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Abstract

It is usually claimed that the Laguerre polynomials were popularized
by Schrödinger when creating wave mechanics, although we show that he
did not immediately identify them in studying the Hydrogen atom. In the
case of relativistic Dirac equations for an electron in a Coulomb field, Dirac
only gave approaximations, Gordon and Darwin gave exact solutions but
Pidduck first explicitely and elegantly introduced the Laguerre polyno-
mials, an approach neglected by most modern treatises. That Laguerre
polynomials were not very popular before their use in quantum mechan-
ics, probably because of their little use in classical mathematical physics,
is confirmed by the fact that they have been rediscovered independently
several times during the XIXth century, in published or unpublished work
of Abel, Murphy, Chebyshev, and Laguerre.

1 Introduction

In 1923, Louis de Broglie (Dieppe 1892-Louveciennes 1987) published three
short communications [20, 21, 22], proposing to associate a wave to any mov-
ing particle, extending in this way the double character of the photon (par-
ticle and wave). The ingenious intuition of de Broglie was confirmed four
years later by the experiments of Clinton J. Davisson (Bloomington, Ill.
1881-Charlottesville 1958), Lester H. Germer (1896-1971) and George P.

Thomson (Cambridge 1892-1975) on diffraction waves of the electron, but the
equation describing this mysterious wave, and taking also in account the dy-
namics, was still missing in de Broglie’s work. Erwin Schrödinger (Vienna
1887-Vienna 1961), then professor in Zürich and informed in 1925 by Einstein

of de Broglie’s articles, solved this problem already in January 1926 [86], elab-
orating his famous (stationary) equation in three pages, from four equations and
two fruitful and ingenious Ansatz [86]. In this important paper of fifteen pages,
Schrödinger also solved his equation in the case of the Hydrogen atom, using
Fuchs’ theory of linear differential equations and Laplace transform, recovering

2



in this way the energy level given by Bohr in 1913. Both his way of introduc-
ing the wave equation, and his way of solving it for the Hydrogen atom have
disapeared from standard treatises and textbooks on quantum mechanics.

One aim of this paper is to clarify the claim of some mathematicians in-
volved in the theory of special functions, that the Laguerre polynomials were
popularized by Schrödinger when creating wave mechanics. It is partly true,
but the Austrian physicist did not immediately identify the polynomials occur-
ing in the Hydrogenic wave functions with Laguerre polynomials. A part of
this story is very well described and documentend in the remarkable book of
Jagdish Mehra and Helmut Rechenberg [68], but is not mentioned in the
other famous history of quantum mechanics of Max Jammer [49]. In contrast,
the fact is emphasized in Schrödinger’s interesting biography by Walter

Moore [70], who writes on p. 199 :

It is surprising that Schrödinger had so much difficulty in solving the

radial equation. He was using as a reference the little book of Ludwig

Schlesinger, Introduction to the Theory of Differential Equations, pub-

lished in 1900. As the title indicates, it is not a book devoted to the prac-

tical problems of solving differential equations of mathematical physics.

Schrödinger evidently was not yet using the book that became the vade

mecum of theoretical physicists, Methoden der Mathematische Physik I,

published in 1924 by Richard Courant and David Hilbert. On page 161

of this book, the equation satisfied by the Laguerre polynomials appears,

and its form is very close to that of the radial equation for the H-atom,

but the associated Laguerre polynomials, which actually provide the solu-

tions for Schrödinger equation are not cited. The book of Frank and von

Mises, Die Differential-und Integralgleichungen der Mechanik und Physik

was published only at the end of 1925; this gave a complete account of

the associated Laguerre polynomials and their corresponding differential

equations, but it would have been just too late to help Schrödinger.

We discuss those questions in Section 2.

If the Laguerre polynomials are now wordly accepted and used in solving
Schrödinger equation with Coulomb potential, the situation is quite different in
the case of Dirac equations of relativistic quantum mechanics. The second aim of
this work is to survey the various approaches used in order to solve Dirac equa-
tions for relativistic electron, in which the explicit use of Laguerre polynomials
is less popular. In the preface of the second edition of this monumental treatise
[35] written in collaboration with Richard von Mises (Lwow 1883-Boston,
Mass. 1953), Philipp Frank (Vienna 1884-Cambridge, Mass. 1966) mentions
that the first edition of volume 2 was in print when Schrödinger’s first papers
on wave mechanics appeared. But the second edition contains a new sixth part,
of more than one hundred pages, entirely devoted to the new wave mechanics, in-
cluding the relativistic wave equation of Paul Dirac (Bristol 1902-Tallahassee,
Florida 1984). Laguerre polynomials are explicitely used in the solution of the
problem of the electron in a Coulomb field for Schrödinger equation, but not
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for Dirac ones. In fact, Dirac did not solve exactly his relativistic equations
for the Hydrogen atome in his seminal paper [25], but only discussed the first
two approximations. A few months later, Walter Gordon (Apolda 1893-
Stockholm 1939) [38] and Charles G. Darwin (Cambridge 1887-Cambridge
1962) [18] independently solved the equations using power series, that Gordon

recognized as confluent geometric functions, and which are related to Laguerre
polynomials. Laguerre polynomials were explicitely introduced in the solution
of the relativistic electron in a Coulomb field one year later by Frederick B.

Pidduck (Southport 1885-Lakeland 1952) [79]. We analyze those questions in
Section 4.

That Laguerre polynomials were not very popular before their use in quan-
tum mechanics is confirmed by their own story. We show in Section 3 that,
although usually named after Edmond-Nicolas Laguerre (Bar-le-Duc 1834-
Bar-le-Duc 1886), they have been rediscovered independently several times dur-
ing the XIXth century, in published or unpublished work of several mathe-
maticians, like Joseph-Louis Lagrange (Torino 1736-Paris 1813), Niels-

Hendrik Abel (Finnö, Norway 1802-Froland 1829) [97], in an unpublished
manuscript dated 1826, Robert Murphy (Mallow, Ireland 1806-London 1843)
in 1835 [71], Pafnuti L. Chebyshev (Okatovo (Kaluga), Russia 1821-St Pe-
tersburg 1894) in 1859, and Laguerre in 1879. We analyze in Section 3 the
corresponding contributions and their context. For a long time, Laguerre poly-
nomials have remained much less popular than other special functions like Bessel
or hypergeometric functions, and Legendre or Hermite polynomials, probably
because of their smaller use in problems on classical mathematical physics of
this time.

2 Schrödinger equation for the Hydrogen atom

2.1 Schrödinger equation

The first paper [86] of Schrödinger about quantization and eigenvalues pro-
poses a fairly surprising and nowadays almost forgotten method to obtain the
wave equation for the Hydrogen atom. This paper and its genesis have been
nicely analyzed in [8, 37, 51, 55, 104], and we concentrate here on the essential
aspects.

The classical Hamiltonian for the keplerian motion of an electron around a

positively charged fixed nucleus, with Coulomb potential V (r) = − e2

r , is given
by

H(q, p) =
p2

2m
+ V (r) = E,

where E is the energy, q = (x, y, z) the position of the electron, r = (x2 + y2 +

z2)1/2 its distance to the nucleus, p =
(

mdx
dt ,m

dy
dt ,m

dz
dt

)

its linear momentum, e
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and m respectively its charge and its mass. The corresponding Hamilton-Jacobi
equation

H

(

q,
∂S

∂q

)

= E

for the action S of the classical motion of the electron is the nonlinear first order
partial differential equation

(

∂S

∂x

)2

+

(

∂S

∂y

)2

+

(

∂S

∂z

)2

− 2m

(

E +
e2

r

)

= 0.

The first Ansatz in [86] consists in introducing a new function ψ linked to S by
the relation

S = K logψ

for some constant K. Fritz Kubli in [55] notices that such a transformation
already appears in 1911 in a paper by Arnold Sommerfeld (Königsberg 1868-
München 1951) and Iris Runge (1888-1966) (the daughter of Carl Runge

(Bremen 1856-Göttingen 1927)) [94], who attribute the idea to the Dutch physi-
cist Peter Debye (Maastricht 1844-Ithaca 1966). Kubli suggests that Debye,
then professor at the University of Zürich, could have informed Schrödinger,
who quoted the paper in later publications. Indeed, when approximating a wave
equation

∆ψ + n2k2ψ = 0

for k large, the transformation

ψ = A exp(ikS) (1)

is used where A and S are considered as slowly varying functions to obtain, in
first approximation, the eikonal equation

|∇S|2 = n2.

Schrödinger’s Ansatz appears like the inverse of the transformation (1).

Instead of solving the transformed equation

(

∂ψ

∂x

)2

+

(

∂ψ

∂y

)2

+

(

∂ψ

∂z

)2

− 2m

K2

(

E +
e2

r

)

ψ2 = 0, (2)

Schrödinger introduces without any comment, in a bold second Ansatz, the
integral over the whole space of its left-hand member (keeping the same notation
ψ !)

∫ ∫ ∫

R3

[

(

∂ψ

∂x

)2

+

(

∂ψ

∂y

)2

+

(

∂ψ

∂z

)2

− 2m

K2

(

E +
e2

r

)

ψ2

]

dx dy dz
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and studies its extrema over a suitable (not very precisely defined) class of
function ψ vanishing at infinity. The corresponding Euler-Lagrange equation is
the linear partial differential equation of the second order

∂2ψ

∂x2
+
∂2ψ

∂y2
+
∂2ψ

∂z2
+

2m

K2

(

E +
e2

r

)

ψ = 0. (3)

In a correction added at the end of the paper, Schrödinger suggests to impose
the normalization condition

∫ ∫ ∫

R3 ψ
2 = 1, without discussing its relations

with the boundary conditions at infinity. Although Schrödinger gives no
explication and no heuristics about his second Ansatz, one can think that, in his
quest of an eigenvalue problem giving the Bohr’s energy levels as eigenvalues,
he realized that the quadratic left-hand member of (2) used as the integrand of a
variational problem gives as Euler-Lagrange equation a linear partial differential
equation of the second order.

2.2 The solution for the Hydrogen atom

Going from (x, y, z) to spherical coordinates (r, θ, ϕ), and letting, in equation (3)
written in those coordinates, ψ(r, θ, ϕ) = Yn,k(θ, ϕ)χ(r), with Yn,k the spherical
harmonic (|k| ≤ n, n, k integers), Schrödinger obtained the radial equation
for χ(r)

d2χ

dr2
+

2

r

dχ

dr
+

(

2mE

K2
+

2me2

K2r
− n(n+ 1)

r2

)

χ = 0. (4)

In order to apply the Laplace transform with kernel ezr to (4) [47], the centrifu-
gal term in 1

r2 is eliminated through the change of unknown χ(r) = rnU(r),
giving for U an equation of Laplace type

d2U

dr2
+

(

δ0 +
δ1
r

)

dU

dr
+
(

ǫ0 +
ǫ1
r

)

U = 0, (5)

where

δ0 = 0, δ1 = 2(n+ 1), ǫ0 =
2mE

K2
, ǫ1 =

2me2

K
.

Then Schrödinger takes the solution as given in the textbook [85] written in
1900 by Ludwig Schlesinger (Tyrnau 1864-Giessen 1933) (using the same
notations)

U(r) =

∫

L

ezr(z − c1)
α1−1(z − c2)

α2−1 dz,

where the integral is taken along a path L such that the function

∫

L

d

dz
[ezr(z − c1)

α1(z − c2)
α2 ] dz
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is a solution of (5). In those integrals,

α1 =
ǫ1 + δ1c1
c1 − c2

, α2 =
ǫ2 + δ1c2
c2 − c1

,

and c1, c2 are solutions of the quadratic equation (leading term in the equation
in z)

z2 + δ0z + ǫ0 = 0.

Some delicate arguments based upon the condition at infinity, and suitable ma-
nipulations on the signs of E allow him to conclude to the existence of ‘discrete

states’, which implies that α1 − (n + 1) = me2

K
√
−2mE

is a positive integer l > n.

Now, with α1−1 = l+n, α2 = −l+n, the computation of U(r) after expansion
of the algebraic factor gives

χ(r) = f
(

r
√
−2mEK

)

, (6)

f(x) = xne−x
l−n−1
∑

j=0

(−2x)j

j!

(

l + n
l − n− 1 − j

)

.

Schrödinger did not recognize the polynomial part of f(x), essentially a
Laguerre polynomial. Following Mehra and Rechenberg [68], Schrödinger

focused his interest on the energy spectrum {En}, rather than on the eigenfunc-
tions, giving the formulae

−En =
2π2me4

h2l2

after setting K = h
2m from dimensional arguments, where h is Planck’s constant.

One should notice that, in a footnote of [86], Schrödinger thanks Hermann

Weyl (Elmshorn 1885-Zürich 1955), then professor at the University of Zürich,
for giving him the necessary informations to treat equation (4), and sends the
reader to Schlesinger’s book [85]. So, Weyl himself, an outstanding mathe-
matician, did not recognize Laguerre polynomials.

2.3 The occurence of Laguerre polynomials

In a footnote of his second (and longer) paper [87], Schrödinger thanks Erwin

Fues (Stuttgart 1893-1970), then his assistant in Zürich, for identifying the
eigenfunctions of the Planck oscillator with Hermite polynomials, and observes
that he has identified the polynomials obtained in [86] with the (2n + 1)th

derivative of the (n+ l)th Laguerre polynomial. Thus, Schrödinger definitely
abandon Schlesinger’s approach and, following a suggestion of Weyl and
Fues, refers to the recent Methoden der mathematischen Physik of Richard

Courant (Lublinitz 1888-New York 1972) and David Hilbert (Königsberg
1862-Göttingen 1943) [16], published in 1924 with the aim of providing the
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mathematical foundations of ... classical physics. In the French translation of
[89] published in 1933, Schrödinger advises the reader to forget about his
first approach, and suggests to better consult recent books on wave mechanics,
instead of his papers, for a clearer and simpler approach.

The explicit definition of the Laguerre polynomials of degree n (up to a
multiplicative constant An) is [81]

L(α)
n (x) = An

[

n
∑

m=0

(−1)m

(

n+ α
n−m

)

xm

m!

]

(7)

where α is a real or complex parameter, and

(

p
q

)

=
Γ(p+ 1)

Γ(q + 1)Γ(p− q + 1)

is the binomial coefficient, with

Γ(x) =

∫ +∞

0

e−ttx−1 dt (x > 0)

the Gamma function. In the past, the functions L
(0)
n := Ln(x) were called La-

guerre polynomials and the functions L
(α)
n (α 6= 0) the associated or generalized

Laguerre polynomials. The expression Sonine polynomials (see below) is also
sometimes used when α = m, a positive integer. This distinction is now aban-

doned and the expression Laguerre polynomial is used for L
(α)
n (x) for any value

of α.

The choice An = 1 comes from the generating function

Fα(x, t) = (1 − t)−α−1e
xt

t−1 (8)

giving, by expansion in powers of t,

Fα(x, t) =

∞
∑

n=0

L(α)
n (x)tn (|t| < 1). (9)

Easy consequences of (9) are the relations

(n+ 1)L
(α)
n+1(x) − (2n+ α+ 1 − x)L(α)

n (x) + (n+ α)L
(α)
n−1(x) = 0,

x
dL

(α)
n (x)

dx
= nL(α)

n (x) − (n+ α)L
(α)
n−1(x), (10)

dL
(α)
n (x)

dx
= −L(α+1)

n−1 (x), (11)
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so that L
(α)
n satisfies Laguerre differential equation

x
d2y

dx2
+ (α+ 1 − x)

dy

dx
+ ny = 0. (12)

Iteration of formula (11) gives

dpL
(α)
n

dxp
= (−1)pL

(α+p)
n−p ,

but physicists prefer to write

dpLn

dxp
(x) = Lp

n(x) (13)

(without parenthesis for p), taking in account that the degree of Lp
n(x) is no

more n but n − p. Another interesting expression of L
(α)
n (x) is the Rodrigues

representation

L(α)
n (x) =

1

n!
exx−α dn

dxn
[e−xxn+α].

When α is real and larger than −1, the Laguerre polynomials L
(α)
n (x) satisfy

the orthogonality conditions

∫ ∞

0

e−xxαL(α)
n (x)L(α)

m (x) dx = (An)2
Γ(n+ α+ 1)

Γ(n+ 1)
δm,n, (14)

where δm,n denotes Kronecker’s symbol. Concerning the constant An, mathe-

maticians often prefer to consider monic Laguerre polynomials L
(α)

n with leading
term 1, such that

L(α)
n (x) =

(−1)n

n!
L

(α)

n (x),

but physicists, who work in the orthogonality domain α > −1, prefer the or-

thonormed Laguerre polynomials L
∗(α)
n (x) such that

∫ ∞

0

e−xxα
[

L∗(α)
n (x)

]2

dx = 1.

Equation (12) is the special case of the confluent hypergeometric or Kummer
equation, introduced in 1836 by Ernst Eduard Kummer (Sorau 1810-Berlin
1893) [56]

x
d2y

dx2
+ (c− x)

dy

dx
− ay = 0, (15)

9



with a = −n and c = α + 1. The solution of (15) analytic at x = 0 is the
confluent hypergeometric function 1F1(a, c;x) [12, 91], given for c 6= −N, N
positive integer, by

1F1(a, c;x) =

∞
∑

k=0

(a)k

(c)k

xk

k!
, (16)

where (a)k := a(a+ 1) · · · (a+ k − 1) = Γ(a+ k)/Γ(a). Therefore,

L(α)
n (x) =

Γ(n+ α+ 1)

n!Γ(α+ 1)
1F1(−n, α+ 1;x). (17)

For more details, see for example [12, 42, 64, 65, 73, 81, 91].

With the notation of (13), the function f(x) in formula (6) is written, up to
a multiplicative constant, as the Laguerre function xne−(x/2)L2n+1

n+l (x) instead

of xne−(x/2)L2n+1
n−l−1(x). Let us also notice that in books on quantum physics,

n and l are permuted and therefore the quantum number l becomes smaller
than n. Following Schrödinger’s theory, the probability for the electron to

be located at a distance r of the nuclei is controlled by L
(2n+1)
n+l (λr), where the

constant λ depends upon the choice of units and the quantum number l. This
probability vanishes therefore at the zeros of those Laguerre polynomials. For
each l, the n− l − 1 zeros xl

N,i of L2n+1
n+l (x), where N = n− l − 1, generate the

‘universal’ sequences of ‘excited nodes’

Sl
N =

(

1,
xl

N,2

xl
N,1

,
xl

N,3

xl
N,1

, . . . ,
xl

N,N

xl
N,1

)

.

In the third paper [88] where he introduces his famous perturbation method,
Schrödinger uses parabolic coordinates to study Stark’s effect, in which a
constant electric field is added to the Coulomb force. In this case, the sepa-
ration of variables introduces two different Laguerre polynomials with differ-
ent arguments. This paper contains, in a Mathematical appendix, a section
called The orthogonal functions and the generalized Laguerre polynomials where
Schrödinger summarizes, with reference to Courant-Hilbert’s treatise [16],
the definition and main properties of Laguerre polynomials, and, using the gen-
erating function of Laguerre polynomials, evaluatesexplicitly the two important
integrals

J1 =

∫ ∞

0

xpe−xL
(n)
n+k(x)L

(n′)
n′+k′(x) dx

J2 =

∫ ∞

0

xpe−
α+β

2
xL

(n)
n+k(αx)L

(n′)
n′+k′(βx) dx.

Summarizing, Schrödinger did not seem to have been very familiar with
special functions at the time he developed his wave mechanics, even if he refered
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to Legendre’s polynomials when checking if the polynomial in f(x) is not a
Legendre’s one, and even if he had earlier solved the infinite vibrating string with
the Bessel functions Jn(x). His reference book [85] contains a whole chapter on
Gauss differential equation for hypergeometric functions, but does not treat the
confluent form, which, as we have seen, contains Laguerre differential equation as
a special case. Like many other first class scientists, Schrödinger first solved
his equation for the Hydrogen atom using the mathematical tools learned at
the university, instead of searching more recent information. The same attitude
appears also in some way in the famous lecture on physics [34] of Richard

P. Feynman (Far Rockaway, NY 1918-Pasadena 1988), where the equation in
χ(r) is solved using power series, avoiding in this way, for pedagogical reasons
linked to the mathematical level of the students, the explicit introduction of the
Laguerre polynomials.

3 Laguerre polynomials : a historical survey

3.1 Introduction

At the end of the XIXth century, the polynomials (7) with α = 0 were called the
polynomials of E.N. Laguerre, an expression switching to Laguerre polynomials
at the beginning of the XXth century. Richard Askey (1933, St Louis Miss.),
in his comments on Szëgo’s paper [99] given in the Collected Papers of Gabor

Szegö (Kunhegyes 1895-Palo Alto, Calif. 1895) [3], observes that

There is no adequate historical treatment of orthogonal polynomials which

is a shame for many reasons. First, a number of important parts of mathe-

matics are directly related to orthogonal polynomials. Many of the meth-

ods developed to study orthogonal polynomials have been used in other

parts of mathematics. Finally, a source exists which makes it easy to find

most of the important early paper. This is [45]. I think it is the best bibli-

ography that has been compiled on any large part of mathematics. I have

not found it very useful for research work but for historical work it is in-

valuable. [...] The classical orthogonal polynomials are mostly attributed

to someone other than the person who introduced them. Szegö refers to

Abel and Lagrange and Tschebyscheff in [98], Chapter 5, for work on the

Laguerre polynomials L
0

n(x). Abel’s work was published posthumously in

1881. Probably the first published work on these polynomials that uses

their orthogonality was by Murphy [71].

The same names are quoted in [36]. In the special case of Laguerre polynomials,
we shall try to amplify and complete this historical sketch.

3.2 Lagrange

In a section of his memoir Solution de différents problèmes de calcul intégral

([57]) of 1762 entitled Recherche des cas d’intégration de l’équation d2y
dt2 +ayt2m
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= T (with 2m erronously replaced bym), Lagrange first considers the equation

d2z

dt2
+ azt2m = 0, (18)

and uses the substitution of independent variable u = tm+1

m+1 to reduce (18) to

d2z

du2
+
n

u

dz

du
+ az = 0,

where n = m
m+1 . Introducing the new unknown given by z = xeku, with k2+a =

0, Lagrange obtains the differential equation

d2x

du2
+
(

2k +
n

u

) dx

du
+
nk

u
x = 0, (19)

and searches a solution in the form

x = Aur +Bur+1 + Cur+2 + . . . .

In modern terminology, equation (19) is a confluent hypergeometric equation
(15), which can be written in the more standard form

t
d2x

dt2
+ (n− t)

dx

dt
− n

2
x = 0

through the change of variable u = − t
2k . Polynomial solutions of degree n =

−n
2 can effectively be written as Laguerre polynomials L

(n−1)
−n/2 (t), but with a

parameter α = n−1 depending upon n ! Kummer polynomials should probably
be more appropriate (see [46]). It seems therefore more realistic to say that
Lagrange reduced the integration of equation (18) to a Kummer equation,
and gave a polynomial solution of it. The link with Laguerre polynomials is
not very strong. Notice also that in the transformation given by Lagrange

for passing from (18) to (19), the chosen constants 1
m+1 and k2 = −a could

be arbitrary without changing the Kummer-type character of the equation for
x(u).

3.3 Abel

Now, as can be seen on p. 284 of volume II of [97], an unpublished manuscript
of Abel written in 1826 and entitled Mémoires de mathématiques par N.H. Abel
contains, on p. 75-79 a sequence of computations entitled Sur une espèce par-
ticulière de fonctions entières nées du développement de la fonction 1

1−v e
− xv

1−v

suivant les puissances de v. Writing

1

1 − v
e−

xv
1−v =

∑

ϕm(x)vm,
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Abel finds

ϕm(x) = 1 −mx+
m(m− 1)

2

x2

2
− m(m− 1)(m− 2)

2.3

x3

2.3
+ . . .

± m
xm−1

2.3 . . . (m− 1)
∓ xm

2.3 . . .m
.

Thus Abel’s ϕm is identical to Lm given in (7) with α = 0, and is obtained
through the generating function (8) with α = 0. Furthermore, multiplying each
member of the identity

1

(1 − v)(1 − u)
e−

xv
1−v

− xu
1−u =

∑∑

ϕm(x)ϕn(x)vmun

by e−x and integrating over (0,∞), Abel finds

1

1 − vu
=
∑∑

unvm

∫ ∞

0

e−xϕm(x)ϕn(x) dx,

from which he concludes, because of the identity

1

1 − vu
=
∑

unvn,

that the integral
∫ ∞

0

e−xϕm(x)ϕn(x) dx

is equal to one if m = n and to zero if m 6= n. This is the orthogonality condition
(14) with α = 0. Finally, Abel also gives the development of xµ in terms of
ϕ0(x), . . . , ϕµ(x), namely

xµ = A0ϕ0(x) +A1ϕ1(x) + . . .+Aµϕµ(x) (20)

with

Am = (−1)m Γ(µ+ 1)

Γ(m+ 1)
· Γ(µ+ 1)

Γ(µ−m+ 1)
.

This link with Laguerre polynomials seems to have been first noticed by Ar-

chibald Milne [69].

3.4 Murphy

The contribution of Robert Murphy (Mallow 1806-London 1843) is quite
remarkable. In the second of the three memoirs quoted in [71] (p. 146), he
introduces a family of polynomials Tn(z), of degree n, with z = ln t (written as
h.l.t for hyperbolic logarithm of t) :

Tn(z) =

n
∑

k=0

(

n
k

)

zk

k!
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and computes the integrals

I(n,m) =

∫ 1

0

Tn(ln t)(ln t)m dt, (21)

using
∫ 1

0 (ln t)r dt = (−1)rr!. Now I(n,m) becomes

(−1)mm!

n
∑

k=0

(−1)k+m

(

n
k

)

(k +m)!

k!
,

and Murphy proves, and uses, the interesting combinatorial identity

n
∑

k=0

(−1)k+m

(

n
k

)

(k +m)!

k!
= 0 for m < n,

showing in that way, from (21), the orthogonality of the families Tn(ln t) on
]0, 1[ . With Ln(x) = Tn(− ln t), t = ex, Laguerre’s orthogonality formula (14)
(for α = 0) is recovered. Murphy’s trick in proving the combinatorial identity
comes from the expansion of the product, in powers of h, of

(1 + h)n

(

1 +
1

h

)−(m+1)

,

for which the constant term, equal to zero for n > m coincides with the left
handside of the identity. Murphy builds also a Rodrigues’ representation (14)
for the family Tn(ln t), and also a generating function for the {Tn} family.The
technique used here is based on the Lagrange inversion theorem [60], exactly
in the same way as in the article of James Ivory (Dundee 1765-London 1842)
and Carl Gustav Jacobi (Potsdam 1804-Berlin 1851) [48], published two
years later, dealing with the generating function and Rodrigues’ representation
of Legendre polynomials (see [82]).

3.5 Chebychev

Chebyshev’s paper [15] is a continuation of a paper of 1858 [14]. There, given
n+ 1 values F (x0), F (x1), . . . , F (xn) of a function F (x) defined on an interval
I, and a probability law θ(x), Chebyshev searches its approximation by a
polynomial P (x) of degree m < n minimizing the expression

n
∑

i=0

θ(xi)[F (xi) − P (xi)]
2.

He shows that if f(x) :=
∏n

i=0(x−xi), and if the expression f ′(x)θ(x)
f(x) is expanded

in a continued fraction, his jth member ψj is a polynomial of degree j such that

n
∑

i=0

θ(xi)ψj(xi)ψk(xi) = δj,k.
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In [15], Chebyshev extends his approach to different cases where the sums
above are replaced by integrals, and shows that the corresponding sequence of
polynomials can be used to obtain developments of functions in series of those
polynomials ‘analogous to Fourier series’. In particular, when I = [0,∞) and
θ(x) = ke−kx. Chebychev’s method provides the development

F (x) =

∫∞
0
ke−kxψ0(x)F (x) dx
∫∞
0
ke−kxψ2

0(x) dx
ψ0(x)

+

∫∞
0
ke−kxψ1(x)F (x) dx
∫∞
0
ke−kxψ2

1(x) dx
ψ1(x) + . . . ,

where ψ0(x), ψ1(x), . . . are the denominators of the convergents of the develop-

ment in continued fraction of the function
∫∞
0

ke−ku

x−u du. Chebyshev finds the
following simple expressions for the functions ψ0(x), ψ1(x), . . . ,

ψ0(x) = ekx.e−kx, ψ1(x) = ekx d(xe
−kx)

dx
, . . . , ψl(x) = ekx d

l(xle−kx)

dxl
.

Hence, refering to formula (14) with α = 0, we see that, for k = 1, ψn(x) =
n!Ln(x). One can consult [96] for a nice description of Chebyshev’s contribu-
tions. The anteriority of Chebyshev over Hermite (for Hermite’s polynomi-
als) and over Laguerre (for Laguerre’s polynomials) has also been noticed by
Jean Dieudonné in [24]. In the Russian mathematical literature, the Laguerre
polynomials are frequently called the Chebychev-Laguerre polynomials (see e.g.
[64]).

3.6 Laguerre

What remains to Laguerre is to have been the first one to give in the same
paper [58] of 1879 the main properties of Lm(x) : orthogonality, three terms
recurrence relations, differential equation, generating function, and the inversion
formula

xn = n!

n
∑

k=0

(−1)k

(

n
k

)

Lk(x),

which is nothing but Abel’s unpublished formula (20). Laguerre obtained his
polynomials as denominators of the convergents of a development in continued

fractions of the function f(x) =
∫∞

x
e−t

t dt. He did not quote any of the authors
we have just mentioned.

However, in another paper [61], Laguerre has given a general second or-
der differential equation satisfied by a larger class of orthogonal polynomials
{Pn(x)}, called to-day semi-classical orthogonal polynomials [41]. This equa-
tion, rediscovered by Oskar Perron (Frankenthal 1880-München 1975)[76] in
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a Padé approximant context, is now sometimes called Laguerre-Perron’s equa-
tion. Using Laguerre’s notations, this equation for the semi-classical orthog-
onal polynomial y(x) = Pn(x) reads as

w(x)θn(x)
d2y

dx2
+ [(2v(x) +

dw

dx
(x))θn(x) − w(x)

dθn

dx
(x)]

dy

dx
+ κn(x)y = 0,

where v(x) and w(x) are polynomials occuring in a first order linear non-
homogeneous differential equation for the Stieltjes function f(x) linked to the
orthogonality weight ρ(x) by the relation

f(x) =

∫

ρ(z)

x− z
dz.

The polynomials θn(x) and κn(x), of degree independent of n, are in general
difficult to compute from v(x) and w(x). Laguerre develops in detail the
case where w(x) = x and 2v(x) = α − x, giving θn(x) = 1 and κn(x) = n,
discovering in this paper the generalized Laguerre polynomials Lα

n(x) and giving
their explicit representation. Hence it is uncorrect to write, like in [65], p. 76,
that Laguerre studied only the case where α = 0.

This important paper, published one year before Laguerre’s death and
omitted by Eugène Rouché (Sommières 1832-Lanel 1910) in the list of La-

guerre’s scientific papers concluding [84], has been forgotten by the editors
when compiling Volume I of Laguerre’s Oeuvres [43] devoted to algebra and
integral calculus, and has been added at the end of Volume II devoted to geom-
etry. This omission can possibly be explained from two previous short publica-
tions of Laguerre in 1879 and 1884 respectively, having (almost) the same title
and reproduced in Volume I of the Oeuvres [59]-[60]. The first one appeared
in the Bulletin de la Société mathematique de France, and the second one in
the Comptes Rendus des séances de l’Académie des Sciences, both related to
the longer important paper of Volume II of the Oeuvres. There exists some
mishmashs about the three titles, in the articles and in the tables of content
of the Oeuvres : ‘fonction’ and ‘fraction’ appear randomly in ‘Sur la réduction
en fractions continues d’une fraction (or fonction)...’ In fact ‘fraction’ is prob-
ably a misprint, ‘fonction’ being more appropriate. Furthermore, the note [60],
wrongly dated from 1879 on p. 445 of [43], is from 1884 and anounces the
longer paper [61]. The version of [61] (in the Oeuvres, vol. II) corrects the
wrong numbering of the sections and formulas in the original paper, but omits
its last sentence, where Laguerre promises to come back to the integration
of some systems of difference equations, already considered, in special cases,
by Jacobi and Carl Wilhelm Borchardt (Berlin 1817-Rudersdorf 1880),
using elliptic and abelian functions :

Je reviendrai du reste sur ce point particulier, en essayant de compléter à

certains égards les résultats obtenus par ces illustres géomètres.

Notice that, in his notice on Laguerre, [6], Michael Bernkopf insists upon
the fact that this edition of the Oeuvres ‘teems with errors and misprints,’ but
misses also introduction of the general family Lα

n(x) in [61].
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3.7 Sokhotskii and Sonine

The same extension of Ln(x) has been given in 1873 by Yulian V. Sokhotskii

(Warsaw 1842-Warsaw 1927) in 1880 [93], and in a long paper by Nikolai J.

Sonine (Tula 1849-St Petersburg 1915) [95] on cylindrical Bessel functions.
There, in Section 40, the polynomials T n

m(x) of degree n, still sometimes refered
as Sonine polynomials, are defined through the generating functions

ϕm(r, x) =
e−rJm(2i

√
rx)

(i
√
rx)m

=

∞
∑

n=0

T n
m(x)rn,

where Jm(s) is the Bessel function of first kind and m is an integer. From the
differential equation obtained by Sonine, it is easy to identify T n

m(x) (up to a

constant factor) with the polynomials 1F1(−n,m + 1;x) or L
(m)
n (x). Sonine

does not mention Laguerre in his paper.

3.8 Fejér

In a paper of 1909 [33], anounced in a short note at the Comptes Rendus
[32], Leopold Fejér (Pécs 1880-Budapest 1959), without any mention of La-

guerre and of the other authors above, obtains the asymptotic development
of the function

e
1

z−1

(1 − z)ρ
= γ0 + γ1z + . . .+ γnz

n + . . . ,

where ρ is a real number. Fejér obtains the expression

γn ≃ 1

πe

sin
[

2
√
n+

(

3
4 − ρ

2

)

π
]

n( 3
4
− ρ

2 )
. (22)

In a note to this paper, Turán [101] observes that e
−

xw
1−w

(1−w)α+1 being the generating

function of the Laguerre polynomials L
(α)
n , (22) provides the first asymptotic

development of those polynomials, which, explicitely is given by

L(α)
n (x) ≃ 1√

π
eα/2x−

α
2
− 1

4n
α
2
− 1

4 cos
[

2
√
nx− (2α+ 1)

π

4

]

.

4 Dirac equations for the Hydrogen atom

4.1 Dirac : a perturbation approach

The history of Dirac’s relativistic theory of electrons [25] is nicely described in
[52] and [53]. His system of equations for an electron in an electromagnetic field
with scalar potential A0 and vector potential A = (A1, A2, A3) is



p0I +

3
∑

j=1

αjpj + α4mc



ψ = 0, (23)
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where ψ = (ψ1, ψ2, ψ3, ψ4),

p0 = − h

2πic

∂

∂t
+
e

c
A0, pj =

h

2πi

∂

∂xj
+
e

c
Aj (j = 1, 2, 3),

and α1, . . . α4 are (4 × 4)-matrices satisfying the relations

αrαs + αsαr = 2δr,sI (r, s = 1, 2, 3, 4).

In the special case of a central field of force, where A1 = A2 = A3 = 0 and
A0 = c

eV (r), and of time periodic solutions (so that p0 is now a parameter equal
to 1/c times the energy level E), Dirac shows, after lengthy considerations
based upon noncommutative algebra arguments instead of classical separation
of variables, that the radial part of the first and the third components ψ1 and
ψ3 of ψ must satisfy the system of first order differential equations

[p0 + V (r)]ψ1 −
h

2π

dψ3

dr
− jh

2πr
ψ3 +mcψ1 = 0

[p0 + V (r)]ψ3 +
h

2π

dψ1

dr
− jh

2πr
ψ1 −mcψ3 = 0 (24)

where j is an integer (Dirac’s quantum number). The two other components
of ψ verify the same system.

The elimination of ψ1 implies that ψ3 satisfies a second order differential
equation of the form

d2ψ3

dr2
+

[

(p0 + V )2 −m2c2

h2
− j(j + 1)

r2

]

ψ3 −
1

Bh

dV

dr

(

d

dr
+
j

r

)

ψ3 = 0, (25)

where B = (p0 + V + mc)/h. The acceptable values of the parameter p0 = E
c

are those for which (25) has a solution finite at r = 0 and r = ∞. To compare
this equation with those of previous theories, Dirac puts ψ3 = rχ, so that χ
must be solution of

d2χ

dr2
+

2

r

dχ

dr
+

[

(

p0 + V

h

)2

−
(mc

h

)2

− j(j + 1)

r2

]

χ

− 1

Bh

dV

dr

(

d

dr
+
j + 1

r

)

χ = 0. (26)

If one neglects the last term, small on account of hB being large, one recovers,
for V (r) = e2/cr, Schrödinger equation (4) with relativity correction included.

Dirac then shows that the next approximation gives corrections − e2

2mc2r3 (j+1)

and e2

2mc2r3 j which coincide with the ones given by the earlier theory of Wolf-

gang Pauli (Wien 1900-Zürich 1958) [75] and of Darwin [17], incorporating
the spin in Schrödinger’s theory.

We see that Dirac did not solve exactly his equation for the Hydrogen
atom but restricted himself to the first two approximations. Why did such a
mathematically gifted theoretical physicist refrain from solving exactly equation
(26) for the Coulomb field ? According to Helge Kragh [52, 53],
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According to Dirac’s own account, he did not even attempt to solve the

equation (26) exactly, but looked for an approximation from the start.

Dirac explains it [...] : ‘I was afraid that maybe they [i.e. the higher order

corrections] would not come out right.’ [...] I shall propose a somewhat

different version [...]. Having found equation (26) and having realized that

it contained the correct spin, Dirac was in a hurry to publish and was not

prepared to waste time in a detailed examination of the exact energy

levels of the hydrogen atom. He realized that it was not a mathematically

simple problem and decided to publish the first approximation. [...] Dirac

knew that other physicists were also on the trail, so he may indeed have

been motivated by [...] fear of not being first to publish, not any fear that

the theory have serious shortcomings. This conjecture is substantiated by

the fact that he did not attempt to obtain the exact agreement, not even

after he had published his theory.

4.2 Gordon : using confluent hypergeometric functions

It did not take long to other physicists to obtain the complete solution. The
first one was Gordon, and the story is pleasantly told on p. 63 in Kragh’s
interesting biography of Dirac [53] :

Within two weeks following submission of the paper, Walter Gordon in

Hamburg was able to report to Dirac that he had derived the exact fine

structure formula from the new equation and that Heisenberg’s first ques-

tion could thus be answered affirmatively. Reporting the main steps in

the calculation, Gordon wrote : ‘I should like very much to learn if you

knew these results already and if not, you think I should publish them.’

Dirac’s answer must have been positive, and, in a paper received on February
23th 1928, Gordon [38] starts from the system of equations (24) obtained by

Dirac in [25] with V (r) = e2

cr , namely

dψ1

dr
=
j

r
ψ1 +

[

2π

h
mc

(

1 − E

mc2

)

− α

r

]

ψ3

dψ3

dr
=

[

2π

h
mc

(

1 +
E

mc2

)

+
α

r

]

ψ1 −
j

r
ψ3 (27)

where E is the energy of the electron including the energy at rest mc2, α = 2π
h

e2

c
is Sommerfeld’s fine structure constant, j is the quantum number introduced
by Dirac. Letting

ψ1 =

√

1 − E

mc2
(σ1 − σ2), ψ3 =

√

1 +
E

mc2
(σ1 + σ2)

and then

σ1 = e−k0rf1, σ2 = e−k0rf2,
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with k0 = 2π
h mc

√

1 − E
mc2 (k0 > 0 for the discrete spectrum), Gordon obtains

the system

df1
dr

=

(

2k0 −
α/mc2

√

1 − (E/mc2)2
1

r

)

f1 −
(

j +
α

√

1 − (E/mc2)2

)

f2
r

df2
dr

= −
(

j − α
√

1 − (E/mc2)2

)

f1
r

+
α/mc2

√

1 − (E/mc2)2
f2
r
. (28)

He then searches solutions in the form

f1(r) = rρ
∞
∑

ν=0

c(1)ν rν , f2(r) = rρ
∞
∑

ν=0

c(2)ν rν

which gives, by identification,

ρ =
√

j2 − α2 (29)

and

c
(1)
0

c
(2)
0

= − n
α√

1−(E/mc2)
2 − j

c(1)ν =
(−2k0)

ν(n− 1)(n− 2) . . . (n− ν)

ν !(2ρ+ 1)(2ρ+ 2) . . . (2ρ+ ν)
c
(1)
0 ,

c(2)ν =
(−2k0)

νn(n− 1) . . . (n− ν + 1)

ν !(2ρ+ 1)(2ρ+ 2) . . . (2ρ+ ν)
c
(1)
0 ,

(ν = 1, 2, . . .), where

n =
αE

mc2
√

1 − (E/mc2)2
− ρ. (30)

From this, Gordon concludes that

σ1(r) = c
(1)
0 e−k0rr

√
j′2−α2

1F1(−n+ 1, 2ρ+ 1; 2k0r),

σ2(r) = c
(2)
0 e−k0rr

√
j′2−α2

1F1(−n, 2ρ+ 1; 2k0r), (31)

where 1F1 is the confluent hypergeometric function defined in (16) (Gordon

writes F instead of the more recent notation 1F1). He notices that the σj are of
the same type as Schrödinger’s eigenfunctions for the Hydrogen atom, which
can be written as χ(r) = e−k0rrl

1F1(−n, 2l+2, 2k0r). Excluding the case where
β = 0 or a negative integer, Gordon observes that 1F1(α, β, r) is a polynomial
in r of degree −α when α is a negative integer, so that, for n = 1, 2, 3, . . . , one
obtains a solution. When α and β are real numbers which are not non positive
integers, Gordon shows that the corresponding solutions have an exponential
growth, and hence cannot satisfy the normalization condition. This is also
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the case when n = 0 and j > 0, although an acceptable solution exists when
n = 0 and j ≤ −1. Taking in account the relation (17) between the Laguerre
polynomials and confluent geometric functions, one can say that Gordon has
implicitely solved the Hydrogen problem for Dirac equations through Laguerre
polynomials.

4.3 Darwin : using power series

The same problem was also treated independently the same year in a paper by
Darwin [18], received March 6th 1928 (two weeks later than Gordon !). As
mentioned in Dirac’s biography [53], Darwin went to Cambridge a few days
before Christmas 1927, and reported, in a letter to Niels Bohr, about his
surprise of learning about Dirac’s new electron theory :

I was at Cambridge a few days ago and saw Dirac. He has now got a

completely new system of equations for the electron which does the spin

right in all cases and seems to be ‘the thing.’ His equations are first

order, not second, differential equations ! He told me something about

them but I have not yet even succeeded in verifying that they are right

for the hydrogen atom.

In contrast to Gordon, whose paper is purely technical, Darwin starts with
some comments about Dirac’s abstract approach to relativistic quantum me-
chanics :

There are probably readers who will share the present writer’s feeling

that the methods of non-commutative algebra are harder to follow, and

certainly much more difficult to invent, than are operations of types long

familiar to analysis. Wherever it is possible to do so, it is surely better

to present the theory in a mathematical form that dates from the time

of Laplace and Legendre, if only because the details of the calculus have

been so much more thoroughtly explored. So the object of the present

work is to take Dirac’s system and treat it by ordinary methods of wave

calculus.

The same opinion is also expressed in a letter of Darwin to Niels Bohr quoted
in [53] :

I continue to find that though Dirac evidently knows all about everything

the only way to get it out of his writings is to think of it all for oneself in

one’s own way and afterwards to see it was the same thing.

In order to find the levels of energy in the radial field of force, Darwin

sets p0 = 1
c [E + eV (r)], omits the vector potentials, writes the corresponding

Dirac equations as the explicit system of four equations in four stationary wave
functions ψj (j = 1, 2, 3, 4)

2πi

hc

(

E +
e2

r
+mc2

)

ψ1 +

(

∂

∂x
− i

∂

∂y

)

ψ4 +
∂

∂z
ψ3 = 0
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2πi

hc

(

E +
e2

r
+mc2

)

ψ2 +

(

∂

∂x
+ i

∂

∂y

)

ψ3 −
∂

∂z
ψ4 = 0

2πi

hc

(

E +
e2

r
+mc2

)

ψ3 +

(

∂

∂x
− i

∂

∂y

)

ψ2 +
∂

∂z
ψ1 = 0 (32)

2πi

hc

(

E +
e2

r
+mc2

)

ψ4 +

(

∂

∂x
− i

∂

∂y

)

ψ1 −
∂

∂z
ψ2 = 0,

and, using this time classical separation of variables, expresses the four function
as spherical harmonics multiplied by radial functions. He shows that ψ1, ψ2

must involve the same radial function F (r), and ψ3, ψ4 the same radial function
G(r). Taking as trial solutions

ψ1 = −ia1F (r)Pu
k+1, ψ2 = −ia2F (r)Pu+1

k+1 ,

ψ3 = a3G(r)Pu
k , ψ4 = a4G(r)Pu+1

k ,

where Pu
k denotes the whole spherical harmonic (called Yn,k in Section 2.2), and

triying to adjust the aj so that all four equations in (32) are satisfied, Darwin

finds

a1 = 1, a2 = 1, a3 = k + u+ 1, a4 = −k + u

with F and G solutions of the following system of equations

2π

hc

[

E + eV (r) +mc2
]

F +
dG

dr
− k

r
G = 0

−2π

hc

[

E + eV (r) −mc2
]

F +
dF

dr
+
k + 2

r
G = 0. (33)

The corresponding solution is named (Fk, Gk). Another way of elimination leads
to

a1 = k + u, a2 = −k + u+ 1, a3 = 1, a4 = 1,

with F and G solutions of the system

2π

hc

[

E + eV (r) +mc2
]

F +
dG

dr
+
k + 1

r
G = 0

−2π

hc

[

E + eV (r) −mc2
]

F +
dF

dr
− k − 1

r
G = 0. (34)

Observing that (34) is the same as (33) after the substitution k → −k − 1,
Darwin denotes the solution of (34) by (F−k−1, G−k−1). In order to discuss
system (33) in the case of the Coulomb potential V (r) = e

r , Darwin introduces
the positive numbers A and B defined by

A2 :=
2π

hc
(E +mc2), B2 :=

2π

hc
(−E +mc2)
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and the fine structure constant γ := 2π
h

e2

c . Then system (33) becomes

(

A2 +
γ

r

)

F +
dG

dr
− k

r
G = 0

(

B2 − γ

r

)

G+
dF

dr
+
k + 2

r
F = 0, (35)

and Darwin tries to solve this system in series of the form

F (r) = e−λr
(

a0r
β + a1r

β−1 + a2r
β−2 + . . .

)

G(r) = e−λr
(

b0r
β + b1r

β−1 + b2r
β−2 + . . .

)

.

This gives him

bs = cs

[

γ
B

A
+ β + k + 2 − s

]

as = cs
B

A

[

γ
A

B
− β + k + s

]

with the cs such that, with k′ =
√

(k + 1)2 − γ2 supposed positive,

2AB(s+ 1)cs+1 = −cs(β + 1 − s− k′)(β + 1 − s+ k′),

and so

cs = (−1)s (β − k′ + 1) . . . (β − k′ − s+ 2)(β + k′ + 1) . . . (β + k′ − s+ 2)

2s · s!(AB)s
.

In order that those solutions remain finite throughout space, the series must
terminate for some value of s such that β − s ≥ 0. It is therefore necessary that
β = k′ + n′ − 1 for some integer n′ ≥ 0, which determines the energy levels

E = mc2
[

1 +
γ2

(k′ + n′)2

]−1/2

. (36)

Observing that the positivity of k was nowhere used in the process above, Dar-

win concludes that the same solution holds for (34) with Coulomb potential
provided that k is replaced by −k − 1.

Formula (36) is the same as the one already obtained by Sommerfeld in
the frame of the old relativistic theory of quanta. As pertinently observed by
Helge S. Kragh [53], on p. 63,

The fact that Dirac equations yielded exactly the same formula for the

hydrogen atom that Sommerfeld had found thirteen years earlier was an-

other great triumph. It also raised the puzzling question of how Somer-

feld’s theory, based on the old Bohr theory and without any notion of

spin, could give exactly the same energy levels as Dirac’s theory. But this

was a historical curiosity that did not bother the physicists.

In contrast to Gordon, Darwin does not relate his solutions to any special
function.
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4.4 Pidduck : using Laguerre polynomials

Less than one year after Gordon and Darwin, Pidduck [79], in a paper re-
ceived November 6th, 1928, solved Dirac equations for the Hydrogen atom using
explicitely Laguerre polynomials. Let us first write a few words on this scientist,
who is less known than the other ones mentioned until now [2]. Frederick

Bernard Pidduck was born on July 17th, 1885, at Southport, England. After
high school in Manchester Grammar School, he proceeded to Exeter College,
Oxford, in 1903. He took a First Class in Maths Moderations (the first public
examination) in 1904, was awarded the Johnson University Scholarship in 1907,
took a First Class degree in physics in 1907, his MA in 1910 and D. Sci. in 1923.
His thesis included two important contributions to the kinetic theory of gases.
Between 1907 and 1921, he was a Fellow at Queen’s College, Oxford. He has
been also Lecturer at Exeter College (1912-13), Oxford University Demonstra-
tor to the Wykeham Professor of Physics (1912-20), Oxford University Lecturer
in Applied Mathematics (1921-27), and Reader (1927-34). He was Fellow of
Corpus Christi College, Oxford between 1921-1950, Assistant Tutor (1921-26),
Tutor (1926-50). He served as Vice-President of the College (1924-26; 1931-32),
and was University of Oxford Pro-Proctor (1923-24). During the First World
War, he was a Ballistic Research Officer at the Woolwich Arsenal (1916-19),
where his work gained official commendation. He retireed in 1950 and lived
from there at Keswick. Active and athletic, Pidduck was an all-the-year round
swimmer, and an amateur photograph. He died June 18 1952 and his body was
found on July 1 on a Lakeland mountainside. Pidduck entered little into the
life of his Colleges and University and was apt to dwell on grievances. This lack
of social contacts may have contributed to his somewhat justified feelings of lack
of public recognition for his notable achievements.

More than a theoretical physicist, Pidduck was an applied mathematician
in the British tradition and contributed mostly to the mathematical theory of
electricity, with special attention to diffraction of waves and the magnetron os-
cillator. He published in 1916 a Treatise on Electricity (translated in Spanish
in 1921, reedited in 1925), the Lectures on Mathematical Theory of Electricity
in 1937, and the Currents in aerials and high-frequency networks in 1946. He
was an enthusiast of the M.K.S. system of electrical units, co-authoring in 1947
with R.K. Sas a pamphlet on The Metre-kilogram-second System of Electrical
Units. All this work made of course Pidduck familiar with the use of orthogo-
nal polynomials and special functions, and he indeed introduced in 1910, in a
contribution to fluid mechanics [78], a class of polynomials, he denoted (n, λ),

generated by the function (1+z)λ

(1−z)λ+1 . He also introduced the polynomials {n, λ}
associated to the generating function (1+z)λ

(1−z)λ , obtained some recurrence relations

and showed that

0 ≤ (n, λ) < 22nλn, 0 ≤ {n, λ} < 22n−1λn−1.

The polynomials (n, λ) are now sometimes refered as Pidduck polynomials (see
[5]) and are related to other ones like the Mittag-Leffler, Hardy and Pollaczek
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polynomials [80].

Let us now come to Pidduck’s contribution to the solution of Dirac equa-
tions for the electron. He starts his paper as follows :

The radial functions in Dirac’s theory of the electron were found by Gor-

don for the field of a single nucleus and shown to be degenerate hyperge-

ometric functions of the type used by Schrödinger. Gordon’s results are

obtained here by a slightly different method, in which the two functions

are made to depend on a single function satisfying Laguerre’s differential

equation.

Quite strangely, Pidduck does not quote Darwin’s paper [18] but, when writ-
ing the equations for the radial functions supposedly taken from Gordon’s
paper [38], he really starts from Darwin’s system (35) (with F replaced by
−F ), and not from Gordon’s one (28). He defines j to be k + 1 when it is
positive and −k when it is negative (the value zero being excluded), to obtain

2π

hc

(

hν +mc2 +
e2

r

)

F − dG

dr
+
j − 1

r
G = 0 (37)

dF

dr
+
j + 1

r
F − 2π

hc

(

−hν +mc2 − e2

r

)

G = 0, (38)

and states ’write, with a small modification of Darwin’s notation’ (our empha-
sis),

γ =
2πe2

hc
, hν =

mc2N

n
, n = (N2 + γ2)1/2, α =

h

4πmcγ
=

h2

8π2me2
. (39)

He then changes the independent variable by letting x = r
an to obtain the system

[

n+N

2γ
x+ γ

]

F − x
dG

dx
+ (j − 1)G = 0

x
dF

dx
+ (j + 1)F −

[

n−N

2γ
x− γ

]

G = 0. (40)

Pidduck’s ingenious idea consists then in looking for F (x) and G(x) in the
form

F (x) = e−KxxJ−1

(

Px
dz

dx
(x) +Qz(x)

)

G(x) = e−KxxJ−1

(

Rx
dz

dx
(x) + Sz(x)

)

, (41)

involving the single function z(x), where K, J, P,Q,R, S are undetermined con-
stants. The identification of the two second order differential equations gener-
ated by introducing (41) into (40) allows the computation of those constants,
namely

K =
1

2
, J = (j2 − γ2)1/2,

Q

S
= − γ

j + J
,
P

R
=

γ

n+N
,
S

R
= n−N + j + S.
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Now, the first equation reduces to

x
d2z

dx2
+ (q + 1 − x)

dz

dx
+ pz = 0 (p = N − J, q = 2J)

and so z(x) = Lq
p(x), in order to insure that F (x) and G(x) vanish at infinity.

An explicit use of the structure relation (10) for Laguerre polynomials allows
Pidduck to write the solutions F and G as a linear combination of two Laguerre
polynomials

F (x) = − γ

n+N
e−

x
2 xJ−1

[

(n+ j)Lp
q(x) + (N + J)Lq

p−1(x)
]

(42)

G(x) = e−
x
2 xJ−1

[

(n+ j)Lp
q(x) − (N + J)Lq

p−1(x)
]

. (43)

Pidduck concludes by observing that

one can now calculate the integrals required in the theory of pertur-
bations with the same facility as in Schrödinger’s theory, since the
methods of [88] do not require q to be an integer.

To compare Pidduck’s results with Gordon’s ones, we notice that, Gordon’s
α is Pidduck’s γ (Sommerfeld’s fine structure constant), and writing E = hν
in (39) gives

N =
γE

mc2
√

1 − (E/mc2)2
,

and

p =
γE

mc2
√

1 − (E/mc2)2
− (j2 − γ2)1/2, q = 2(j2 − γ2)1/2.

Hence, (30) shows that p is equal to Gordon’s n, and (29) shows that q is equal
to two times Gordon’s ρ. Hence, relation (17) implies that Gordon’s solution
(31) and Pidduck’s solution (42) imply indeed the same Laguerre polynomials.

4.5 Further literature

In contrast to the case of Schrödinger equation, Laguerre polynomials do not
seem to have been adopted by classical textbooks on relativistic quantum me-
chanics in solving Dirac equations for the Hydrogen atom. In his epoach-making
monograph [26] of 1930, Dirac includes a solution of his equation for the Hy-
drogen atom and only quotes Gordon’s paper [38]. However, his approach is
closer to Darwin’s one, as he solves the radial equation through a series, with-
out any mention of confluent hypergeometric functions or Laguerre polynomials.
Darwin’s paper was chosen by Louis de Broglie to explain the fine struc-
ture of hydrogen atom in his monograph [23] of 1934 devoted to a presentation
of Dirac’s theory. One can find there a very clear and detailed exposition of
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Darwin’s contribution. Weyl’s monograph [105] and the well known survey
papers of E.L. Hill-R. Landshoff [44], and of Hans A. Bethe (Strasbourg
1906-Ithaca, NY 2005) and Edwin E. Salpeter (Austria 1924) [7] in the Hand-
buch der Physik all follow Gordon in representing the two functions as a linear
combination of confluent hypergeometric functions 1F1(a, b;x) with polynomial
coefficients, although Hill-Landshoff also describe Darwin’s paper. More
recently, the volume 4 of the monumental treatise of Lev D. Landau (Baku
1908-Moscow 1968) and Evgeny M. Lifchitz (Kharkov 1915-Moscow 1985
[62] only quotes Gordon and Darwin, and gives Gordon’s solution in terms
of the confluent hypergeometric functions.

Pidduck’s contribution has also been overlooked by Leverett Davis Jr,
who starts his paper [19] of 1939 as follows :

It does not appear to have been noticed that the radial functions that arise

in the treatment of Dirac’s relativistic hydrogenic atom can be expressed

in terms of generalized Laguerre polynomials.

He wrongly believes to be the first one to express the radial functions in terms
of Laguerre polynomials Lα

n(x) for values of α and n related to the quantum
numbers. He neither quotes Gordon [38] nor Darwin [18]. Finally, Laguerre
polynomials are absent in the quoted papers on the history of Dirac equations,
and in Dirac’s authoritative scientific biography [53].

A clear and detailed treatment of Dirac equations for the Coulomb field is
given in the monograph [74] of Arnold F. Nikiforov and Vasilii B. Uvarov.
Starting from Dirac equations in the form given by [7], they look for solutions
of the form

(

ψ1

ψ2

)

= f(r)Ωjlm(θ, φ)

(

ψ3

ψ4

)

= (−1)(l−l′+1)/2g(r)Ωjl′m(θ, φ)

where j is a quantum number specifying the total angular momentum of the
particle (j = 1/2, 3/2, . . .); l and l′ are orbital angular momentum quantum
numbers, which, for given j, can have the values j − 1

2 and j + 1
2 , with l′ =

2j − l; the quantum number m takes half-integral values between the numbers
−j and j. The functions Ωjlm and Ωjl′m, called spherical spinors, are connected
to spherical harmonics Ylm. Substitution gives a system of first order linear
equations in f and g whose solution must be such that rf(r) and rg(r) are
bounded near 0 and

∫ +∞

0

r2[f2(r) + g2(r)] dr = 1.

A careful and detailed elimination procedure leads to the solution of a differential
equation of the form

xy′′ + (2ν − x)y′ + ny = 0
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whose only polynomial solutions are Laguerre polynomials, namely y(x) =
BnL

2ν−1
n (x). This allows to express f and g in terms of products of xν−1e−x/2

with suitable linear combinations of xL2ν+1
n−1 (x) and L2ν−1

n (x). Notice that no
references are given to Gordon or Pidduck, and that Nikiforov-Uvarov’s
treatment is less elegant and more complicated that Pidduck’s one.

Let us end with a very recent development related to Dirac equations and
Laguerre polynomials, which is due to Antonio J. Durán and F. Alberto

Grünbaum [28]. In 1949, Mark G. Krein (Kiev 1907-Odessa 1989) developed
a theory of matrix-valued orthogonal polynomials without any reference to dif-
ferential equations [54]. In 2004, Durán and Grünbaum developed a method
to produce matrix-valued polynomials associated with second order differential
operators with matrix coefficients [27]. Observing that Schrödinger equation is
solved in several special problems through the use of orthogonal polynomials,
and that Dirac equations can be seen as a first order differential equation with
matrix coefficients acting on a four-component vector function, they establish
a connection between the solution of Dirac equations for a central Coulomb
potential and the theory of matrix-valued orthogonal polynomials initiated by
Krein. They quote Darwin’s paper, but neither Gordon’s nor Pidduck’s
ones, despite of the fact that both Laguerre polynomials and hypergeometric
confluent functions are mentioned, which are absent of Darwin’s treatment.
They ground their discussion on the solutions of Dirac equations given in [83]
and [74].

The systematic lack of reference to Pidduck’s paper has a possible expla-
nation. After 1926, most of the fundamental papers in quantum mechanics
were published in the journals Zeitschrift für Physik or Proceedings of the Royal
Society of London. Pidduck’s paper appeared in the Journal of the London
Mathematical Society, not very popular among contemporary physicists, and
hence was completely forgotten until the publication in 1940 of the important
bibliography on orthogonal polynomials [45].

5 Conclusion

Despite of their multiple paternity, the Laguerre polynomials took more time
to enter in the classical treatises of analysis of the end of the XIXth or the be-
ginning of the XXth century than other special functions like Legendre polyno-
mials, Bessel functions, hypergeometric functions, Chebyshev or Hermite poly-
nomials. For example, there is no trace of Laguerre polynomials neither in
the monumental treatises of analysis of the French mathematicians Hermann

Laurent (Echternach 1841- Paris 1908) [63], Camille Jordan (Croix-Rousse
1838-Milan 1922) [50], Émile Picard (Paris 1856-Paris 1941) [77], Édouard

Goursat (Lanzac 1858-Paris 1936) [39] or Jacques Hadamard (Versailles
1865-Paris 1963) [40], nor even in the Modern Analysis of the British math-
ematicians Edmund T. Whittaker (Southport 1873-Edinburgh 1956) and
George N. Watson (Westward Ho 1886-Leamington Spa 1965), specialized
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in special functions, nor in Die partiellen Differential-Gleichungen der Mathe-
matischen Physik of the German mathematician Heinrich Weber (Heidelberg
1842-Strassburg 1913).

This may be the reason why they were not immediately identified by Schrö-

dinger in the solution of his equation for Hydrogen atom. However, besides
their presence in the solution of this important physical problem, and the
one of Hermite’s polynomials in the solution of the linear oscillator in wave
mechanics showed that further developments and computational successes of
Schrödinger’s quantum mechanics strongly depended upon the appropriate
tools developed by mathematicians involved in special functions and spectral
theory, and surveyed in volume 1 of the Methoden der mathematischen Physik
of Courant and Hilbert published in 1924 [16].

But, in return, those physical applications popularized mathematical con-
cepts that had remained rather confidential. It is the case of the Laguerre poly-
nomials, as examplified, for example, by the fact that they have been included in
subsequent treatises on analysis, like those of Georges Valiron (Lyon 1884-
1955) [102], Jean Favard (Peyrat-la-Nonière 1902-Paris 1965) [31], Vladimir

I. Smirnov (St. Petersburg 1887-St Petersburg 1975) [92], Michäıl Lavren-

tiev and Boris Shabat [64] or Srishti D. Chatterji [13].

The fruitful interplay between mathematics and physics always has two win-
ners.
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1982

[4] Askey, R., Comments to [99], in Collected Papers of G. Szegö, vol. 3,
Birkhäuser, Boston, 866-869

29



[5] Bacry, H., Boon, M., Lien entre certains polynômes et quelques fonc-
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A. éds., Polynômes orthogonaux et applications (Bar-le-Duc, 1984), Lect.
Notes Math. No. 1171, Springer, Berlin, 1985

[12] Buchholz, H., The Confluent Hypergeometric Function, Springer, Ber-
lin, 1969

[13] Chatterji, S.D., Cours d’analyse, 3 vol., Presses polytechniques et uni-
versitaires romandes, Lausanne, 1997-98

[14] Chebychev, P.L., Sur les fractions continues, J. Math. Pures Appl. (2)
3 (1858), 289-323. Oeuvres 1, 201-230
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des fonctions continues en séries, Math. Ann. 16 (1880), 1-80

[96] Steffens, K.G., The History of Approximation Theory. From Euler to
Bernstein, Birkhäuser, Basel, 2006
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Birkhäuser, Basel, 1970, 502-503

[102] Valiron, G., Cours d’analyse mathématique, 2 vol., Masson, Paris, 1942-
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