A RELATIVE THEORY OF
UNIVERSAL CENTRAL EXTENSIONS

JOSE MANUEL CASAS AND TIM VAN DER LINDEN

ABsTRACT. Basing ourselves on Janelidze and Kelly’s general notion of central
extension, we study universal central extensions in the context of semi-abelian
categories. Thus we unify classical, recent and new results in one conceptual
framework. The theory we develop is relative to a chosen Birkhoff subcategory
of the category considered: for instance, we consider groups vs. abelian groups,
Lie algebras vs. vector spaces, precrossed modules vs. crossed modules and
Leibniz algebras vs. Lie algebras.

INTRODUCTION

This article provides a unified framework for the study of universal central exten-
sions, using techniques from categorical Galois theory and, in particular, Janelidze
and Kelly’s relative theory of central extensions [28]. Its aim is to make explicit the
underlying unity of results in the literature (for groups, Leibniz algebras, precrossed
modules, etc. [T, 10} 111, 20, 2T]) and to unite them in a single, general setting. Thus
a basic theory of universal central extensions is developed for all these special cases
simultaneously.

We work in a pointed Barr exact Goursat category A with a chosen Birkhoff
subcategory B of A; the universal central extensions of A are defined relative to
the chosen B. This is the minimal setting in which the theory of central extensions
from [28] can be used to obtain meaningful results on the relations between perfect
objects and universal central extensions. (Indeed, we need A to be Barr exact and
Goursat for the concepts of normal and central extension to coincide, and for split
epimorphic central extensions to be trivial; and perfect objects can only be properly
considered in a pointed context.)

The simultaneously categorical and Galois theoretic approach due to Janelidze
and Kelly is based on, and generalises, the work of the Frohlich school [I8], 19 B5]
which focused on varieties of {2-groups. Recall [25] that a variety of Q-groups
is a variety of universal algebras which has amongst its operations and identities
those of the variety of groups but has just one constant; furthermore, a Birkhoff
subcategory of a variety is the same thing as a subvariety.

In order to construct universal central extensions, we further narrow the context
to that of semi-abelian categories with enough projectives [4] 29], which still includes
all varieties of 2-groups. We need a good notion of short exact sequence to construct
the centralisation of an extension, and the existence of projective objects gives us
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weakly universal central extensions. The switch to semi-abelian categories also
allows us to make the connection with existing homology theories [14} [16], [I7] and
to prove some classical recognition results for universal central extensions.

Although some examples (for instance groups vs. abelian groups and Lie algebras
vs. vector spaces) are absolute, meaning that they fit into the theory relative to
the subcategory AbA of all abelian objects, others are not: precrossed modules
vs. crossed modules, and Leibniz algebras vs. Lie algebras, for instance. In this
absolute case, some results were already investigated in [2I]; they appear as special
cases of our general theory.

The text is structured as follows. In the first section we develop that part of the
theory which does not depend on the existence of either projective objects or short
exact sequences. Here we work in pointed Barr exact Goursat categories. We sketch
the context and recall the basic definitions of perfect object and (universal) central
extension. Some of the simpler correspondences between them are developed, as
e.g. Proposition [[.11] on the universality of a central extension vs. perfectness of
its domain. Further results are obtained in the setting of semi-abelian categories
with enough projectives. In Section [2| we prove that any perfect object admits
a universal central extension (Theorem . We show that, when AbA c B, a
central extension is universal exactly when its domain is perfect and projective with
respect to all central extensions (Proposition , and we also make connections
with semi-abelian homology (Theorem . In Section |3| we consider the case of
nested Birkhoff subcategories C € B ¢ A. Given a perfect object B of B we obtain a
short exact sequence comparing the second homology of B, viewed as an object of B,
with the second homology of B, viewed as an object of A. The difference between
them is expressed in terms of a universal central extension of B (Proposition
where we assume that AbA < C < B c A). Finally, in Section 4] we show how the
theory unifies existing with new results by explaining the examples of groups vs.
abelian groups, Leibniz algebras vs. Lie algebras vs. vector spaces, and precrossed
modules vs. crossed modules vs. abelian crossed modules.

1. BASIC DEFINITIONS AND RESULTS

In their article [28], Janelidze and Kelly introduced a general theory of relative
central extensions in the context of exact Goursat categories. This is the theory
we shall be considering here, focusing on the induced relative notion of universal
central extension. We give an overview of the needed definitions and prove some
preliminary results on the relation between universal central extensions and perfect
objects. In the following section we shall narrow the context to semi-abelian cate-
gories with enough projectives in order to prove the existence of universal central
extensions.

1.1. Barr exact Goursat categories. Recall that a regular epimorphism is
a coequaliser of some pair of arrows. A category is regular when it is finitely
complete with coequalisers of kernel pairs and with pullback-stable regular epi-
morphisms. In a regular category, any morphism may be factored as a regular epi-
morphism followed by a monomorphism, and this image factorisation is unique
up to isomorphism. A category is Barr exact when it is regular and such that any
internal equivalence relation is a kernel pair.

Next to Barr exactness, the theory of central extensions considered in [28] needs
the surrounding category to satisfy the Goursat property. (Then, for instance, the
concepts of normal extension and central extension coincide, and every split epi-
morphic central extension is trivial. Both of these facts are crucial in what follows.)
A Barr exact category is called Goursat when for every pair of equivalence rela-
tions R, S on an object X the condition SRS = RSR holds. For most examples the
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slightly less general and better known context of exact Mal’tsev categories suffices:
here any internal reflexive relation is an equivalence relation or, equivalently, the
condition SR = RS holds for all equivalence relations R, S on an object X. A
variety is Mal’tsev in this sense if and only if it is a Mal’tsev variety. Moreover, a
Barr exact category is Mal’tsev if and only if the pushout of a regular epimorphism
along a regular epimorphism always exists, and the comparison morphism to the
induced pullback is also a regular epimorphism [§]. See [28] for further details.

1.2. Birkhoff subcategories. The notion of central extension introduced in [28§]
is relative, being defined with respect to a chosen subcategory B of the category A
considered.

Let A be a Barr exact Goursat category. A Birkhoff subcategory B of A
is a full and reflective subcategory which is closed under subobjects and regular
quotients. We write the induced adjunction as

b

AEL;B (A)

)

and denote its unit n: 14 = b. A Birkhoff subcategory of a variety of universal
algebras is the same thing as a subvariety. If A is finitely complete Barr exact
Goursat then so is any Birkhoff subcategory B of A.

For a given full, replete and reflective subcategory B, being closed under subob-
jects is equivalent to the components 14 of the unit of the adjunction being regular
epimorphisms. If now B is full, reflective and closed under subobjects then the
Birkhoff property of B (i.e., closure under quotients) is equivalent to the following
condition: given any regular epimorphism f: B — A in A, the induced square of
regular epimorphisms

B—t s

l l (B)

is a pushout.
From now on, B will be a fixed Birkhoff subcategory of a chosen Barr exact
Goursat category A.

1.3. Extensions and central extensions. An extension in A is a regular epi-
morphism. A morphism of extensions is a commutative square between them, and
thus we obtain the category ExtA of extensions in A.

With respect to the Birkhoff subcategory B, there are notions of trivial, normal
and central extension. An extension f: B — A in A is trivial (with respect
to B) or b-trivial when the induced square is a pullback. The extension f
is normal (with respect to B) or b-normal when one of the projections fo, f1
in the kernel pair (R[f], fo, f1) of f is b-trivial. That is to say, f is normal with
respect to B if and only if in the diagram

R[f]%BHf 4

"R[f]l inB
b fo

bR[f] ? bB

both commutative squares are pullbacks, since one of them being a pullback implies
that so is the other. Finally, f is central (with respect to B) or b-central when
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there exists an extension g: C' — A such that the pullback g*f of f along g is
b-trivial.

Remark 1.4. Clearly, every normal extension is central; in the present context, the
converse also holds, and thus the concepts of normal and central extension coincide.
Furthermore, a split epimorphism is a trivial extension if and only if it is a central
extension [28, Theorem 4.8|. Finally, central extensions are pullback-stable [28],
Proposition 4.3].

Remark 1.5. Together with the classes |[ExtA| and |ExtB| of extensions in A and B,
the adjunction forms a Galois structure

b
I = (AZ LB, |ExtA|, [ExtB|)
D

in the sense of [26].

1.6. Pointed categories. In what follows it will be crucial that the terminal ob-
ject 1 of A is also initial, i.e., that the category A is pointed. In this case, the
object 1 = 0 is called the zero object of A. A morphism f is zero when it factors
over the zero object.

Since the reflector b always preserves pullbacks of split epimorphisms along split
epimorphisms, in the pointed case it also preserves products.

From now on, 4 will be a fixed pointed exact Goursat category; any Birkhoff
subcategory B of A is also pointed exact Goursat.

1.7. Perfect objects. An object P of A is called perfect (with respect to B)
or b-perfect when bP is the zero object 0 of B. If f: B — A is an extension and B
is b-perfect then so is A, because the reflector b preserves regular epimorphisms,
and a regular quotient of zero is zero.

Lemma 1.8. Let P be a b-perfect object and f: B — A an extension.
(1) If f is b-trivial then the map
Hom(P, f) = fo(—): Hom(P, B) —» Hom(P, A)
18 a bijection;
(2) if f is b-central then Hom(P, f) is an injection.

Conversely, if Hom(P, f) is an injection for every b-trivial extension f then the
object P is b-perfect.

Proof. The extension f being b-trivial means that the square is a pullback. If
bg, b1: P — B are morphisms such that foby = fob; then by is equal to b; by the
uniqueness in the universal property of this pullback: indeed also ngoby = bbgenp =
0 = bbionp = npoby. Thus we see that Hom(P, f) is injective. This map is also
surjective, since any morphism a: P — A is such that njoa = baonp = 0 = bfo0
and thus induces a morphism b: P — B for which fob = a.

Statement 2 follows from 1 because the functor Hom (P, —) preserves kernel pairs,
and a map is an injection if and only if its kernel pair projections are bijections.

As to the converse: the morphism !pp: bP — 0 is a b-trivial extension; since
'bpomp = 0 =l po0, the assumption implies that np is zero, which means that P is
b-perfect. O

1.9. Universal central extensions. For an object A of A, let Centry, A denote the
category of all b-central extensions of A, i.e., the full subcategory of the slice cat-
egory A/A determined by the central extensions. A (weakly) initial object of this
category Centrp A is called a (weakly) universal b-central extension of A. A b-
central extension u: U — A is weakly universal when for every b-central extension
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f: B — A there exists a morphism f from u to f, i.e., such that fof = u. Further-

more, v is universal when this induced morphism f is unique. Note also that, up
to isomorphism, an object admits at most one universal b-central extension.

Lemma 1.10. If u: U — A is a universal b-central extension then the objects U
and A are b-perfect.

Proof. Since the first projection pr,: A x bU — A is a trivial extension, by Re-
mark [[4] it is central. By the hypothesis that u is universal, there exists just one
morphism {u,v): U — A x bU such that pr,e{u,v) = u. But then 0: U — bU is
equal to ny: U — bU, and bU = 0. Since a regular quotient of a perfect object is
perfect, this implies that both U and A are b-perfect. O

Proposition 1.11. Let A be a pointed Barr exact Goursat category and B a Birk-
hoff subcategory of A. Letu: U — A be a b-central extension. Between the following
conditions, the implications 1 © 2 < 3 = 4 < 5 hold:

(1) U is b-perfect and every b-central extension of U splits;
(2) U is b-perfect and projective with respect to all b-central extensions;
(3) for every b-central extension f: B — A, the map

Hom(U, f): Hom(U, B) — Hom(U, A)

s a bijection;
(4) U is b-perfect and u is a weakly universal b-central extension;
(5) u is a universal b-central extension.

Proof. Suppose that 1 holds. To prove 2, let f: B — A be a b-central extension
and g: U — A a morphism. Then the pullback ¢*f: B — U of f along g is still b-
central; hence g* f admits a splitting s: U — B, and (f*g)os is the required morph-
ism g — f. Conversely, given a b-central extension f: B — U, the projectivity of U
yields a morphism s: U — B such that fos = 1y.

Conditions 2 and 3 are equivalent by Lemma [I.§

Condition 3 implies condition 5: given a b-central extension f: B — A of A,
there exists a unique morphism f: U — B that satisfies fof = w.

Finally, 4 and 5 are equivalent by Lemma and Lemma [1.10) (]

Remark 1.12. To prove that condition 4 implies 3 we would require U itself to
admit a universal b-central extension, which need not be the case in the present
context. But if such a universal b-central extension of U does exist then the above
five conditions are equivalent, as is shown in Proposition [2:22]

2. THE UNIVERSAL CENTRAL EXTENSION CONSTRUCTION

Our aim is now to prove that every perfect object admits a universal central
extension. To do so, a richer categorical context is needed; for instance, a good
notion of short exact sequence will be crucial in the construction of the centralisation
of an extension and in the passage to a perfect subobject of an object. The existence
of projective objects will also become important now: they will give us weakly
universal central extensions. We switch to the framework of semi-abelian categories
with enough projectives.

2.1. Semi-abelian categories. A pointed and regular category is Bourn proto-
modular when the (Regular) Short Five Lemma holds: this means that for
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any commutative diagram

K[f/] % B’ fH A

. l l (©)

Klfl o B—5>4

such that f and f’ are regular epimorphisms, k& and a being isomorphisms implies
that b is an isomorphism. A semi-abelian category is pointed, Barr exact and
Bourn protomodular with binary coproducts [29]. A variety of Q-groups is always
a semi-abelian category. A semi-abelian category is always Mal’tsev (hence it is
also Goursat) [4].

Since a regular epimorphism is always the cokernel of its kernel in a semi-abelian
category, an appropriate notion of short exact sequence exists. A short exact
sequence is any sequence

K—tsp—tsa
that satisfies k = ker f and f = coker k. We denote this situation

0 Ketsp-toa 0. (D)

Lemma 2.2. [0, [6] Consider a morphism of short exact sequences such as (C)
abowve.

(1) The right hand side square fob = aof’ is a pullback iff k is an isomorphism.
(2) The left hand side square ker fok = boker f' is a pullback iff a is a mono-
morphism. O

The first statement implies that any pullback square between regular epimorph-
isms (i.e., any square fob = acf’ as in (C)) is a pushout. It is also well-known that
the regular image of a kernel is a kernel [29]. In any semi-abelian category, classical
homological lemma’s such as the Snake Lemma and the 3 x 3 Lemma are valid; for
further details and many other results we refer the reader to the article [29] and
the monograph [4].

From now on, A will be a semi-abelian category and B a Birkhoff subcategory

of A.

2.3. Commutators and centralisation. The kernel i of the unit 7 of the adjunc-
tion gives rise to a “zero-dimensional” commutator as follows: for any object A

of A,

A n

0—> [A, Alp—225 4 " pA 0

is a short exact sequence in A; hence A is an object of B if and only if [A, A], = 0.
On the other hand, an object A of A is b-perfect precisely when [A, A], = A.
This construction defines a functor [—, —]p: A — A and a natural transformation
w: [—,—]p = 14. The functor [—, —]p preserves regular epimorphisms; we recall
the argument. Given a regular epimorphism f: B — A, by the Birkhoff property,
the induced square of regular epimorphisms is a pushout—but this is equivalent
to the induced morphism [f, f]p in the diagram

n

"> bB 0

[f,f]bé fl lbf
'
0——>[A, Alp>—> A ——>bA 0

OH[B,B][,DMB B
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being a regular epimorphism.

Lemmaimplies that an extension f as in @ is b-central if and only if either
one of the morphisms [fo, folb, [f1, f1]b is an isomorphism, which happens exactly
when they coincide, [fo, folb = [f1, f1]b-

[K, B]b

4
ker[fo ,fo]bI -
RIS NRLf]

0 —> [R[f], R[f]lo >— R[f] —>bR[f] —0

[fO;fO]blL[fl;fl]b folifl bfolibﬁ
oy

0—>[B,B]p> B >bB 0

UB nB

Hence the kernel [K, B], of [fo, fo]p measures how far f is from being central:
indeed, f is b-central if and only if [K, B], is zero.

Remark 2.4. This explains, for instance, why a sub-extension of a central exten-
sion is central. It is worth remarking here that a morphism of extensions (b, ao)
as in below is a monomorphism if and only if such is bg.

The “one-dimensional” commutator [K, B], may be considered as a normal sub-
object of B via the composite upo[f1, f1lse ker[fo, folo: [K, B]lp — B. Thus the
Galois structure I' from Remark induces a new adjunction

by
ExtAﬁ; CExtpA,
where CExtpA is the full reflective subcategory of ExtA determined by the b-
central extensions. Given an extension f: B — A with kernel K, its centralisation
by f: B/[K,B], — A is obtained through the diagram with exact rows

0—— [K, B]b[> B > [K,BB]b 0
|l
ob——>A———A——>0.

Considering this diagram as a short exact sequence

I n}

f—vbif 0

in the semi-abelian category of arrows ArrA (morphisms here are commutative
squares) we obtain a description of the unit n' of the adjunction and its kernel .

0 ——> K[n;] >

2.5. Baer invariants. We recall the basic definitions of the theory of Baer in-
variants [16] Definition 3.1 and 3.3]. Two morphisms of extensions (b, ag) and
(bi,a1): f — f

bo

B —=

I

AA—=A

ay

are homotopic when ayp = a;. A Baer invariant is a functor F: Ext4A — A
which makes homotopic morphisms of extensions equal: if (bg,ag) =~ (b1, a1) then
F(bg,ap) = F(by,a1). Such a functor sends homotopically equivalent extensions to
isomorphic objects.
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For instance, the functor ExtA — A that maps an extension

0 Kotsp-—Toa 0 (F)

to the quotient [B, B]y/[K, B]p is an example of a Baer invariant, as is the functor
which maps this extension to the quotient (K A [B, Blp)/[K, Blp. See [16], and in
particular its Proposition 4.6, for further details.

2.6. Existence of a weakly universal central extension. We say that A has
weakly universal central extensions (for some Birkhoff subcategory B of A)
when every object of A admits a weakly universal b-central extension. This hap-
pens, for instance, when A has enough (regular) projectives, so that for any ob-
ject A of A, there exists a regular epimorphism f: B — A with B projective, a
(projective) presentation of A.

Lemma 2.7. If the category A is semi-abelian with enough projectives then it has
weakly universal central extensions for any Birkhoff subcategory B.

Proof. Given an object A of A, the category CentrpbA has a weakly initial ob-
ject: given a projective presentation f: B — A with kernel K, its centralisation
b, f: B/[K, B], — A is weakly initial. Indeed, any b-central extension g: C — A
induces a morphism by f — ¢ in Centr, A, as the object B is projective. O

2.8. The Schur multiplier. Let A be an object of A and f: B — A a projective
presentation with kernel K. The induced objects

[B, Blb and K A [B,Blp

[K, Bl [K, Bl
are independent of the chosen projective presentation of A as explained above.
Hence the following makes sense:

Definition 2.9. By analogy with classical homology theories, the latter object
(K A [B,B]b)/[K, Blp is called the second homology object or the Schur mul-
tiplier of A (relative to B) and is written Hy(A,b). We write U(A,b) for the
object [B, Blp/[K, Bly, and H; (A, b) will denote the reflection bA of A into B.

Remark 2.10. The objects Hy(A, b) and Hy(A,b) are genuine homology objects:
if A is a semi-abelian monadic category then they may be computed using comon-
adic homology as in [I7]—mnote that the monadicity here implies existence of enough
projectives. In any case, they fit into the homology theory worked out in [14]. The-
orem 5.9 in [16] states that any short exact sequence (]E[) induces a five-term exact
sequence

Hy(B,b) — Ha(A,b) [RoT: H,(B,b) —H;(A4,b) — 0.

This is a relative generalisation of the Stallings—Stammbach sequence for groups
(which is recovered when b is the abelianisation functor from A = Gp to B = Ab),
a categorical version of the analogous results in [I8], 19] B5].

2.11. Existence of a universal central extension. The Baer invariants from 2.5
may now be considered for all weakly universal b-central extensions of an object A:
indeed, any two such extensions of A are always homotopically equivalent. Since
for any weakly universal b-central extension the commutator [K, B]y is zero,
the objects
[B, Bl and K A [B,B]s

are independent of the chosen weakly universal central extension of A. (Here,
as in [27], the Hopf formula becomes Hy(A4,b) = K A [B,B],. Also note that
U(A,b) = [B, Bly.)
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We are now ready to prove that, if A is b-perfect, then a universal b-central
extension of A does exist. This is a relative version of Proposition 4.1 in [21].

2.12. The perfect subobject. When there are weakly universal central exten-
sions, any central extension of a perfect object contains a subobject with a perfect
domain. We prove this in two steps: first for weakly universal central extensions,
then in general. This implies that any perfect object admits a universal central
extension when weakly universal central extensions exist.

Lemma 2.13. Suppose A is a semi-abelian category with a Birkhoff subcategory B.
Then any weakly universal b-central extension of a b-perfect object contains a sub-
object with a b-perfect domain.

Proof. Let be a weakly universal b-central extension of a b-perfect object A.
Since py4 is an isomorphism and [f, f]p is a regular epimorphism, the morphism
foup = paolf, flb in the induced diagram with exact rows

0— > K A[B,Bly>——>[B,Bly 2% 4 — >0

| - [

0 K> B 7 > A 0

is also a regular epimorphism. The extension foupg is b-central as a subobject of
the b-central extension f; its weak universality is clear. By Proposition the
object [B, B]p is b-perfect, because the extensions foup and f are homotopically
equivalent, so that [B, Bly = [[B, Blb, [B, Bls]b- O

Lemma 2.14. Let A be a semi-abelian category with weakly universal central ex-
tensions for a Birkhoff subcategory B of A. If f: B — A is a b-central extension
of a b-perfect object A, then [B, By is also b-perfect.

Proof. The object B admits a weakly universal central extension v: V — Bj; then
the centralisation w: W — A of the resulting composite fov is a weakly universal
b-central extension. Indeed, given any b-central extension g: C — A, there is a
factorisation f*g: V — C of v through the pullback f*¢g: C — B of g along f, and
then the composite (g* f)o(f*g): V — C yields the needed morphism w — ¢ by the

universal property of the centralisation functor.
Since the comparison W — B is a regular epimorphism, such is the induced
morphism [W, W], — [B, B]y; but a regular quotient of a perfect object is perfect.
O

Theorem 2.15. Let A be a semi-abelian category with enough projectives and B a
Birkhoff subcategory of A. An object A of A is b-perfect if and only if it admits a
universal b-central extension. Moreover, this universal b-central extension may be
chosen in such a way that it occurs in a short exact sequence

ub
0 —> Hy(A4,b)>——>U(A,b) — 2 4 —> 0.

Proof. If an object admits a universal b-central extension then it is b-perfect by
Lemma Conversely, let be a weakly universal central extension of a b-
perfect object A (Lemma. Then by Lemma it admits a (weakly universal
central) subobject with a b-perfect domain. By Proposition this subobject is
also universal. The shape of the short exact sequence follows from the arguments

given in [2.11] O
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2.16. An “absolute” property of relative universal central extensions. It
is worth remarking here that a universal b-central extension is always central in an
absolute sense, namely, with respect to the abelianisation functor ab: A4 — AbA.
Here AbA is the Birkhoff subcategory of A consisting of all objects that admit
an internal abelian group structure; see, for instance, [7]. If u: U — A is a uni-
versal b-central extension then U = [U,U], since U is b-perfect and [U, U]y =
[R[u], R[u]]b since u is b-central. Hence the diagonal U — R[u], being isomorphic
to pu : [R[u], R[u]]ls — R[u], is a kernel. By Proposition 3.1 in [7], this implies that
u is ab-central.

2.17. Cross-effects and the Higgins commutator. Central extensions, relative
to Ab.A may also be characterised in terms of the Higgins commutator |24} [36], which
in turn may be obtained as a cross-effect of the identity functor on A. This will
turn out to be useful later on in Lemma of which the proof is based on the
convenient properties higher cross-effects and higher-order commutators.

Given two objects K and L of A, the second cross-effect

(K|IL) =Ker [('& ? Y+ K+ L - K x L]

of the identity functor 14 evaluated in K, L behaves as a kind of “formal com-
mutator” of K and L (see [24] and [36]). If now k: K — X and I: L — X are
subobjects of an object X, their (Higgins) commutator [K, L] < X is the image
of the induced composite morphism
L ()
(K|IL)—5% K + L —5 X,

When K v L = X, the Higgins commutator [K, L] is normal in X so that it
coincides with the Huq commutator considered in |7, [4]. Hence any extension in A
such as above is ab-central if and only if [K, Bl,, = [K, B] is trivial.

The Higgins commutator generally does not preserve joins, but the defect may
be measured precisely—it is a ternary commutator which can be computed by
means of a cross-effect of order three. Let us extend the definition above: given a

third subobject m: M — X of the object X from the ternary commutator
[K, L, M] < X is the image of the composite
k
(L)

LK,L,M

(K|L|M)

where vx 1, ar is the kernel of
ik 1 O

K+L4+M—""5(K+L)x(K+M)x (L+M).

The object (K|L|M) is the third-order cross-effect of 14 evaluated in K, L
and M.

Lemma 2.18. [24,23] If K, L, M < X, then
[K,Lv M]|=[K,L]v[K,M]v|[K,L M]
where all joins are computed in X. 0

It is precisely the availability of this join decomposition which makes the Higgins
commutator useful in what follows. Many things can be said about these ternary
commutators; let us just mention that they are generally not decomposable into
iterated binary ones, and refer to [23] for further information.
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2.19. Recognition of universal central extensions. We now prove some re-
cognition results on universal b-central extensions. As will be apparent from the
following crucial lemma and the counterexample [4.8] here we need that AbA is
contained in B, so that we may suitably reduce the given relative situation to the
absolute case.

Lemma 2.20. Let A be a semi-abelian category with enough projectives. If B is
an ab-perfect object and f: B — A and g: C — B are ab-central extensions then
the extension fog is ab-central.

Proof. Let k: K — C be the kernel of g and [: L — C the kernel of fog, then B
being ab-perfect implies that C' = K v [C, C]:

;0] —[B, B]

> B 0

|

ab(C) H’i()

g9

0 K>

[c
k ;E g

the pushout of n¢ and g is trivial, and the join K v [C,C] (as normal subob-
jects, which in fact is also the ordinary join as subobjects) is the kernel of the
diagonal genc. As a consequence, [L, C] vanishes when [L, [C, C]] does:
[L,.Cl=[L,K v[C,Cl]=[L,K]vI[L,[C,C]] v I[L, K,[C,C]]
by Lemma [2.18] and [L, K] < [C,K] = 0 as g is ab-central, which (via a result
from [24]) also implies that
[L.K.[C,C]] < [C.K.C] < [C.K]

is trivial.

The proof that [L, [C, C]] = 0 is essentially a variation on Lemma [L.8 where we
use that [C, C] is ab-perfect (Lemma via Lemma [2.7). The extension f being
ab-central implies

9[L,[C,C]] = [¢L,[B, B]] < [K[f], B] = 0.
The extension g being ab-central means that the square in the diagram

go g

Rlg] — ¢ ——>B

- B iﬁc

abR[g] —> ab(C

abgo

is a pullback. Hence
9oL Yot i) = 0 = go0: (L|[C,C]) - L+ [C,C] - C - B
and there is an induced morphism <0,{,. Yoty 1.0t (L|[C,C]) = Rlg]. Now
clearly goo{0,0) = 0 = goo{0, <#lc >OLL7[C7C]>, but also
Nr1g1°<0, 0y = ab{0, 0oz 1c,c)

=0

= ab{0, { e otr.e.conLiic.cn

= nr[g)€0, (L, Your joos
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in fact,

_ ab(0,1 _ /a0,y
b0, etz geen) = (antoey ) otntccr = oy ) o)
= ab{0, 1o{'§ Youp, (o0 = 0,

because [C, (] is ab-perfect and <1OC >0L L.[c,c] is zero (by definition of the cross-
effect (L|[C, C1])). The uniqueness in the universal property of pullbacks now implies
that

€0,y Yorrfe,c = €0,0): (L|[C, C]) — Rg],
so that (! Yeur [c.c] = 0 and the commutator [L,[C, C]] vanishes. O

Lemma 2.21. Let A be a semi-abelian category with enough projectives and B a
Birkhoff subcategory of A that contains AbA. If u: U — A is a b-central extension
andV:V — U is a universal b-central extension then the extension uov is b-central.

Proof. As explained in both u and v are ab-central. Moreover, as AbA is
contained in the Birkhoff subcategory B of A, the objects U, V and A are ab-
perfect. Now by Lemma also the composite uov: V' — A is ab-central. Again

using that B is bigger than AbA we see that uov: V' — A is a b-central extension
(cf. Lemma [3.1]3 below). O

Proposition 2.22. Let A be a semi-abelian category with enough projectives and BB
a Birkhoff subcategory of A that contains AbA. Then in Proposition[1.11], condi-
tion 4 implies condition 1. Hence a b-central extension u: U — A is universal if
and only if its domain U is b-perfect and projective with respect to all b-central
ezxtensions.

Proof. Suppose that u: U — A is a universal b-central extension; we have to prove
that every b-central extension of U splits. By Theorem [2.15] U admits a universal
b-central extension v: V' — U. It suffices to prove that this v is a split epimorphism.
By Lemma the composite uov is b-central. The weak b-universality of u now
yields a morphism s: U — V such that uoves = u. But also wely = wu, so that
vos = 1y by the b-universality of u, and the universal b-central extension v splits.
The result follows. O

Theorem 2.23. Let A be a semi-abelian category with enough projectives and B a
Birkhoff subcategory of A that contains AbA. A b-central extension u: U — A is
universal if and only if Hy(U,b) and Ho(U,b) are zero.

Proof. = If u: U — A is a universal b-central extension then by Proposition[2:22| we
have Hy (U, b) = bU = 0 and U is projective with respect to all b-central extensions.
This implies that 1y : U — U is a universal b-central extension of U. Theorem [2.15
now tells us that Ho(U,b) = 0.

< The object U is b-perfect because bU = H;(U,b) = 0; since Hy(U,b) is
also zero, the universal b-central extension u?: U(U,b) — U of U induced by The-
orem is an isomorphism. Proposition now implies that U =~ U(U,b) is
projective with respect to all b-central extensions. Another application of Proposi-
tion .22 shows that w is also a universal b-central extension. (]

Proposition 2.24. Let A be a semi-abelian category with enough projectives and B
a Birkhoff subcategory of A that contains AbA. Let f: B— A and g: C — B be
b-central extensions. Then the composite fog is a universal b-central extension if
and only if g is.

Proof. First note that when ¢ is a universal b-central extension then fog is b-central
by Lemma The central extensions fog and g have the same domain, and by
Proposition their universality only depends on a property of this domain. [J
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3. NESTED BIRKHOFF SUBCATEGORIES

We now consider the situation where a Birkhoff subcategory B of a semi-abelian
category A has a further Birkhoff subcategory C so that they form a chain of nested
semi-abelian categories with enough projectives, C ¢ B c A. (For instance, C could
be AbA as in Theorem In fact, in Proposition [3.3] we shall assume the weaker
condition AbA c C ¢ B < A.) Then there is a commutative triangle of left adjoint
functors (all right adjoints are inclusions):

Since the objects and morphisms of B are also objects and morphisms of A, it
is natural to compare the notions of c-centrality, c-perfect object, homology with
respect to ¢, etc. with that of cb-centrality, cb-perfect object or the homology with
respect to cb. We obtain a short exact sequence which relates the two induced
types of universal central extension.

Lemma 3.1. Under the given circumstances:

(1) an object of B is c-perfect if and only if it is cb-perfect;
(2) an extension in B is c-central if and only if it is cb-central;
(3) an extension of A is b-central as soon as it is cb-central.

Proof. If B is an object of B then ¢B = cbB, which proves the first statement. As
for the second statement, an extension f: B — A in B is c-central if and only if the
square in the diagram

R[f]%B%A

"%[f]l ln%

cR [f] ? cB

is a pullback. Now the inclusion of B into A4 preserves and reflects all limits and
moreover cfy = cbfy, so that f being c-central is equivalent to f being cb-central.
The third statement follows form the fact that c preserves the pullback

R[f] —

7YCR[ f]l \LT]E

bR[f] — cbB
cbfo

for any cb-central extension f. O

Lemma 3.2. For any object B of B, the adjunction restricts to an adjunction

b
Centr, B ; ~Centr.B.
Hence the functor b preserves universal central extensions:
b(uf: U(B,cb) —» B) =~ (uf: U(B,c) > B),

for any c-perfect object B.
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Proof. By Lemma Centr.B is a subcategory of Centre, B.

Suppose that g: C — B is a cb-central extension. Applying the functor b, we
obtain the extension bg = gon: bC' — B, which is cb-central as a quotient of g.
Being an extension in B, bg is c-central by Lemma [3.1

Finally, as any left adjoint functor, b preserves initial objects. O

Proposition 3.3. Suppose that AbA c C ¢ B < A is a chain of inclusions of
Birkhoff subcategories of a semi-abelian category A. If B is a c-perfect object of B
then we have the exact sequence

0 ——> Hy(U(B, c), cb) > Hy(B, cb) —>Hy(B,c) ——> 0.
Moreover,
[U(B,cb),U(B,cb)], = H(U(B,c),cb),
and v = u$ if and only if Ha(B,cb) = Ha(B, c).
Proof. By Lemma [3.2] and Theorem [2.15] when B is a c-perfect object of B then

the comparison morphism between the induced universal central extensions gives
rise to the following 3 x 3 diagram with short exact rows.

0 0
H2(U(B,c),cb) ——= H5(U(B,c),cb) —>0
Y 4 I
ucb
0 ——> Hy(B, cb)——— U(B, cb) ’ »>B 0
n‘I)J(B,cb)
v v
0———Hy(B,c)b———U(B,¢) —4> B 0
UB \L
0 0 0

The middle column is also exact, by Theorem [2.15} indeed, in view of Remark [2.4]
the extension 77%( B,cb) is cb-central as a subobject of u$®; hence Proposition

implies that it is a universal cb-central extension of U(B, c). The result now follows
from the 3 x 3 Lemma. g

4. EXAMPLES

In this final section of the text we illustrate the theory with some classical and
contemporary examples. All categories we shall be considering here are (equivalent
to) varieties of Q-groups, and as such are semi-abelian with enough projectives. As
an illustration of Section [3] we shall consider the categories Gp of groups and Ab of
abelian groups; Leiby, Liex and Vecty of Leibniz algebras, Lie algebras and vector
spaces over a field K; and the categories PXMod, XMod and AbXMod of precrossed
modules, crossed modules and abelian crossed modules. Then, in Subsection [4.7]
we consider a counterexample for Proposition 2.22] and Theorem [2.23]

4.1. Groups and abelian groups. The case of groups and abelian groups is
well-known and entirely classical, but we think it is worth repeating. The left
adjoint ab: Gp — Ab to the inclusion of Ab in Gp is called the abelianisation
functor; it sends a group G to its abelianisation G/[G,G]. A surjective group
homomorphism f: B — A is a central extension if and only if the commutator
[K[f], Blab = [K[f], B] is trivial; given a group G and a normal subgroup N of G,
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their commutator [N, G] is the normal subgroup of G generated by the elements
[n,9] = ngn=lg=?! for all n € N and g € G. Equivalently f is central if and only if
the kernel K[f] is contained in the centre

B ={ze B|[z,b] =1 forall be B}

of B. A group G is perfect when G is equal to its commutator subgroup [G, G].
Computing the second integral homology group Hs(G,Z) = Ho(G, ab) of a perfect
group G is particularly simple: take the universal central extension

b. U(G, ab) - G;
its kernel K[u2?] is Ha(G, Z).

4.2. Leibniz algebras, Lie algebras and vector spaces. Recall [32] [33] that
a Leibniz algebra g is a vector space over a field K equipped with a bilinear
operation [-,-]: g x g — g that satisfies

[z, [y, 2]] = [[=, 4], 2] — [[z, 2], y]
(the Leibniz identity) for all x,y,z € g. When [z,z] = 0 for all « € g then the
bracket is skew-symmetric and the Leibniz identity is the Jacobi identity, so g is a
Lie algebra.
Here there are three inclusions of Birkhoff subcategories, of which the left adjoints
form the following commutative triangle.

Leiby —— % & ey

vecto( R %ﬁ

Vectyk

The left adjoint (—)je: Leibx — Liek (which is usually called the Liesation func-
tor) takes a Leibniz algebra g and maps it to the quotient g/gA"™, where g""™ is the
two-sided ideal (i.e., normal subalgebra) of g generated by all elements [z, z] for
x € g. The category Vecty may be considered as a subvariety of Liex by equipping a
vector space with the trivial Lie bracket; the left adjoint vect: Liex — Vecty to the
inclusion Vecty < Liek takes a Lie algebra g and maps it to the quotient g/[g, g],
where [g, g] is generated by the elements [z, y] € g for all z, y € g.

The notion of central extension obtained in the case of Liex vs. Vecty is the ordi-
nary notion of central extension of Lie algebras, where the kernel K[f] of f: b — a
should be included in the centre of b, i.e., in

Zb={z€b|[zb] =0 for all be b}.

Examples of universal Vectg-central extensions of Leibniz algebras over a field K
may be found in [IT]; in this case, the notion of perfect object is the classical one.

On the other hand, a Leibniz algebra g is perfect with respect to Liek if and only
if g = g"™. Moreover, given a Leibniz algebra g, we may consider the two-sided
ideal generated by

{zegllg.s] = —[z.g] for all g € g}

we call it the Liex-centre of g and denote it by Ziie(g). When K is a field of
characteristic different from 2 then this relative centre allows us to characterise the
(—)Lie-central extensions of Leibniz algebras over K.

Proposition 4.3. Suppose K is a field of characteristic different from 2. For an
extension f: b — a of Leibniz algebras over K, the following three conditions are
equivalent:

(1) f:b— ais central with respect to Liek;
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(2) R[f]Ann ~ bAnn}.
(3) K[f] < Zuie(b).

Proof. Condition 1 is equivalent to 2 by definition. Now suppose that 2 holds
and consider k € K[f] and b € b. Then both [(k,0), (k,0)] = ([k,k],[0,0]) and
[(b — k,b), (b — k,b)] = ([b — k,b— k],[b,b]) are in R[f]A™, which implies that
[k, k] =[0,0] = 0 and [b — k,b — k] = [b,b]. Thus we see that [b, k] + [k,b] = 0,
which implies that condition 3 holds.

Conversely, consider [(b — k,b), (b — k,b)] in R[f]A™ A K[f1], where f; denotes
the second projection of the kernel pair of f. Then k is an element of the kernel
of f and

0= fl[(b_kvb)7(b_kab)] = fl([b_k7b_k]a[b’b]) = [b’b]'

Now 3 implies that [k, k] + [k, k] = 0, so that [k, k] = 0, since char(K) # 2.
Furthermore, [b, k] + [k, b] = 0, which implies that

[b—Fk,b—k] =[b,b] — [b, k] — [k,b] + [k, k] = 0.
Hence R[f]A™ A K[f1] is zero, so that R[f]A™ = bA™ and condition 2 holds. O

Given a Leibniz algebra g, the homology vector space Ha(g, vecto(—)i;e) is the
Leibniz homology developed in [34]; see also [12, [37]. As far as we know, the
homology Lie algebra Hs(g, (—)Lie) has not been studied before, but certainly the
theories referred to in Remark [2.10] apply to it. If g is a Lie algebra then the vector
space Ho(g, vect) is the classical Chevalley—Eilenberg homology. If we interpret
Proposition in the present situation then we recover Corollary 2.7 from [20],
but in the special case where K is a field:

Proposition 4.4. If g is a perfect Lie algebra then Ha(U(g, vect), vecto(—)iie) s
the kernel of Ha(g, vecto(—)Lie) — Ha(g, vect). Moreover, the equality

[U(g, vecto(—)Lie), U(g, vecto(—)iie) (-, = H2(U(g, vect), vecto(—)Le)
holds. O

4.5. Precrossed modules, crossed modules and abelian crossed modules.
Recall that a precrossed module (T, G, 0) is a group homomorphism ¢: T — G
together with an action of G on T, denoted 9¢ for g € G and t € T, satisfying 0(9t) =
go(t)g~ " for all g € G and t € T. If in addition it verifies the Peiffer identity
oMy = ¢/t~ for all t, ¢ € T then we say that (T, G, 0) is a crossed module. A
morphism of (pre)crossed modules (f1, fo): (T, G, 0) — (T',G’, d") consists of group
homomorphisms f1: T — T" and fo: G — G’ such that ¢’ f; = fped and the action
is preserved. The categories PXMod and XMod are equivalent to varieties of €)-
groups; see, e.g., [29], [30] or [31]. The category AbXMod consists of abelian
crossed modules, i.e., (T, G, d) such that T and G are abelian groups and the action
of G on T is trivial.

As in the previous example, we obtain a commutative triangle of left adjoint

functors.

PXMod — " X Mod

abo(—k %

AbXMod

Given two normal precrossed submodules (M, H,0) and (N, K, 0) of a precrossed
module (T, G, d), the Peiffer commutator (M, N) is the normal subgroup of T
generated by the Peiffer elements

(m,n) = mnm = (CMp)~! and {n,m) = nmn = (CWm) !
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for me M, n e N [13]. We denote by
(M, H,0),(N,K,0d))

the precrossed module ((M, N),0,0); it may be considered as a normal precrossed
submodule of (T, G, d). The precrossed module

{(T,G,0),(T,G,d)y=(T,T),0,0)

is the smallest one that makes the quotient (T, G, 9)/{(T, G, d), (T, G, 0)) a crossed
module. This defines a functor (—)peir: PXMod — XMod, left adjoint to the inclu-
sion of XMod in PXMod.

A precrossed module (T, G, 0) is (—)peifr-perfect when

(T,G,0) =(T,G,0),(T,G,0).

In particular, then G = 0; hence (T, T) = [T,T], so that (T, G, 0) is perfect with
respect to XMod exactly when T is perfect with respect to Ab and G is trivial.

The results of [I5, Section 9.5] imply that an extension of precrossed modules
f+ B — Ais central with respect to XMod if and ouly if (K[ f], B) = 1; the following
characterisation may also be shown analogously to Proposition Given a pre-
crossed module (T, G, 0), its XMod-centre Zxmoq(T, G, 0) is the normal precrossed
submodule (ZxmodT, G, 0) of (T, G, d) where

ZxmodT = {t e T |{t,t"y =1={t',t) for all ' € T}.

Proposition 4.6. For an extension (f1, fo): (T, G,0) — (T',G’, ") of precrossed
modules, the following conditions are equivalent:

(1) (f1, fo) is central with respect to XMod;

( ) <( [ ] [f0]76 X 6)7 (R[fl]’R[fO]va X a)> = <(T7G7a)7 (T7G76)>;

(3) RIALRLAD = (T.T);

(4) K[f1] < ZxmodT';

(5) K[(f1, fo)] < Zxmod(T, G, 0). O

We now focus on the further adjunction to AbXMod. Given a precrossed module
(T, G, 0), the commutator [G,T] is the normal subgroup of T generated by the
elements 9tt ! for g € G and t € T. The left adjoint ab: XMod — AbXMod takes
a crossed module (7,G,d) and maps it to ab(T,G,d) = (T/[G,T],G/|G,G],d),
where 0 is the induced group homomorphism. The functor

abo(—)peiffi PXMod — AbXMod

maps a precrossed module (T, G, d) to (T/[T,T][G,T],G/|G,G], 7).

As shown in [7], an extension of crossed modules is central with respect to
AbXMod exactly when it is central in the sense of [22]. An extension of precrossed
modules is central with respect to AbXMod if and only if it is central in the
sense of [II, 2]. In this case, the notions of perfect object obtained are classical.
The article [I] gives several non-trivial examples of universal central extensions of
(pre)crossed modules, relative to AbXMod.

The homology crossed module Hy((T', G, 0), abo(—)peifr) was studied in [3], while
Hy((T, G, 0), ab) was considered in [9]. For a precrossed module (T, G, d), the rela-
tive Ho((T, G, 0), (—)peitr) was characterised in [I5]. If we interpret Proposition
in this situation then we regain [I, Theorem 5|.

4.7. A counterexample for Proposition and Theorem The fol-
lowing example was offered to us by George Peschke. It describes a universal
b-central extension u: U — A which does not have Hy(U,b) trivial—and indeed
one of the assumptions of Theorem is violated, as the Birkhoff subcategory B
of the (semi-)abelian category A we shall consider is strictly smaller than Ab.A.
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Example 4.8. Let C be the infinite cyclic group (with its generator written ¢ € C')
and R = Z[C] the integral group-ring over C. We take A to be the (abelian)
category gMod of modules over R, so that AbA = A. We consider its full sub-
category B of all R-modules with a trivial C-action; it is clearly Birkhoff in A,
and its reflector is determined by tensoring with the trivial R-module Z, so that
bM = 7Z ®r M for any R-module M.

Now consider a prime number p # 2 and let M be the R-module \/,@1 My,
where M, for k > 1 is the abelian group Z,x = Z/,xz equipped with the C-action

c-m=(1—p)-m.
Note that a natural inclusion of R-modules My, — My 1 is given by
(14 p*2) — (p- 1+ pFT2z).

Then it may be checked that Hy(M,b) = Ho(C, M) = Z,, # 0, while M is b-perfect,
and
u:M—->M: mw—p-m

is a universal b-central extension.
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