new notation, we have the following potential
function:

p(u) = (vo+1)In(d,u) + f(u).
Moreover, we know that .
muin{<d,u> rue K}y = 0. (3.3)

Denote by u* € K the point with (d,u*) = 0.
Let us fix some v € K. In our analysis, we will use the following convex upper
approximation of function ¢:

W) = (u+1)- (n(du)+920) 4+ f(v).

Note that [, is a self-concordant function, l,,(u) = ¢k (u), and Vi(u) = Ve, (u). Moreover,

o(v) < L(v), YvekK. (3.4)



Lemma 2 For any u € K, we have
IVe(u)llpepn) = 1 (3.5)

Proof:
Assume that [|[Vo(u)(|$2 fwy < 1. Then, the self-concordant function ly(v) attains its

minimum at some point v, € int K (see, for example, Theorem 4.1.11 in [4]):

Vik(v) = (vo +1)- s + V(o) = 0.
Multiplying this equality by u*, we obtain
(Vi ()ut) = 0.
However, this is impossible since u* € K, and —V f (vs) € int K*. O

Inequality (3.5) implies that one step of the Damped Newton method,

[V2f ()]~ V(u)

e A Ol (3.6)
decreases the value of our potential function by an absolute constant:
plus) < L(uy) < o(u) —w, (3.7)

where w = 1 —In2 (see, for example, Theorem 4.1.12 in [4]). It remains to show that any
point w with a small value of the potential ¢ can be transformed to a feasible solution of
the primal-dual problem (2.6) with a small duality gap.

Consider (z,s) € int K. Then

(2.3)

(sg,x) + (s,x0) =" (c— A*yo,x) + (s + A*y — 1¢,z0) + (Tc — A*y, x0)
D (er) — (by) + (b - Argo) + (s + Ay —rez) )
+7[(c, m0) — (b, yo)]-
In particular, for (z,s) € int K, we have
(3.2) 3.9
(s0,2) + (s,20) = {c,z) = (b,y) + 7(s0,0)- (3.9)
Therefore, for any u € int K with (2, s,y,7) = A(u) we have
eu) = (vg+1)In[{c,x) — (b,y)] + Fp(x) + Fp(s) —InT
(2.9)
> (v +1)In[{c,z) — (b,y)] + ¥(z0) — k(20) — vy In % —InT
(3.9)

= W(z0) — k(z0) +1n (e, 2) — (b, £)] + vy In Fegropllea) (bal].

6



Hence,

plw) 2 W(z0) = lz0) + (o + 1) In ol Rt

(3.10)
+(vy + 1) In(sg, xo) + vy In 2.

Now we can put all our observations together.

Theorem 1 Let us choose ug € K such that A(up) = wo = (o, S0, Y0, 1), and consider
the damped Newton method

— _ [V S )] Ve (ug)
Ug+1 = Uk 1+Hv@(uk)H*V2f(uk)7 k>0, (3.11)

with (zk, Sk, Yk, Tk) = A(ug). Then the projected point

T = 25 Sk = o5 Uk = o

RIS

is feasible for problem (2.6). Moreover, for any k > 0 we have

(s0,%0) w-k—k(z0)—1In2
@ 2 2ew {1 (.12
Proof:

Note that ¢(ug) = (vg + 1) In(sg, z0) + ¥(20). Hence,

(3.7)
(vg + 1) In(so, w0) +¥(20) —k-w > o(uz)

(3.10)

> W(z) — k(20) — (v + 1) In [1 + %}

+(vy + 1) In(sg, xo) + vy In 2.

Note that the dependence of the estimate (3.12) on the value x(zp) is quite moderate.
This value is defined mainly by the local structure of the asymmetric primal-dual barrier
function around the point zp. Note that x(zg) = 0 if the starting point satisfies the
following conditions:

So = —)\VFP(ZL'()), rog = —)\VFD(S())

with A = %<80,]}0>.

4 Full-dimensional potential-reduction IPM

The potential-reduction interior-point method (3.11) has two disadvantages. Firstly, it
requires a feasible point wg to start. Secondly, at each iteration we need to compute
a displacement, which satisfies the linear equality constraints of the set F with a high
precision. Any reasonable technique for such a computation needs projectors stored in



a matrix form. Hence, for large-scale sparse problems we can expect some additional
memory limitations. In this section we describe another potential-reduction method,
which is free from these shortcomings.

Note that the primal-dual problem (2.6) can be posed in the following form:

Find w € C ={w = (z,s,y,7) € K x K* x H x R} } such that
(4.1)
Az —71b =0, s+A'y—7c =0, (c,x)—(by) = 0.

In order to measure the quality of approximate solutions to the linear system in (4.1),
let us introduce two positive-definite self-adjoint operators:

By: H—H*, Bp: FEF— E*
Then we can define the convex quadratic function

(Qu,w) = (By'(Az —71b), Az — 7b) + (Bg' (s + A*y — 7¢), s + A*y — 7¢)

+Hle,x) — b)) € w2,

which vanishes at the solutions of the linear system in (4.1). Moreover, for any w € C we
have

(3.8)

(so,2) + (s,20) < [L+ (Bryo, o) + (Brwo, z0)]"* |Jwllq + 7 - S0, (4.2)
d;fQ
where 6y % (¢, x0) — (b, yo) (32) (s0,0). Denoting
Fw) = Y(z)—InT = Fp(x)+ Fp(s) —In71, vp=rvy+1,

we can define the following quadratic potential function:
o(w) = %HwHQQ + F(w), w €intC. (4.3)

Let us study its properties.

1. ®(w) is a self-concordant function. Note that the quadratic function %HwHQQ is
strongly convex in its y-component. Since (z,s,7)-part of the Hessian of the barrier
F(w) is positive definite, we conclude that the whole Hessian of the potential ®(w) is
nondegenerate at any w € int C.

2. Potential ®(w) has unbounded level sets. Therefore,

HVCD(,Z)H*V%(W) > 1, weintC. (4.4)
3. We can define a homogeneous version of this potential:

$(w) = min BOw) < B(w), w € intC. (4.5)

Note that
o) = & fwll} + F(w) - vpln.

8



Therefore, the optimal choice of A is as follows:

Thus, we have a closed-form representation of the projected potential:
d(w) = vphl|wlg+ F(w)+ %[l — Invg). (4.6)

This potential is a quasi-convex homogeneous function of degree zero.
4. For any point w € intC, we can define

/2
T(w) = MNw) w = ||15||Q w.
Note that
D(w) > O(T(w)) (4.7)
5. For any w € int C we have
o(w) = %Hw”é +¥(z)—InT
(29) 50,Z)+(s,
> Hwl + W(z0) — #(20) — vy In E0TLEET0) 7

Hence, varying w along the open ray {Aw, A > 0}, we obtain

dw) > W(z) — klz0) — vu 1D%Jgo<svffo> —InT+ r/{1>1{)1 {’\;Hw\% —vp ln)\]

Thus, the optimal choice is A = A(w), and we get
d(w) > W(z) — r(z0) — voln W —In74+vphnfw|g+ %1 —Invpl.

In view of (4.2) we have

IN

(s0, ) + (s, 0) Q- flwllg + 7 - do-

\]
IN

%[Q lwllg + 7 - o] -

®(w) > W(z0) — k(20) +veIn2+vpIndg + [l —Inve] —vrln (Q + m)
(4.8)

Q
= W(z) —k(20) +vyIn2+ =1 —Invp] —vrln (% + m) :
Thus, we can justify a rate of convergence of a simple potential-reduction scheme.

Theorem 2 Let us choose an arbitrary w1 € intC with AM(wy) = 1. Let the sequence
{wy = (Tk, Sk, Yk, Tk) 72, be generated by the rule

- [V2D(wy,)] ' VO(wy,)
W, = W — 5
1+\\V<D(wk)||vgq>(wk)

Wiy = T'(wg)



Then, for any k > 1 we have

TE (k—1)w 9
HwkkHQ 2 exp{ 7 CO} (s0,20)’ (4.10)
where Cy = i (U(z0) — K(20) + voIn2 — % Invp — F(wy)].
Proof:
Indeed, in view of conditions of the theorem, we have
<I>(w1) = %I/F + F(wl)
In view of the rules (4.9), we have:
(4.4)
@(wkH) < (I)(Qﬂk) < <I>(wk) —Ww.
Hence, for any £ > 1 we have
vp+ Fw) — (k—1)-w > ®(wy) > O(wy)
(4.8) v Q 7]
> VU(z0) — k(20) +vgIn2+ Z[1 —Invp] —vpln (% + m) .
O
Corollary 1 Define the projected point
‘%k:%a §k_%7 gk:%
Then, for k big enough, we have the following estimate:
max { [ AZy — bllf,,. 15k + A"k — el (e, ) — (0,5}
(4.11)

< Jexp {852 1 o} - 2]

A similar interior-point method can be developed on the basis of the homogeneous
quadratic potential ®(w). Note that for any w and w, from int C we have®)

s o 12, w2, )
infs [y = Do (14 R )l < g,
def w112, —llwllZ
qu(wy) = meHQQJFW

2)For this function, it is possible to use a better convex upper bound:

I(Qw+h)w+h) < In{Qu,w) + 209w 1 L [Q _ ?g;”’wﬂ h, h).

However, we use a trivial bound for the sake of notation.

10



Thus, at any point w € int C, we can form a convex upper approximation of the homoge-
neous potential. Indeed, define

Qu(wy) = Fqu(wy) + F(w).
Clearly, this is a self-concordant function. Note that

d(w) = Qu(w), Vo(w) = VQy(w),
(4.12)
(I)('ll}+) < Qw(w+), w4 € int C.
Therefore, the local decrease of the upper approximation Q(w) forms a lower bound for
the local decrease of the homogeneous potential. Let us show that it cannot be too small.

Lemma 3 For any w € intC we have
IVQu(W)lS2g, )y = L (4.13)

Proof:
Assume that [[VQu(w)|52q, () < 1. Then the self-concordant function Quw(+) attains its
minimum at some point w:

0 = VOQu(@) = vph + VF(w).

wH

Note that Qw* = 0 for any optimal solution w* € W*. Hence, multiplying this equation
by any nonzero w* € W*, we get (VF(w),w*) = 0. This is impossible since the cone W*
is pointed. O

Now we can justify the following method:

1. Choose arbitrary wi € intC.

2. For k > 1, iterate: (4.14)

[V2Quy (wi)) =} VO (wi)
Lt [V (ws)];

Wg+1 = Wg —
V2Quy, (wy,)

Theorem 3 Let sequence {wy, = (xk, Sk, Yk, Tk) } ooy be generated by method (4.14). De-
fine the projected point

Then, for k big enough, we have the following estimate:

max {| Ay — bl 156+ A5k — el I(e.@0) — (.7}

(4.15)
—1

< e {85210} -]

where Cq = i [¥(20) — K(20) + vo In2 — F(w1)] + In Hw1IIQ

11



Proof:

Indeed, in view of (4.12), one step of (4.14) coincides with one step of the Damped Newton
Method as applies to Q,, (-) at point wy. Therefore,

~ (4.12) (4.13) 4.12) ~
Blwri1) < Qu(wpy) < Quylwr) —w "2 B(wy) - w.

Thus, for any £ > 1 we have

velnllwi|g + F(wi) + %1 —lnvp] = (k—-1) - w = ®(wy) = (k-1) w

_ (4.8)
> d(wy) > W(zo) — klz0) + v n2+ %1 —Invp] — veln (% + Tik) .

lwellQ

One of the advantages of the methods (4.9) and (4.14) consists in the lower require-
ments to the accuracy of computation of the Newton step. We will discuss this and other
implementation issues in Section 6.

5 Path-following infeasible-start IPM

First of all, let us eliminate extra variables in the quadratic potential function. We will
use notation v = (x, s, 7) for a truncated version of the vector w. Denote

(Qu,o) & min{(Qu,w): w=(z,5,y,7)},

yo) ' argmin{(Qu.w) : w = (r.5.9.7),

C = KxK*xR,,
F() = Fp(z)+Fp(s)—Int, veC, Vp = UF,
d(v) = %Hng—i—F(v), v e intC.

Note that now the cone C is normal. Therefore, the Hessian of the barrier F (+) is positive
definite at any feasible point.

The quadratic potential (/IS(’U) can be minimized also by a path-following scheme. Let
us fix an arbitrary point v; € int C with

Avy) ¥ ZE =g (5.1)

Now we can define the central path v(u) by the following system of equations:

Vo(u(n)) = Qu(p) + VEw() = - [Qui+VEw)] € u-g1. (5.2)

12



Clearly, v(1) = v1. Our goal is to trace this trajectory as u — 0.
Let us study the properties of the central path. From definition (5.2), we can compute

its derivative: ~
V() = [VPe(u(w)] g1 (5.3)

Multiplying (5.2) by v(u) we get

LI, = v+ g, o).

Note that
5.3

g0 @) = = (g [FB ()] ) > 0,
Therefore, for all u € (0, 1] we have

(5.1), (1.6)

(gr,o(p)) < (g1,v1) =" 0.
Hence,
lwly < v e 1] (5.4)

On the other hand, let us multiply (5.2) by an optimal vector v* = (z*,s*,1) € V*.
Then we obtain

po(=VFEF(u),v%) = (=VF(u(n)),v") Y (V2E (o), 071/, (5:5)

Note that 0
* 1. ~
,U(/J') - (VQF(U(;/,))U*,U*>1/2 eC

Denote go = (S0, o,0) € C*. Then, from the above inclusion we get

(go,v™) _ (s0,z*)+(s*,x0) (3.9) (50,%0)
> ~ = 2 = - .
(g0, v(u)) = (V2F(v(p))v*,v*)1/2 (V2E(v(p))v*,v*)1/2 (V2E(v(p))v*,v*)1/2

Hence,

(s0,%0) (5:5) (s0,%0)

H'(_VF(Ul),U*> < (Vzﬁ'(v(u))v*,v*>1/2 = <90,U(M)>

= (s0,z(p)) + (s(u), o).

Note that the left-hand side of inequality (4.2) does not depend on y. Therefore, it can

rewritten as
(s0,2) + (s,20) < Q- |[[v]lg+ 7 (s0,0)-

Thus, the last two inequalities combined with (5.4) results in the following estimate.

Lemma 4 For any p € (0,1] we have

(1) 1 Y
lv()llo = I/};”(—VF(m),v*)-p (s0,x0) * (5.6)
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From this inequality, we can see that for u small enough the scaled points

Hw) = HG e K 3w = Fe K ) = Y

ensure a small residual of the linear system in problem (2.6) and a small duality gap.
Thus, the only remaining question is how quickly we can decrease p and keep our iterates
in a small neighborhood of the central path. Fortunately, the answer on this question is
already known. For the reader convenience, we reproduce here some results from Section 2
in [8] with a small adjustment of the notation.

Denote 1, (v) = ®(v) — p{g1,v). Then v(p) = arg min YPu(v). We will measure the

proximity of point v to the central path by ensuring that the gradient Vi, (v) is small.
For v € int C, let us introduce two local metrics:

o5(9) = (VEE@)[V*®()] g, [V?@(v)]g),

0:(9) = (9,[V*E(v)]'9)"/%.
Note that o7(g) < 65(g). By Lemma 1 in [8],
oH (V) < v? veintC. (5.7)
On the other hand, for the Newton iterate
v = o= (V20 V), (5.5)

by Theorem 1 in [8] we have

o v 2
0, (Vibu(vy) < (727eetl ), (5.9)

Inequalities (5.7) and (5.9) form the basis for complexity analysis of the long-step path-
following schemes.
Let us define the following system of neighborhoods of the central path:

Naw) = {v: 63(Vuu(v) < B}, pe(0.1), Be [0,355).

We are going to employ two neighborhoods with sizes Fy < 1. The points from the small
neighborhoods N3, are used for making a long predictor step along the central path.
Namely, for v € N, (1), we define the predictor step:

Ty(@) = v—[V2P(0)] 'Vi(v) — a[V20(v)] g1, a>0.

~ v(p) ~ v/ () by (5.3)

(5.10)

We should try to choose the maximal o which keeps Ty, (a) € N, (1 — «). As far as the
boundary of the large neighborhood is reached, we fix 4 = pu — a and apply the Newton
method (5.8) for obtaining a point in N3, (uy) (these are the corrector steps).

The following statement is an adaptation of Theorem 2 in [8]. For the reader’s conve-
nience, we present here its proof.
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Theorem 4 Assume that v € N, (u) for some pn > 0. Let a > 0 satisfy inequality

Bot (B + o3 (VBW) < Y

1
14+4/81

Then Ty(a) € Ng, (1 — ).

Proof:
Note that
poy(g)) < o (Vu(v)) + o3 (VE(v) < 6°(Viu(v)) + o5 (Vo(v))
< fo+op(VO()).
Therefore,

7, (Vu—a(v)) = op(Vu(v) +ag) < op(Vipu(v)) + aoy(gr)
) (5.11)
< Bo+2 [Bo+ 03 (VB))].

VB

If the right-hand-side of this inequality does not exceed oyt then, in view of inequal-
1
ity (5.9), the point

vi 0= (V2 (0)] T Vi—a(v)

belongs to the neighborhood Ng, (11 — @). It remains to check that vy = T, (). O

In view of the presence of the corrector term in the definition (5.10), it is possible to
have a convergent strategy with 81 = (p. In this case, we have no independent corrector
steps at all. Let us write this long-step infeasible-start path-following IPM explicitly.

1. Choose arbitrary v; € int C. Set ur=1and g = é.

2. For k > 1 iterate:

S (5.12)
4 4 3605 (VP(v))

satisfying T, (o) € Np(pk — ag).

a) Starting from aj = , find the maximal «y

b) Set vpr1 = Ty, (o), and ppi1 = pg — ag.

In view of Theorem 4, method (5.12) generates a sequence of points in the neighbor-
hood Ni(+). Moreover,
9

5.7
(5.7) 5 g
172

Q __OHE
k 4+ 36vy

Thus, for obtaining ui of the order €, we need O(V}/ 2 ln%) iterations. However, from

the practical point of view, this strategy could be not very efficient. Indeed, by the
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estimate (5.11) substituted in (5.9), we can see that

Borun-+ak [fo+ay (VB())] )2
)]

* < >
gTvk(ak)(v’(vka*ak(Tvk(ak))) = ((150)Mkak[ﬁ0+03(vq’(vk

_ B 280 . *(VH L% 10 o
T (1-B0)? + (1-Bo)? [ﬁo +o5( (Uk))} T e |

Thus, for making long steps, we need to keep [y small with respect to ;. In this case, the
additional computational cost of the corrector stage can be compensated by the higher
rate of convergence.

6 Numerical results

In the first part of this paper we have developed several infeasible-start interior-point
methods for conic problems. All methods are justified by the worst-case complexity anal-
ysis. However, most of them are able to accelerate in a favorable situation. It is interesting
to check how much this flexibility can help in solving the real-world problems. In this sec-
tion we present and discuss the results of our preliminary testing on randomly generated
conic problems.

Let us describe our random generator. The primal cone K is formed as a direct product
of L small-dimensional cones Kj:

K = le...XKL,

where all K; have the same analytic structure. Therefore, the dimension n of the primal
problem (2.1), and the parameters of the primal and barriers vp and vp are defined by
L. We consider the following basic cones.

e Positive ray: n =L, vp =vp = L.

e 3D-Lorentz cone: n = 3L, vp = vp = 2L.

e 3D-Power cone: n = 3L, vp = vp = 4L (see (1.2) and (1.3)).

e Conic hull of the epigraph of the exponent: n = 3L, vp = vp = 3L (see (1.4)).
The generation of random problem instances is performed in four steps.

1. Choose L (and therefore n). Choose the number of equality constraints m.

2. Generate randomly matrix A € R™*" with entries uniformly distributed in [—1, 1].
3. Generate randomly x( € int K and sg € int K*. Define ¢ = sg and b = Axy.
4

. Choose the starting points Z and § as the natural “unit” points of the cones K and
K* and 7 as the vector of all ones.

In our tests, we always choose m = n/3. We asked for accuracy 10~° for the duality gap
and for [,-residual of the primal-dual linear system.

Let us describe the computational results related to the path-following scheme. We
implemented a simplified version of method (5.12), which follows the trajectory w(u)
defined by the equation

Ve(w(p) = pVe(w), pe(0,1],
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where w = \(w) - w and w = (7, 8,7, 1).
In our experiments, the neighborhood parameters for the predictor-corrector process
were chosen as

Bo =0.01, (1 =0.75.

We were searching along the ray v(a) = T, () while

0oy (Vu(v(@))) < Bi.

Since in our test problems the primal and dual cones are formed as direct products of L
small-dimensional cones, the verification of this inequality is cheap. Cholesky decomposi-
tion of the Hessian of the augmented barrier is computed only once per iteration, at the
point which lies on the boundary of 31-neighborhood of the central path. This Hessian is
used for the corrector process and for computation of the search direction at the predictor
step.

The results of our experiments are given in Table 1. The first two columns of this table
give the dimension of the problem. The remaining five columns present the number of
iteration for different types of cones (positive orthant, Lorents cone, power cone of degree
% and i, and the conic hull of the epigraph of the exponent). We can see that for all cones
the number of iterations of the long-step path-following scheme is very similar and quite
small.

n m LP | Lorentz K 1 K 1 Keap
30 10 53 44 59 62 57
60 20 62 55 74 76 71
90 30 66 50 69 73 60

120 40 70 62 79 79 68
150 50 72 61 80 82 75
180 60 76 65 73 73 66
210 70 82 69 80 79 71
240 80 85 73 84 83 73
270 90 89 7 86 87 75
300 100 86 78 93 92 76
330 110 87 76 91 91 81
360 120 86 74 98 98 80
480 160 84 80 95 96 95
600 200 98 84 101 100 85
720 240 102 89 109 110 93
840 280 99 96 111 109 95
960 320 98 90 107 107 102

Table 1: Performance of long-step path-following method

At Figure 1 we plotted the average decrease of the potential function per each iteration
of the path-following scheme. For short-step methods, this decrease cannot be better than
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O(\/vr). However, our results clearly demonstrate its linear dependence on the parameter
of the barrier. This confirms that in our experiments the long-step strategy really works.

Log-exp cone

250 -

y =0.0821x + 17.169
R® = 0.9883
200 +
]
S 150 -
o
(]
T
g —e—Delta
5 —=—SQRT
2 100 { S,O
a —Linear (Delta)
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0 . . ! ! !
0 500 1000 1500 2000 2500

Parameter

Figure 1: Average decrease of the potential for log-exp cone.

Finally, let us discuss the pure homogeneous potential-reduction strategy (4.14). Un-
fortunately, for nonlinear cones it was not very efficient. Usually, at the beginning we
got a fast decrease of the potential, but later this decrease was becoming close to the
theoretical bound. However, for pure Linear Programming problems by unknown reason
this method was remarkably good. These results of our experiments are presented in
Table 2. In our tests we implement an “exact” line search strategy by one-dimensional
Newton method. This operation is cheap since for our test problems every step of this
auxiliary scheme needs O(n) operations. As a result, we get a very good average decrease
of the potential at the main iterations of method (4.14). From the worst-case complexity
analysis, we cannot guarantee more than a decrease by an absolute constant. However,
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in our experiments we get it proportional to the dimension of the space of variables.

n m H Iterations Average Aj ‘
30 10 10 3.9 10!
60 20 12 7.2-10!
90 30 16 8.3-10!
120 40 13 1.4-102
150 50 13 1.8-10%
180 60 14 2.1-10%
210 70 16 2.2-102
240 80 15 2.7-10%
270 90 15 3.0-10%
300 100 16 3.1-10?
330 110 16 3.4-10?
360 120 16 3.8 102
480 160 16 5.0 - 102
600 200 17 6.2 - 102
720 240 17 7.6-10%
840 280 17 8.8-10%
960 320 18 9.6 - 102

Table 2. Results of method (4.14) with line search for LP-problems.
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