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Introduction Stein's paradox

Spectral analysis

An appetizer

Suppose that we have a p-variate (p > 2) Gaussian random
variable X that is distributed

X ~ N (p,1dp),

and want to estimate the unknown mean vector p, for which we
have a sample of size N = 1 only. What kind of estimator can
we use?
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Introduction Stein's paradox

Spectral analysis

The canonical solution

The usual parametric estimator would be to take the sample
mean,
h=X. (1)

This estimator is least squares, maximum likelihood,...
Thus, it is the best possible choice (?)
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Introduction Stein's paradox

Spectral analysis

A decision theoretic approach

Consider the risk function

R(f, 1) = E ||t — plf?, 2)

where ||-|| means the Hilbert-Schmidt norm (i.e., sum of
squares).

An estimator i1 is dominated by another estimator /i, if, for all
possible p,

R(f11, 1) > R(f, p1)-
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Introduction Stein's paradox

Spectral analysis

Shrink it !

James and Stein (1961) have shown that, for p > 2, the
ML-estimator is dominated by

s[4 (P—2)
qu—(1 HXH2>X 3)
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Introduction Stein's paradox

Spectral analysis

Time and space warp

And now to something completely (?) different.
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Introduction St e

Spectral analysis

Time domain and spectral domain

A centered stationary time series (X;);cz)can be described by
its autocovariance function

v(h) = EXeX{,
or by its spectrum

= y(h)exp(—2miwh), w € [0,27)
hez

where i = v/ —1.

The above definitions are valid for p-variate time series (p > 1).
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Introduction St e

Spectral analysis

Periodogram

A nonparametric estimator of the spectrum is based on the
periodogram:

*

T T
1 , .
Ir(w) = 5 ; X; exp(—iwt) ; X; exp(—iwt)

DFT
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Introduction . :
Stein’s paradox

Spectral analysis

Simulated AR 1

Series

Figure: Xt = .9X[_1 + é4, (et)tez ~ I/D(O, 1)
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Stein’s paradox
Spectral analysis

Periodogram of AR 1

Periodogram/2pi Model Spectrum
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Introduction St e

Spectral analysis

Smoothing the periodogram

The periodogram is not consistent. To construct a consistent
estimator, one averages (or kernel smoothes) over neighboring
Fourier frequencies

) (mr—1)/2
fA(w) = e Z Ir(w + wk)
T ke (mr—1)/2
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Introduction St e

Spectral analysis

Averaged periodogram of AR 1

(Smoothed )/2pi Model Spectrum
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Introduction St e

Spectral analysis

Properties of smoothed periodogram

The smoothed periodogram is consistent:

i o1

=0
and asymptotically unbiased:
lim E (w) = f(w)

Summarizing: It is a powerful nonparametric estimator of
the spectrum.
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% —1)/2
R(w) = L S D2 Ir(w+wk) =
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Introduction St e

Spectral analysis

Multivariate spectral estimation

o If (X;) is multivariate, the periodogram is a singular matrix

@ Smoothing span my grows less fast than T as local
features have to be captured

@ Problem: my is effective sample size of the estimator for
the spectral matrix, so ratio between dimension p and
sample size may be bad.

@ Result: smoothed periodogram has a bad condition
number and a high risk

E H?%(w) - f(w)H2
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Theory of hybrid shrinkage

Graphical illustration
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Theory of hybrid shrinkage

Possible solutions

@ curse of dimensionality: sample eigensystem is the worst
possible choice

@ 79(w) has thus high variance
@ Solution: 'shrink’ it
@ shrinkage target?
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Theory of hybrid shrinkage

An ’old’ solution

In the absence of background information on the structure of
the data: shrink to the identity matrix:

F(w) = rr@)ar(@)1d+(1 = rr(w))(w)

This is done, under general asymptotics, in
Béhm, H. and von Sachs, R. (2007): Shrinkage estimation in
the frequency domain of multivariate time series, DP0706.
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Theory of hybrid shrinkage

New solution

@ Popular in many fields of applications, like economics,
psychology: factor models

@ Crucial problem: how many factors to choose?

@ Solution: Make it too restrictive and marry it to ;‘?(w) by
convex linear combination
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Theory of hybrid shrinkage

One factor model

'market’ time series:
Xop,t=1,..., T
with spectrum f(w)

Model: Xi = 3iXo:+er i=1,....p (4)

di(w) = Bith(w) + df(w) (5)

where df(w) is the DFT of the idiosyncratic components.
Furthermore,

df(w) ~ N (0,(09)?) 6)
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Theory of hybrid shrinkage

Assumptions and methods

Weights and idiosyncratic variances in the above model can be
estimated by simple linear regression. We come to a
parametric estimator

fliw) = bb'B(w) + D 7)

where o
D = diag ((ag 2. (05)2)
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Theory of hybrid shrinkage

The shrinkage target

@ This is a very simple, old fashioned model
@ It has high bias, but is very easy to estimate (O(1/T) !l)

@ We even assume that the model be misspecified : For all
frequencies w € [0, 27],

fr(w) # fR(w)! 8)

Hilmar Béhm, Rainer von Sachs The wedding of smoothed periodogram and one factor model in tl



Theory of hybrid shrinkage
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Theory of hybrid shrinkage

Optimal shrinkage intensity

We search for a linear combination
(W) = ¢r(w)fH(w) + (1 = ¢r(w)) (w)

where (7(w) is a data driven estimator of an optimal, oracle
shrinkage intensity (7(w) that is the solution of the minimization
problem

E H?+(w) - f?(w)H2 = min! 9)
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Theory of hybrid shrinkage

Three steps to a solution

We will proceed in three steps:
@ Derive the optimal shrinkage intensity (}(w), which
depends on background knowledge
@ Identify its asymptotic behaviour

@ Derive a data driven estimator {7(w) of the optimal
shrinkage intensity
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Theory of hybrid shrinkage

1: Optimal shrinkage intensity

Simple differential calculus yields the optimal shrinkage
intensity:

hie 1(Varfo( ) — Z%Cov( w), {( ))

50 (Vart ) - () +

(r(w) =
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Theory of hybrid shrinkage

2: its asymptotic behaviour

p
m(w) = ZAsyVar<¢WTﬁ?(w)) (11)

ij=1
p

plw) = > AsyCov (vmrh(w),vmrii(w))  (12)
ij=1
P 2

1w) = Y |Hw) - ) (13)
ij=1
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Theory of hybrid shrinkage

3: and a data driven estimator

Just plug them in:

=1 \ T k=—(mr—1)/2

pr (4 (mr-n)2 )
pw) = D | D @) - P

pr

rw) = Y (bib)w)
ij=1
pPr

ij=1
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Theory of hybrid shrinkage

here it comes...

We have arrived at a consistent estimator

) = P =2R(rw)) s, v (4 1 Pw) = 2R(r(w)) %
A R )+<1 >f

to which we refer as to the DDMSE, which means...
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Theory of hybrid shrinkage

DRAGON DONKEY MIXTURE shrinkage estimator

Fr(w) = Cr(w)flw) + (1 = Cr(w)P(w) =

Hilmar Béhm, Rainer von Sachs The wedding of smoothed periodogram and one factor model in tl



Theory of hybrid shrinkage

Data driven market shrinkage estimator

Fr(w) = Cr(w)flw) + (1 = Cr(w)P(w) =
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Simulations and Conclusions
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Simulations and Conclusions

Simulations
Conclusions

MC for different smoothing spans
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Simulations

. . Conclusions
Simulations and Conclusions

Conclusions (1)

@ Shrinkage is a powerful tool in multivariate spectral
analysis

@ In the absence of knowledge about the data, it is best to
shrink to identity

@ If we have some knowledge about the data, we can further
improve by incorporating this knowledge in the shrinkage
target
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Simulations

. . Conclusions
Simulations and Conclusions

Conclusions (2)

There are many interpretations of 'shrinkage to market’ in
multivariate spectral analysis

@ A regularization method

@ Finding the optimal tradeoff between squared bias and
variance

@ An innovative solution to the problem of model choice in
spectral factor analysis

@ A refinement of factor analysis: stretch to a nonparametric
estimator
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Simulations and Conclusions

The end

And they lived happily ever after...
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