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1. Introduction

The starting point of our investigations is the following problem tackled in [3], [4]

x[\ w .
(1.1a) —Au+ f <%) SV u® in By,
(1.1b) u>0 in By,
(1.1c) u=20 on 0By,
where B; denotes the open unit ball in R?, A > 0 and
K
1) =Ty

on (0, 00) for some K > 0.

One of the main results in [4] asserts that
(a) Problem (1.1) has no solution for A > 1.
(This is an easy consequence of Pohozaev’s identity.)
(b) Problem (1.1) admits a solution for 0 < A < A\g = A\g(K).
It was also suggested (but not proved) that
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(c) There exists 0 < A\; = A(K) < 1 such that problem (1.1) has no radial solution for
Al <A< 1.

On the other hand, it follows from remarkable results of A. Ambrosetti, A. Malchiodi
and W.-M. Ni [1] that for every fized A < 1, problem (1.1) admits a radial solution for
all K sufficiently large, i.e. K > Ky(\) > 0. (Their condition (1.4) is satisfied since
(r2f(r)) < 0on (1,00) and (1/X) > 1).

It was also suggested in [4] (but not proved) that

(d) for every A < 1 there exists K7 = K;(A) > 0 such that problem (1.1) has no radial
solution for 0 < K < Ky ().

The goal of our paper is to show that indeed (c) and (d) hold and that a similar
phenomenon occurs for a general class of functions f.

Consider the problem
) a2
(1.2b) u=0 on 0By,
where B; denotes the open unit ball in RY, N > 3, and A\ > 0.

(1.2a) —Au+f<|x‘) R in By,

Assume that

(1.3) f e L ([0,00)) and 72 f(r) is non-decreasing on [0, 1].

loc

Note that (1.3) implies that 1i%111 f(r) = f(17) exists.
Our assumptions are satisfied by the following examples :
1.4 =—— K
L) )= o K >0
(1.5) f(r)y=K>0,0<r<1land f(r)=0,r > 1.

Theorem 1.1 Assume that f satisfies (1.3). Then there exists \; € (0,1) (depending
on f) such that for every A\ > A1 the only radial solution of problem (1.2) is u = 0.

Next we fix A = 1. More precisely, consider the problem

(1.6a)  —Au+ f(|lz)u=|u|77u in B,
(1.6b) u=0 on 0B;.
Assume

(1.7) f € L>(0,1) and 72 f(r) is non-decreasing on (0, ) for some ¢ € (0, 1).
Note that (1.7) is satisfied for example if f is smooth on [0, 1] and f(0) > 0.
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Theorem 1.2 For every 6 € (0,1), there exists K1 > 0 (depending only on 6 and N )
such that, if f satisfies (1.7) and ||f||ooc < K1, then the only radial solution of problem
(1.6) is u = 0.

When N = 3, we have a sharper conclusion.

Theorem 1.3 Assume N = 3. There exists Ky > 0 such that, if f € L>*(0,1) and
[|flloo < K1, then the only radial solution of problem (1.6) is u = 0.

Remark 1.4 Theorem 1.3 is consistent with the result of [2] asserting that, when
N = 3, the only radial solution of (1.6) with f = —X and 0 < X\ < 72/4 is u = 0.
However, when N > 4, (1.6) with f = —\ has nontrivial radial solutions with A > 0
arbitrarily small.

Remark 1.5 Under assumption 1.7, it follows from Theorem 1.2 that the only radial

solution of
4

(1.8a) —e*Au+ f(Jz))u = |u|72u in By,
(1.8b) wu=0 on 0By,

is u = 0 provided ¢ is sufficiently large.

Open problem 1.6 Can one remove the word “radial” in Theorems 1.1, 1.2, 1.8 ¢
This question is open (and extremely interesting) in the framework of Theorem 1.3 even
when f is a negative constant.

Now we assume that

(1.9a) f :]0,00) — [0,00) is such that f # 0 on a set of positive measure
and f € LY?(]0, 00), sV~ 1ds),

loc

1/A
(1.9b) IAimAN_Z / f(s)sVds = 0.
10 0

Note that (1.9b) is satisfied if f € LV/2([0, 00), sV 1ds) or if

lim s%f(s) = 0.
Theorem 1.7  Assume that f satisfies (1.9). Then there exists \g > 0 such that
problem (1.2) admits a positive radial solution for 0 < X\ < Ag.

Remark 1.8 Since f > 0, it is not possible to prove the existence of a positive solution
of problem (1.2) by global minimization as in [2]. When f € LY/2([0,00), sV 'ds),
the existence of a positive solution was proved by D. Passaseo in [5] using a clever
constrained minimization problem. In section 4, we adapt his approach to assumption

(1.9).



2. Proof of Theorem 1.1

Write u(z) = u(r) with » = |z|. Problem (1.2) becomes
N -1 T\ u 1
o / LR T s
(2.1a) u —u —i—f<)\> lu|¥=2u, 0<r<l,
(2.1b) v (0) = u(l) = 0.

We use the classical Emden transformation :

u(r) = e¥tw(t), t=—logr.

Then problem (2.1) transforms to

N —2 2 —2t —t
(2.2a) —w"+ ( 1 ) w + e)\z f (%) w= |w|ﬁw, t>0,

(2.2b)  w(0) =0,

_ - N -2
229 fo()] < P ulle and [0 < €7 (52l + el ).

Define

€—2t e—t
(2.3)  ty=—log\ and F\(t) = vf (T)

Lemma 2.1 Let w: [0,00) — R be a solution of (2.2) where f satisfies assumption
(1.3). Then, for 0 < A <1,

(2.4) W' (0)* < -2 /OtA Ex(w(t)w' (t)dt + fF(17)w(ty)?.

Proof.  Multiply equation (2.2a) by w’ and integrate over (0,00). Using (2.2b) and
(2.2¢), we obtain

1 o0
(2.5) 5w’(O)2 +/ F\x(t)w(t)w'(t)dt = 0.
0
Next we write

o] ) o]
(2.6) / Fyww'dt = / Fyww'dt + / Fyww'dt
0 0

tx
and observe that

(27) / waw'dt = —§F)\(t)\+)’w(t>\)2 — 5/ 'LU2dF>\.
ta tx

By assumption (1.3) and by (2.3), F)\(t) is non-increasing on (ty,00) and Fy(t\1) =
f(17). Hence

(2.8) / " Raow'dt > —% FO)w(t)2

tx

Combining (2.5), (2.6) and (2.8) yields (2.4). O
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Lemma 2.2 Let A>0, B>0, L>0 andw € C([0, L]) be such that w(0) =0 and,
for0<t< L,

t

(2.9) W'(t)* < A*+ 232/ lww'|ds.
0

Then, for 0 <t < L,

(e —1)

Se] S

(210)  |w(®)] <
and

(2.11)  |w'(t)| < AePt.

t
Proof.  Define, on [0, L], W(t) = / |w'(s)|ds, so that W' = |«/| and |w|] < W. By
0

assumption, we have
t
(2.12) W/(t)* < A%+ 232/ WW'ds = A% + B2W(t)2.
0

Hence we obtain
W'(t) < A+ BW(t)

or
We find after integration

or

Inserting this into (2.12) yields (2.11). O

Lemma 2.3 Letw:[0,00) — R be a solution of (2.2) where f satisfies assumptions
(1.3). Then, for 1/2 <A <1 and 0 <t <t), we have

|w'(0)]

(213) ()] < 2

(et — 1)

and

(2.14)  [w'(t)] < |w'(0)]e*,

_ 9)2 1/2
where ¢y = sup (%jtrﬂf(rﬂ) .

1<r<2



Proof. 1t follows from equation (2.2a) that

'LU/(t)2 - 'LU/(O)2 ! 1on
5 = 5 +/0 ww' ds
/ 2 t N o 2 2 —2s —Ss
[ (]
0

+

< WO /Ot[(N;2)2+e;js\f<e—;) @ | ds.

For 1/2 < A< 1and 0 <t <t), we obtain
t
w'(t)? < w'(0)* + 203/ lww'|ds.
0

It suffices then to use Lemma 2.2 with A = |w/(0)| and B = c. O

Proof of Theorem 1.1.  If A\ > 1, problem (1.2) has no nontrivial solution by the
argument of Lemma 3.1 in [2].
We assume that 1/2 < A < 1. It follows from Lemma 2.1 that

(2.15)  w'(0)* < 2/: [FA@)] [w(®)] [w'(8)]dt + (17 )w(ta)*.

Inserting (2.13) and (2.14) into (2.15) gives

(2.16)  w'(0)2 < w'(0)2®(N)

where
5% 1

(2.17)  ®(\) = 200/ (e — 1)e®tdt + f(17)—(e®™ — 1)
0 0

Note that as A T 1, £, | 0 and ®(\) — 0. Hence there exists \; € (%, 1) such that
P(N\) < 1for \y < A < 1. It follows from (2.16) that w’(0) = 0 when A\; < A < 1. By
the uniqueness of the Cauchy problem, we complete the proof of Theorem 1.1.

3. Proof of Theorems 1.2 and 1.3

Proof of Theorem 1.2.  We follow the proof of Theorem 1.1 with minor modifications.
Using the same transformation as in Section 2, problem (1.6) becomes

(N —2)?

Y +e P fleHw = |w|ﬁw, t>0

(3.1a) —w" +
(3.1b)  w(0) = 0.
Letting F(t) = e 2 f(e™") and T = —logd we have (as in Lemma 2.1)

6



(32) w'(0)*< 2/0 @] )] [ (@)ld + £(57)5 ()2

Moreover (2.13) and (2.14) still hold on (0, T}) with

N — 92)2 1/2
o= (ST 4 lfl)

Hence we have

Ts
33 0P <wOPllflle] 2 [ e - et Sen -1y

Co

and the desired conclusions is derived when || f|| is sufficiently small.

Proof of Theorem 1.3. We write
wOF <2 [ IFO] w)] fu(o)de
0

Choosing || f||o small, we can assume that ¢y € (1/2,1). Then we have

FOL < I1fllee™,

() < O,
Co

W] < )l

Hence we obtain 5

w@ﬁé%w®ﬂm&/ 2oVt g
Co 0

We conclude as before, since ¢y < 1.

4. Proof of Theorem 1.7

We first define the manifolds

V(B1) = {u€ H(B)):uis radial, [[ul[s- = 1},
V(RY) = {ueD"*(R"Y): uisradial, ||u||p = 1},

where 2* = 2N/(N — 2), and the functionals, for any A > 0,

2]\
oa(u) = /]RN |Vul? + f (7 v dz,

. |z 2%
Uy(u) = /RN)\—I—|x||u| dx.
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Under assumption (1.9) the functional ¢, is well defined but not necessarily finite on
DL2(RN).
In order to prove that

c(A) =inf{pr(u) :u € V(By),¥r(u) > 1/2}

is a critical value of ), , we shall estimate
V(B1)

d(A) = inf{pr(u) : v € V(Bi), ¥a(u) = 1/2}
and
d = inf{p;(u) : u € V(RY), ¢y (u) = 1/2}.
Let us recall that the best Sobolev constant S is defined by

§=5(N)= min ||VuHL2

ueV(R

Lemma 4.1 Under assumption (1.9), for every A > 0, we have that S < d < d()).

Proof. 1t is clear that S < d. Suppose by contradiction that S = d. Then there exists
(u,) C V(RY) such that

Ydr =1/2, ||un,

2*:1.

12 20r — 5 § / |z|
|1l sl — s, [ 2o

By definition of S and by the positivity of f, we have that
(4.1)  |ugl]2r =1, / \Vu,|*dz — S.
RN

Going if necessary to a subsequence, we can assume that
(4.2a)  u, — uin DY(RY),
(42D) V(g — ) = o in [Co(RY)] = M(RY),
(4.2¢)  |up —ul* = vin [Co(RM)]* = M(RY),
(4.2d)  u, — u a.e. on RY,
Lemma 1.40 of [7] implies that
(4.3a) S =||Vull3 +[|ul] + poo,
(4.3b) 1= [ull3 + ||[V]| + veo,
(4.3c) [l < S7H|pl,
(4.3d) ¥ <5,



where

.
Y dx.

oo = Rlim lim \Vu, 2 dz, v = Rlim lim [,

It follows from (4.3a,c,d) and from Sobolev inequality that
ST + Il + 2] < 5.

2*
2%

By (4.3b), the only possible values for ||u lv|| and v, are 0 or 1.

If v, = 1, we obtain a contradiction :

||
1/2 = Up,
/ /RN 1+|ZL’||

If [|v]| =1, then v = 0 and v, = 0. It follows from an inequality due to Strauss
(see [7] p. 56) that

Yde — 1.

u, — 01in LE (RM\{0}).

loc

Thus v is the Dirac measure at 0 and we obtain also a contradiction :

2] 2%
1/2 = nl? d 0.
/ /RN 1+‘:L’||u | T

If ||u||2« = 1, then, by (4.1), / |Vu|?dz = S. In particular u > 0 on RY since u is
N

R
the instanton (see e.g. [2]). It follows then from Fatou’s Lemma that
S < / Vul? + f(lz])u2ds < S
RN

Let u € V(Bi) be such that 1 (u) = 1/2 and define vy(y) = A"z u(\y) when
ly] < 1/A, va(y) =0 when |y| > 1/A. It is easy to verify that

r(va) = au) =172, o1(0x) = @a(uw),  [[oaller = [Jullo- = 1.
Hence we obtain d < d(\). O

Lemma 4.2  Under assumption (1.9), for every A > 0, we have that S < c¢(\) and

1)%1 c(\) =S.

Proof.  As in Lemma 4.1, it is easy to verify, by contradiction, that S < ¢(\). If
S = ¢()), there exists (u,) C V(B;) such that

], us 2]

o? 4 f()2d 12</7n2*d nllos = 1.
v 55 — s 1< [l

Going if necessary to a subsequence, we can assume that (4.2) is satisfied. It is clear
that v, = oo = 0 since B; is bounded.



If ||v|| = 1, we obtain, as in the preceding Lemma, that

|$‘ 2%
1/2 < u,|” dov — 0.
B i

If ||u

e.g. [2]). Hence we have proved that S < ¢(A).
Let € > 0 and u € V(B;) N D(By) be such that

9« = 1, then / |Vul?dz = S. But this is impossible since u € H}(B;) (see

\Vul?dr < S +e.
By

. |z]
it Blf<7 Azd

lim py(u) = |Vu|?dr < S +e.
[0 By

Since 1/{:&)1 Y¥a(u) = 1, there exists 6 > 0 such that, for 0 < A <9,

By (1.10) we have

Hence we obtain

S<cN)<S+e. O

Proof of Theorem 1.7. By Lemma’s 4.1 and 4.2, there exists 6 > 0 such that, for
0< A<,
S < ¢(N) < min{d, 22NV S} < d()).

Since ¢(\) < d(\), Ekeland variational principle implies the existence of a Palais-Smale

sequence for @ at the level ¢(\).
V(B1)

Hence there exists a sequence (a,,) C R and a sequence (u,,) C V(B;) such that
|517| A4
ka(un) - C()‘) Aun + f )\2 an|un| N=2Uy — 0

in H~(By). Therefore, since ||u,

If we define v,, = aglN /4 Uy, we obtain

A w
o) = [\ () g - 15| ar — v,

—Av, + f (‘x|) 2 |vn|ﬁvn — 0

in H=Y(By). But S < ¢()\) < 2¥VS, so that

o« = 1, pa(up) — @, — 0 and «,, — ¢(N).
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SN/2 C()\)N/2 SN/2
< <2 .
N N N

Passing to a subsequence we may assume that v, — v weakly in H} and v satisfies

(4.4)

x|\ v 4
(4.5) —Av+ f (%) i |v|¥=2v in Bj.

On the other hand a decomposition theorem (see Struwe [6], or [7] Theorem 8.13)
implies that

* +o(1),

k
1
P(v,) = ®(v) + Z N | |w;
i=1

where each w; € DV2(RY) satisfies
(4.6) —Aw; = |wi|ﬁw,~ in RY.

Multiplying (4.6) by w;" and w; respectively we see that one of the following conditions
holds for each 7 :

(47&) / ‘U}i‘2* = 0,
RN

(4.7b) / jw;|*” = SN2,
RN

(4.7¢) / |w; | > 2502,
RN

Similarly, one of the following holds

(4.8a) v=0and ®(v) =0,

(4.8b) v has a constant sign and ®(v) > + SN2,
(4.8¢) v changes sign and ®(v) > 25V/2,

Since

« 1
PN NC()\)NQ

k
1
)+ ) & [ |wi

we conclude, using (4.4), that the only possibility is (4.8b) together with (4.7a). O
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