THE MULTIDIMENSIONAL LUZIN THEOREM
LAURENT MOONENS AND WASHEK F. PFEFFER

ABSTRACT. Each measurable map of an open set U C R™ to R" is equal almost
everywhere to the gradient of a continuous almost everywhere differentiable
function defined on R™ that vanishes, together with its gradient, outside U.

A well-known theorem of Luzin [7, Théoréeme Fondamental, p. 90] asserts that
for each real-valued measurable function f defined on the real line R there is an
F € C(R) such that F'(x) = f(x) for almost all z € R. The argument is based on a
skilful utilization of singular functions (devil’s staircases) defined on nondegenerate
compact subintervals of R. More recently, G. Alberti [1, Theorem 1] proved that
for each Borel vector field v defined on an open set U C R"™ of finite measure there
are a compact set K C U and an F € C}(U) such that the measure of U — K is as
small as we wish and VF(z) = v(x) for each z € K.

We show that each continuous real-valued function f defined on the boundary
of a compact nondegenerate cube Q C R™ has a continuous almost everywhere
differentiable extension g : @ — R such that Vg(z) = 0 for almost all 2 € Q. Using
such extensions and Alberti’s theorem, we prove the result stated in the abstract by
following the main ideas of the original Luzin’s argument. Note that as in Alberti’s
theorem, we do not require that curlv = 0. An application to k-charges defined
in Section 4 below generalizes the multidimensional version of Luzin’s theorem
obtained in [5], and a fortiori that mentioned in [10, p.218].

The authors wish to acknowledge helpful discussions with T. De Pauw and
V. Sverak during the preparation of this note.

1. PRELIMINARIES

Throughout, the ambient space is R™ where n > 2 is a fixed integer. A cube is a
compact nondegenerate cube in R™. The open ball in R™ of radius r > 0 centered
at € R™ is denoted by B(xz,r). Given E C R", we denote by 0F, int E d(E),
and |E| the boundary, interior, diameter, and Lebesgue measure of E| respectively.
Unless specified otherwise, all concepts related to measure refer tacitly to Lebesgue
measure in R™. All functions we consider are real-valued.

Let E C R" and x € int E. Foramap ¢ : E — R™, m = 1,2,..., we denote
by D¢(z) the differential of ¢ at x; if m = 1, the i-th partial derivative of ¢
at x is denoted by D;¢(x). The symbols C(E), C(E;R™), C!(int E;R™), and
C(int E;R™) have the usual meaning; as customary, a subscript ¢ will indicate
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compact supports. If E is measurable, we denote by L°(E;R™) the space of all
measurable maps v : F — R™.

In each R™, we employ the Fuclidean norm |- | induced by the usual inner
product x - y. Given E C R™ and ¢ : E — R™, the extended real number

ose(9) = sup{ |6(x) = 6(y)| : v,y € B}
is called the oscillation of ¢.

Observation 1.1. Let E C R, and let ¢; : E — R™ be such that Y .o, osc(e;)
converges. If there is an g € E such that Z?i1|¢i($0)| converges, then Y =, ¢;
converges uniformly to a ¢ : E — R™, and osc(¢) < 3.2, osc(¢;).

Proof. The sum Y ;2 |¢;| converges uniformly, since

|pi(z)| < |pi(@) — dilzo)| + |i(zo)| < osc(ds) + |¢i(zo)]
for each x € E. As

|p(z) — o(y)| < Z\fl)i(l’) —¢i(y)| < ZOSC(@')

for each x,y € FE, the observation follows. O

2. A SINGULAR EXTENSION

Proposition 2.1. Let Q be a cube, and let f € C(0Q). There is an almost ev-
erywhere differentiable g € C(Q) such that g | 0Q = f, osc(g) = osc(f), and
Dg(x) =0 for almost all x € Q.

Proof. For closed sets A; C @ and functions h; € C(A;) satisfying h;(x) = h;(z)

for each x € A; N A; and each 4,5 € I, we denote by \/,.; h; the unique function

h : U;er Ai — R such that h(z) = hi(x) for every 2 € A;. Note that \/,.; h; is
continuous whenever [ is finite.
For i = 0,1,..., let C; be the collection of all nonoverlapping congruent cubes

of diameter d(Q)/3" whose union is @, and let € := [J;°, €;. Given C € €;, denote
by C™ the unique cube in €;;; contained in the interior of C, and let

C(C)={KelCy1: KCCand K #C };
if i > 1, the unique cube in €;_; containing C' is denoted by CV.

Choose a C € C;. For k =0,...,n—1, a k-face of C is a closed k-dimensional
face of C. As usual, O-faces and 1-faces of C are called, respectively, vertices and
edges of C. The link of a k-face A of C is the union B of all (n — 1)-faces of C' that
do not meet A. Given x € C —(AUB), let £, be the line passing through x and A if
A is a vertex of C, and the line passing through = and perpendicular to A otherwise.
Denoting by x4 and z g the intersection of ¢, with A and B, respectively, we have
x =txa+ (1 —t)xp for a unique ¢t € (0,1). Now for a p € C(AU B), let

o~ (2) = o(x) ifxe AUB,
to(xa)+ (1 —t)p(xp) ifzeC—(AUDB),
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and observe that ™~ € C(C) and osc(¢™) = osc(p). Next we describe a specific
extension of ¢ € C(9C) to a ¢* defined on C* := C"U Uk ce(c) OK. Denote by H
the (n — 1)-dimensional Hausdorff measure in R™, and let

1
po(x) = === / pdI
= 500) Jae
for each z € C. If K € C(C), then the intersection Ax := C™N K is a k-face of K
whose link By is contained in 9C, and we let
o = [(pc [ AK) V(¢ | Bx)]” and ¢":=(pc [C)V \/ (oK |0K).
Kee(C)
Clearly, ¢* € C(C*) extends ¢ and osc(p*) = osc(y).

The function fy := f* is defined and continuous on @y := @Q*. Assuming that
Q; and f; € C(Q;) have been defined for an ¢ > 0, let

QiJr] = Q1 U U U K* and f7;+1 = fz V \/ \/ (fz [8K)*,
Cet; Kek(C) CeC; KeC(C)
and observe that f;1+1 € C(Q;4+1) extends f;. The function g := \/;’io fi is defined
on D :=J;2,Q; and extends f. If C € C, then
osc[g [ (CND)| =osc(g | 9C), (2.1)

C™ C D, and g is constant on C™. Since ) . |C7| = |Q|, we only need to show
that g is continuous and has a continuous extension to ). To this end, select a
sequence {z;} in D converging to an x € @, and let N := 2",

Assume z € int (). For sufficiently large i, the function g is piecewise linear on
dC for each C' € @; containing x. Select such a C, and denote by vy,..., vy its
vertices. Then g(z) = (1/N) Zivzl g(vs) for each € C7, and

osc(g | 0C) = max{’g(vs) —g(v)| st = 1,...,N}.

Let x € CTand y € 9C. Asy =) ivzlatvt where ay > 0 for t = 1,..., N and
N .
> i1 ¢ = 1, we obtain

IA
=)~
hE
=
NS
|
=N
&
A
=
M=
M=
£
=
g
|
=R
&

l9(y) — ()]
s=1 s=1t=1 (2 2)
e N-1
=% Zat Z|g(vt) —g(vy)| < osc(g | 0C).
t=1 s=1
If v and w are vertices of K € C(C') contained in dC, it is easy to see that
1 N -1
|9(v) = g(w)] < gosc(g [ 9C) < osc(g | OC). (2:3)

Since each vertex of K belongs either to dC or to C7, from (2.1)—(2.3) we obtain

osc[g | (KND)] < osc[g | (CND)].

It follows that osc[g | (C'N D)| — 0 uniformly on {C € €; : x € C} as i — oo, and
the sequence {g(z;)} is Cauchy. In particular, {g(z;)} converges to g(x) whenever
x € Dj; indeed, {z1,z,z2,x,...} is a sequence in D converging to x.



4 L. MOONENS AND W.F. PFEFFER

Assume z € 0Q. Choose an ¢ > 0, end find a § > 0 so that | f(y) — f(z)| < & for
each y € 9Q such that |y — x| < §. Next find an integer k£ > 1 so that C' C B(z, )
for each C € @y with x € C. For such a C, the function g is equal to a constant
con (CY)"NAdC, and it is linear on each one-dimensional segment in OC' that is
parallel to an edge of C' not contained in dQ. Consequently,

osc(g | OC) <osc[f | (CNOQ)] +sup{|f(y) —c:ye Cﬂ@Q}

<2€—|—sup{‘f(y)—f(x)’:yeCﬂ@Q}—&—’f(x)—d (2.4)
<3e+|f(z)—¢|

If p is the number of vertices of C' contained in 9Q, then N/2 < p < N — 1. Let
Ey := [pb+ (N —p)c] /N, and observe that |f(z) — E| < |f(z) — ¢|/2 and

Ef(z) —e< Ef(r)—s <g(z) < Ef(r)+s < Ef(z) +¢€
for each z € C”. Thus given K € C(C) containing x, and any z € K™,

|f(x) = g(2)| < |f(x) = Ef)| + |E@) — 9(2)|< %!f(w) - +e

An induction on i = 1,2, ... implies that if L € Cx; contains x, then
i—1
|f@) —g(z)| <27 f(2) —c| +e> 27 (2.5)
j=0

for each z € L. Now (2.4), (2.5), and (2.1) yield osc[g | (L N D)] < 6e for all
sufficiently large i. We conclude the sequence {g(z;)} converges to f(z). O

A function g that satisfies the conditions of Proposition 2.1 is called a singular
extension of f.

Corollary 2.2. Let U C R™ be open, and let f € C(U) be differentiable almost
everywhere. Given n > 0, there is a g € C(R™) such that {g # 0} C U, osc(g) < 7,
and Dg(x) = Df(x) for almost all x € U.

Proof. Let Cp,C5, ... be nonoverlapping cubes whose union is U. As f is uniformly
continuous in each C;, there are nonoverlapping cubes Q;1,...,Q;k, such that

C; = Ule Qi and osc(f | Q) < /22 for j=1,...,k;, i=1,2,.... Find a
singular extension g; ; of f [ 0Q; ;, and let

oy ) @) —gig(x) ifx € Qi
fz,](m) = {0 ifl’€Rn_Qi,j~

Observation 1.1 implies that g := Y, Z?":l fi.; is the desired function. O

3. LUZIN’S THEOREM

The following proposition is a mere reformulation, convenient for our purpose,
of the aforementioned result due to G. Alberti.

Proposition 3.1 (Alberti). Let U C R™ be an open set, and let v: U — R™ be a
Borel vector field. Given ¢ > 0, there are a closed set C C U and an f € CH(R™)
such that U — C| <¢e, {f #0} CU, and Df(z) = v(z) for each x € C.
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Proof. Let U; :== {z € U :i—1 < |z| < i} for i = 1,2,.... According to [1,
Theorem 1], there are compact sets K; C U; and functions f; € C*(R") such that
\U; — K;| < ¢e/2!, {fi # 0} C U;, and Df;(z) = v(x) for each x € K;. Clearly, it
suffices to let C':=J;2, K; and f:=>2, fi. O

Lemma 3.2. Let U C R™ be an open set, and let v € L°(U;R™). Given e > 0 and

a closed set A C U, there are a g € C(R™) and a closed set C C U satisfying the

following conditions.
(1) [U-C|<e¢, osc(g) <e, and {g#0} CU — A.
(2) g is differentiable almost everywhere in U — A.
(3) Dg(z) = v(z) for each x € C' — A.
(4) Ifv € AU(R™ —U) and h € R™, then |g(z + h)| < ¢|h].
(5) Ifx € AUR™ —U), then g is differentiable at x and Dg(x) = 0.

Proof. Since v equals almost everywhere to a Borel vector field w : U — R", we
may assume that v is Borel. By Proposition 3.1, there are an f € C'(R") and a
closed set C' C U such that |[U — C| < e, {f # 0} C U, and Df(z) = v(z) for
each 2 € C. Find disjoint nonoverlapping cubes @Q; with (J;-, Q; = U — A. Select
a A; € (0,1] that is smaller than the distance between @; and AU (R™ — U), and
let n; = e27¢A;. If g; € C(R") is associated with f | int@; and 7; according
to Corollary 2.2, then {g; # 0} C intQ;, osc(g;) < n;, and Dg;(x) = v(z) for
almost all z € C'NQ;. Observation 1.1 implies that g := > .-, g; belongs to C'(R")
and osc(g) < e. Clearly, {g # 0} C U — A and g is differentiable at almost all
x € U — A. Moreover, Dg(z) = v(z) for almost all z € C — A. Making C smaller,
we may assume that Dg(xz) = v(z) holds for all x € C — A.

Choose an z € AU (R® —U) and h € R™. If 2 + h does not belong to @);, then
gi(x + h) = 0. On the other hand, if z + h is in Q;, then A; < |h| and hence
|9¢(9€ + h)| = ‘gi(l“ +h) — gi(x)’ < osc(gi) <m; <e27'|hl.

Consequently |g(z + )| < |h|. More precisely, if i(h) is the least positive integer
with « + h € @Q;, then

lg(@ + ) — g(z)| = |g(z + h)| Z |gi(z + h)| < elh| Z 27

i=i(h) i=i(h)

Since i(h) — oo as |h| — 0, we conclude g is differentiable at « and Dg(z) =0. O
Lemma 3.3. Let U C R" be an open set, let v € L°(U;R"), and let Cy := ().
Given € > 0, there are g; € C(R™) and closed sets C; C U such that the following
conditions are met fori=1,2,....

(1) Ci_1 C C; and |U — C;| < g/2%.

(2) ObC(gz) <¢e/2" and {g; #0} CU — C;_;.

(3) g: is differentiable almost everywhere in U — C;_1.
(4) If f; == Zjﬂ gj, then D f;(x) = v(x) for each x € C;.
(5) Ifx € Ci—1 U(R™ = U) and h € R™, then |gi(x + h)| < 27|h|.
(6) If x € Ci_y U(R™ = U), then g; is differentiable at x and Dg;(x) = 0.
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Proof. Using Lemma 3.2, find an almost everywhere differentiable g; € C(R") and
a closed set Cy C U such that |U — Cy| < €/2, osc(g1) < €/2, {g1 # 0} C U, and
Dy, (z) = v(z) for each x € C;. Since f; = g and Cy = 0, the function g, satisfies
conditions (1)—(6).

Proceeding by induction, suppose that g; € C'(R™) and closed sets C; C U have
been defined for each positive integer ¢ < n — 1 so that conditions (1)-(6) are
satisfied with f; := 23:1 gj. Using condition (3), find a w € L°(U;R™) so that
w(z) = v(x) — Dfp_1(x) for almost all z € U. Let g, € C(R™) and a closed set
C C U be associated with w, 27 "¢, and C},_; according to Lemma 3.2. Clearly
gn satisfies conditions (2), (3), (5), and (6), and making C smaller, we may assume
that Dg,(x) = v(x) — Dfp_1(x) for all x € C. The closed set C,, := C,,_1 UC
satisfies condition (1), and for each z € C' — C),_1,

Df,(z) = Dfn_1(z) + Dgn(z) = v(z).

However, if x € C,,_1, then Dg,(x) = 0 by condition (5) of Lemma 3.2. In view of
this and the induction hypothesis, Df,, (x) = D f,—1(z) = v(z) for each z € C,,_1,
which establishes condition (4). O

Theorem 3.4. Let U C R™ be an open set, and let v € L°(U;R™). Given € > 0,
there is an almost everywhere differentiable f € C(R™) satisfying the following
conditions.

(1) osc(f) <eand {f #0} CU.

(2) Df(z) = v(x) for almost all z € U.
(3) If x e R™ — U, then f is differentiable at x and D f(z) = 0.

Proof. Fori =1,2,...,1et C; C U and g; € C(R") be associated with v and
a positive € < 1 according to Lemma 3.3, and let f; := Z;Zl gj. Observation 1.1
shows that f:= ) .2, g; belongs to C(R™) and osc(f) < e. Since {f # 0} C U, we
only need to establish the differentiability conditions. Condition (3) holds, since

[fx+h) = f@)] < gz +h)| <elh] D 27" =clhl
=1 =1

for each x € R" — U and each h € R". Note ’U - Ui, Ci’ = 0, and choose an
r e J2,Ci. If x € Cp, then gi(x) = Dg;(x) = 0 for i > p; since {C;} is an
increasing sequence of sets. Let D; := Dg;(x) and D := Zle D;. Choose a A > 0,
and find an integer ¢ > p with 279 < A/2. There is a § > 0 such that

lgi( + h) — gi(x) — Di(h)| < %m\

for each h € R™ with |h| < §, and i =1,...,q. Consequently
q [e’e}
[f(z+h) = f(z) = D(B)| < |gi(@ +h) — gi(@) = Di()| + Y |gi(a+n)|
=1 i=q+1

A L
< S Inl + [l > 27 < Aln
i=q+1
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for each h € R™ with |h| < J, and we conclude

P
Df(x):D:ZDgi(x):Dfp(m):v(ac). O
i=1
4. CHARGES
For m = 0,...,n, the linear spaces of all m-forms and all m-vectors in R™ are

denoted by A™R™ and A,,R", respectively. Identifying A™R" and A,,R™ with RV
where N := (), we denote by |w| and [¢| the Euclidean norms of w € A™R™ and
& € ApR™. The collection of all simple m-vectors £ € A, R™ with |{] = 1 is the
Grassmanian Go(n,m).

Throughout this section, U C R" is a fixed open set. If 0 < m < n is an integer
and w : U — A™R" is differentiable at x € U, then dw(x) denotes the exterior
derivative of w at x; the differential Dw(z) is defined in the obvious way.

Proposition 4.1. Let w € LO(U; A™HR"™) where 0 < m < n — 1. For each
e > 0, there is an almost everywhere differentiable ¢ € C(R™; A™R™) satisfying
the following conditions.

(1) osc(¢) <e and {p #0} C U.

(2) do(z) = w(x) for almost all x € U.
(3) If x e R™ — U, then ¢ is differentiable at x and Dé(z) = 0.

Proof. Let w := Zi1<~~-<im+1 iy iy gy iy N NdE;, ,, where a,..q,,, € LO(U).
Using Theorem 3.4, find almost everywhere differentiable A4;,...,,, € C(R™) satisfyig
the following conditions.

(1) osc(Aj,...i,,) < /N where N := ("), and {4;,..;,, # 0} C U.
(2) For almost allz € U and i =1,...,n,

Qi Gq iy ({E) ifi < i1,

0 if ¢ >141.

D;Ai, .., (z) = {

(3) if x € R™ — U, then A,,...;,, is differentiable at « and DA;,..;, () =0.
Now ¢ =%, . i Aijoiy, d§iy A--- A dE;, is the desired m-form, since

dp(x) = > > DiAj ., (x)d& Nd&i, A NdE;,

11 < <l 1=1
= Z Ajgq ety (x)d& A d&l VACERIVAN d&m = w(x)
1<i1 <<l

for almost all x € U. O

For each nonnegative integer m < n, we denote by N, x(U) the linear space of
all m-dimensional normal currents in U supported in a compact set K C U, and
let N,,,(U) := Ug N,k (U) where the union is taken over all compact sets K C U.
All properties of currents we will use can be found in [4, Section 4.1].
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Let T € N,,,(U). There are a compactly supported Radon measure ||T|| in U and
— —
a Borel map T : U — A,,R" such that ‘ T (m)‘ =1 for ||T|| almost all x € U and

@)= [ @.T)arm|
for every ¢ € C(U, A™R™). Denote by 0T and spt T' the boundary and support of T,
respectively, and let
M(T) :=||T|(U) and N(T):=M(T)+ M(T).
If K C U is compact, we define the flat seminorm of T in K as
Fr(T) :=inf{M(T — 05) + M(S5) : S € Nyy1,1(U) }.

Definition 4.2. A linear functional F' : N,,,(U) — R is called an m-charge if given
e > 0 and a compact set K C U, there is a § > 0 such that F(T) < ¢ for each
T € Ny, x(U) with F(T) < 6 and N(T) < 1/e.

Note. Definition 4.2 was introduced jointly by T. De Pauw and W.F. Pfeffer in
2004 — a private communication on middle dimensional integration. It generalizes
the concepts defined [9, Section 2.1]. For another connection see Remark 4.5 below.

Observation 4.3. A linear functional F' : N,,,(U) — R is an m-charge if and only
if given € > 0 and a compact set K C U, there is a 0 > 0 such that

F(T) < 0Fg(T) +eN(T)
for each T € N, x(U).
Proof. As the converse is obvious, assume F' is an m-charge. Choose a positive
¢ <1 and a compact set K C U. There is a § > 0 such that F'(S) < e for each
S € Ny, g (U) with Fg(S) < § and N(S) < 1/e. Let 6 := ¢/0, and select a
T € N, x(U) with N(T) =1. As N(T) < 1/¢, we have F(T) < eN(T) whenever

Fi(T) < 6. If Fx(T) > 4, let S := [§/F(T)]T and observe that F(S) < &; since
Fr(S) =3¢ and N(S) =§/Fg(T) < 1/e. Thus F(T) < (¢/6)Fk(T), and

F(T) < 0Fg(T) +eN(T)

in either case. As the last inequality is homogenous, the observation follows. O

The oscillation of an m-charge F', denoted by osc(F), is the infimum of all € > 0
such that F(T) < e for each T € N,,,(U) with N(T) < 1/e.
Proposition 4.4. If w € C(U; "™~ 'R"), then

F,:Tw— (0T,w) : N, (U) = R

is an m-charge, and osc(F,) < y/osc(w).
Proof. Choose an ¢ > 0 and a compact set K C U. Find a ¢ € C°(U; "™~ 1R")
such that |w(z) — ¢(x)| < £2/2 for each x € K, and let § := £/(2c) where c is larger

than |d¢(z)| for each x € U. Now let T € Ny, i (U) be such that N(T') < 1/e and
Fx(T) <6, and select an S € Nyy,41 5 (U) with
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M(T — 9S) < M(T — 85) + M(S) < 6.
Since spt 91" C K, we obtain

F,(T) (8T,w—¢>+<8(T—8S),¢>:/K<w—¢,8_7>“>d|\6TH+<T—85,d¢>>

2
%N(T) + sup{‘dd)(:ﬂ)’ tx € U}M(T —-085) < % +cd=e.

IN

As the linearity of F, is obvious, F,, is a m-charge. Assume osc(w) > 0, and choose
anz € U and a T' € N,,,(U) with N(T') < 1/4/osc(w). Then

BT) ~(0,0 — wla)) = [ (wly 61>dHaTu<>
g/p@fwmwmwwgmwmwk o5c(@)
U
and we conclude that osc(F,,) < /osc(w). O

The charge F,, defined in Proposition 4.4 is called the fluz of w.

Remark 4.5. Note that w € C(U; A™~'R"™) can be thought of as a weak solution of
the equation dw = F,. This assertion is more transparent when m = n. Identifying
C(U; A"R™) and C(U; A" 1R™) with C'(U) and C(U;R™), respectively, n-charges
are distributions, called strong charges in [2]. Proposition 4.6 and Theorem 4.7
below, proved in [2, Proposition 2.9 and Theorem 4.7], indicate their usefulness.

Proposition 4.6. Each f € Lj (U) defines an n-charge by the formula

:Lfmﬂ@m

for each test function p € C(U).

Theorem 4.7. Let F: C°(U) — R be a distribution. The equation divv = F has
a distributional solution v € C(U;R™) if and only if F is an n-charge.

If (T, ) € N, (U) x U, we let diam (T, z) := d({z} UsptT) and

M(T) .
vog (T'2) 1= M(oT) diam (T.2) if T'# 0 and 0T # 0,

0 otherwise.

We say that a sequence {T;} in N,,(U) tends to (z,£) € U x Go(n,m) if the
following conditions are satisfied

(1) limdiam (T3, z) = 0 and inf reg (T}, z) > 0,
. —
(2) tim gk [T () — €[dITe ) =
An m-charge F is derivable at (z,£) € U x Go(n,m) if a limit
F(T;

lim (T:)
M(T)
exists for each sequence {T;} in N,,,(U) that tends to (z,€); in which case all these
limits have a common value called the derivative of F' at (x, &), denoted by OF (z, ).

Since the set of sequences {T;} which tend to (z,£) is nonempty, the meaning of
DF (x, &) is unambiguous.
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Note. For m = n, the derivation base defined above was used in [6, 8]. A very
general Gauss-Green theorem has been obtained in [9] by employing a derivation
base consisting of bounded BV sets, i.e, a very specialized n-dimensional normal
currents, satisfying the above regularity condition. More details about this top-
dimensional derivation base are given in the last paragraph of this section.

Proposition 4.8. If w € C(U; "™ 1R") is differentiable at x € U, then the flux
F,, of wis derivable at (x,€) for each & € Go(n m) and

OF,(z,£) = (dw(),§).

Proof. Let & € Gg(n,m), and let {T;} be a sequence in N, (U) which tends to (z, &).
Choose € > 0, and let  := infreg (T;, ). There are a linear map A : R — A™~1R"
and a § > 0 such that
w(y) —w(@) = My —2)| < enly — 2|
for y € UN B(x,9). If ¢(y) :== w(x) + Ay — z) for each y € R™, then it is easy
to see that d¢ is a constant m-form equal to dw(x). Passing to a subsequence, we
may assume that for ¢ =1,2,...,
N
sptT; C B(z,d) and / |T; (y) — &| dI T3l (y) < eM(T5).
U

In the inequality

|Fu(T3) = (dofe), €)MI(T,

(OT:,w = 8)[+|(0T3, 6) — (dw(x). )M(T,)

we estimate separately the terms A; and As:

A< /U lw(y) — 6(w)| dlIOTi(y) < en / o 19T )

< endiam (T;, z)M(0T;) < eM(T;),

=A; + Az

A2=\<Ti,d¢>—/U<dw<> ) d|IT \ [ (e, Tow) - 0l a1l
< |du(a)| /U T3 (y) — €] dIIT | () < e|duo()|M(T)

The switch (9T;, ¢) = (T;,d¢) in the estimate of Ay is possible, since there is a
P € C®(U; "™ IR™) with ¢(y) = ¢(y) for each y € B(z,d). Combining the last
three inequalities, we obtain

[(d(e), €M(T;) — FL(T))

< 5(1 + ]dw(x)])M(Ti)
and the proposition follows. O

Theorem 4.9. Let w € LO(U, Am+1Rm) where 0 <m < n—1. Given € > 0, there
is an almost everywhere derivable (m+1)-charge F : Ny, 11 (R™) — R satisfying the
following conditions.

(1) osc(F) < e and F(T) = 0 whenever U NsptT = 0.

(2) DF (z,€) = (w(x),&) for almost all v € U and each & € Go(n,m + 1).

(3) If x e R® — U, then DF (x,&) = 0 for each £ € Go(n,m+ 1).
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Proof. Let ¢ € C(R™; A™R") be associated with w and &2 according to Proposi-
tion 4.1. In view of Propositions 4.4 and 4.8, it suffices to let F' := F} be the flux
of ¢. O

Let BV.(U) be the collection of all BV sets [3, Chapter 5] whose closures are
compact subsets of U, and denote by || B|| the perimeter of B € BV, . In accordance
with [4, Section 4.5], view BV.(U) as a subspace of N,,(U), and observe that

1Bl if|B| >0
reg (B, z) = { ABU{=DIBI 5] o

for each (B,z) € BV, x U. For every B € BV,, the n-vector B equals to a fixed
& € Go(n,n), which orients R™. It follows that a sequence {B;} in BV, tends to
(2,€) € U x Go(n,n) whenever £ = &y, and

limd(B; U{z}) =0 and infreg(B; z) > 0. (4.1)
Thus if F is an n-charge derivable at (x, &), then
F(Bi)

| Bil

for each sequence {B;} in BV, satisfying conditions (4.1). From this it follows that
Theorem 4.9 generalizes the main result of [5].

lim

= QF(I7 gO)
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