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Introduction
Example
Contingency tables and chi-square test

Conditional independence

A real data example: actuarial science

@ 14505 car insurance policies in a portfolio
@ for each insured, we know the sex and the notified claims

last year (1997)
@ contingency table :

sex
men women
claims no | 8324 4638 | 12962
yes | 1034 509 1543

9358 5147 | 14505
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Introduction
Example
Contingency tables and chi-square test

Conditional independence

A real data example: actuarial science

@ 14505 car insurance policies in a portfolio
@ for each insured, we know the sex and the notified claims

last year (1997)
@ contingency table :

sex
men women
claims no | 8324 4638 | 12962
yes | 1034 509 1543

9358 5147 | 14505

Is there an association between sex and accidents ?
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Introduction
Example

Contingency tables and chi-square test
Conditional independence

A real data example: actuarial science

Chi-square test: x? = 4.58, df=1, p-value=0.03
= rejection of independence hypothesis
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Contingency tables and chi-square test
Conditional independence

A real data example: actuarial science

Chi-square test: x? = 4.58, df=1, p-value=0.03
= rejection of independence hypothesis

@ is this a direct association?
@ if not, what are the factors which imply this association?
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Introduction
Example

Contingency tables and chi-square test
Conditional independence

A real data example: actuarial science

Chi-square test: x? = 4.58, df=1, p-value=0.03
= rejection of independence hypothesis

Questions

@ is this a direct association?

@ if not, what are the factors which imply this association?
ex.: power of the insured vehicle

Aim
Take into account, and remove if possible, the effect of other
variables
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Introduction
Example

Contingency tables and chi-square test
Conditional independence

A real data example: actuarial science

Chi-square test: x? = 4.58, df=1, p-value=0.03
= rejection of independence hypothesis

@ is this a direct association?

@ if not, what are the factors which imply this association?
ex.: power of the insured vehicle

Work conditionally to the other variables
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Introduction
Example

Contingency tables and chi-square test
Conditional independence

A real data example: actuarial science

Chi-square test: x? = 4.58, df=1, p-value=0.03
= rejection of independence hypothesis

@ is this a direct association?

@ if not, what are the factors which imply this association?
ex.: power of the insured vehicle

Work conditionally to the other variables

= need for conditional independence tests
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Introduction
Example

Contingency tables and chi-square test
Conditional independence

Two-way contingency tables

@ R and S two categorical variables, with r and s levels
@ sample of nindividuals
@ n; =number of individuals for which R =ijand S = j

@ n. = Znij n;= Zn,-,- n. = Znij =n
/ f ij

Two-way contingency table

S
1 e Jjoo S total
1 N4 oo Nys ny.
R i : nj : :
r N1 e Nrs ny.
total | n. e Nns | n.=n
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Introduction
Example

Contingency tables and chi-square test
Conditional independence

Usual chi-square test of independence

Cell probabilities
mj=P(R=1,S=})
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Example

Contingency tables and chi-square test
Conditional independence

Usual chi-square test of independence

Cell probabilities
mj=P(R=1,S=}) POREREL/ n.
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Introduction
Example

Contingency tables and chi-square test
Conditional independence

Usual chi-square test of independence

Cell probabilities
mj=P(R=1,S=}) POREREL/ n.

Independence hypothesis

Ho : mj = mpmj Y (i,])
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Example

Contingency tables and chi-square test
Conditional independence

Usual chi-square test of independence

Cell probabilities
mj=B(R=1/,5=)) b= g g T

Independence hypothesis

Ho : mj = mpmj Y (i,])
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Introduction
Example

Contingency tables and chi-square test
Conditional independence

Usual chi-square test of independence

Cell probabilities
mj=P(R=1,S=}) s _ M n.

.. / lvergence
H0:7T,'/':7T,'.7T.j V(I,j) i 9

(plj pi. p/>2

—nZ pip,

Gap
implicitly assumed
homogeneous population

V.
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Introduction
Example

Contingency tables and chi-square test
Conditional independence

Conditional independence

Extra characteristics X = (X(), ... X(P))
could be associated with R, S, or both
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Contingency tables and chi-square test
Conditional independence

Conditional independence

Extra characteristics X = (X(), ... X(P))
could be associated with R, S, or both

= affect the whole dependence structure of the table
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Introduction

Example
Contingency tables and chi-square test
Conditional independence

Conditional independence

Extra characteristics X = (X(), ... X(P))
could be associated with R, S, or both

= affect the whole dependence structure of the table
= test conditional independence between R and S, given X

Conditional cell probabilities

7 (X) =P(R=1,8 = jIX = x)
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Introduction

Example
Contingency tables and chi-square test
Conditional independence

Conditional independence

Extra characteristics X = (X(), ... X(P))
could be associated with R, S, or both

= affect the whole dependence structure of the table
= test conditional independence between R and S, given X

Conditional cell probabilities
mij(x) =P(R=1,S = j|X = x)

Conditional independence hypothesis

Ho : mjj(x) = m.(x)mj(x) V(i,j)Vx € Sx

Gery Geenens Conditional independence tests in 2-way contingency tables



Introduction

Example
Contingency tables and chi-square test
Conditional independence

Conditional independence

Extra characteristics X = (X(), ... X(P))
could be associated with R, S, or both

= affect the whole dependence structure of the table
= test conditional independence between R and S, given X

Conditional cell probabilities
mij(x) =P(R=1,S = j|X = x)

Conditional independence hypothesis

Ho : mjj(x) = m.(x)mj(x) V(i,j)Vx € Sx

= testing for Hy requires reliable estimates of

m(x) = (m11(X), T12(X), . . ., s (X))’
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Introduction
Example

Contingency tables and chi-square test
Conditional independence

Conditional probabilities as regression functions

Define the random vector Z = (Z(1"), z(12)  Z(r))t,
with )
Z0 = (R=1iS=))

Gery Geenens Conditional independence tests in 2-way contingency tables



Introduction

Example
Contingency tables and chi-square test
Conditional independence

Conditional probabilities as regression functions

Define the random vector Z = (Z(1"), z(12)  Z(r))t,
with )
Z0 = (R=1iS=))

Regression functions
mii(x) = E (ZW|X = x)
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Introduction

Example
Contingency tables and chi-square test
Conditional independence

Conditional probabilities as regression functions

Define the random vector Z = (Z(1"), z(12)  Z(r))t,
with )
Z0 = (R=1iS=))

Regression functions
mii(x) = E (ZW|X = x)

= use of regression methods to estimate (x) = E(Z|X = x)

{(Xk, Zi) o=y € Sx x {z€{0,1}°: 3", 20 =1}
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Nonparametric estimation of the conditional probabilities
Nonparametric procedure Test procedure
Simulations and example

Multivariate case

Nadaraya-Watson estimator of 7(x) (p = 1)

Let K be a kernel function and h a bandwidth

NW estimator of ;(x)

n
> Kn(x — X)Z{D
blj(X) = k:1n
> Kn(x — Xk)
k=1
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Nonparametric estimation of the conditional probabilities
Nonparametric procedure Test procedure
Simulations and example

Multivariate case

Nadaraya-Watson estimator of 7(x) (p = 1)

Let K be a kernel function and h a bandwidth

NW estimator of ;(x)

n
> Kn(x — X)Z{D
_ k=1

> Kn(x — Xk)
P

pii(x)

NW estimator of 7(x)

p(x) = ZKn(x)

Gery Geenens Conditional independence tests in 2-way contingency tables



Nonparametric estimation of the conditional probabilities
Nonparametric procedure Test procedure

Simulations and example

Multivariate case

Nadaraya-Watson estimator of =(x) (p

NW estimator of 7(x)

with

_ Kn(x — Xq) Kn(x — Xn) t
fon(x) = (z;u Kl — X)) S Ka(x — xm)

and
Z0w Z oz
Z1(12) 22(12)
z=| "

21(}5) - 24

Gery Geenens Conditional independence tests in 2-way contingency tables



Nonparametric estimation of the conditional probabilities
Nonparametric procedure Test procedure

Simulations and example

Multivariate case

Nadaraya-Watson estimator of 7(x) (p

NW estimator of 7(x)

p(x) = ZKn(x)

@ weighted average = pj(x) € [0,1] Vx,V (i,))
@ if common hV (i,f), then automatically

D hix)=1 vx
;

= natural way of doing (adaptive to the setting)
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Nonparametric estimation of the conditional probabilities
Nonparametric procedure Test procedure

Simulations and example

Multivariate case

Nadaraya-Watson estimator of =(x) (p

NW estimator of 7(x)

Asymptotic properties
Usual asymptotic properties of NW and multinomial sampling:

Vo

Vi (p(x) - n(x) — b(x)) 5> N (07 o (dag(r() - w(x)w(xw)

with vy = [ K2(x)dx and b(x) = O(h?)
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Nonparametric estimation of the conditional probabilities
Nonparametric procedure Test procedure

Simulations and example

Multivariate case

Nadaraya-Watson estimator of 7(x) (p

NW estimator of 7(x)

Asymptotic properties
Usual asymptotic properties of NW and multinomial sampling:

Vnh (B(x) — m(x) — b(x)) 55 N (o, f”"

w00 (diag(m(x)) — W(X)W(X)t)>

with 1o = [ K?(x)dx and b(x) = O(h?)
Undersmoothing
h=o(n='/%) = (nh)'/2b(x) = o(1)
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Nonparametric estimation of the conditional probabilities
Nonparametric procedure Test procedure

Simulations and example
Multivariate case

Nadaraya-Watson estimator of 7(x) (p

NW estimator of 7(x)

Asymptotic properties

Usual asymptotic properties of NW and multinomial sampling:

Vnh (p(x) — 7(x)) +o(1) £ N <0, % (diag(r(x)) — ﬁ(x)ﬂ(x)f))

with 1o = [ K?(x)dx and b(x) = O(h?)
Undersmoothing

h=o(n='/%) = (nh)'/2b(x) = o(1)
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Nonparametric estimation of the conditional probabilities
Nonparametric procedure Test procedure

Simulations and example

Multivariate case

Testing for conditional independence (p = 1)

Ho : mj(x) = mi.(x)m;(x)  ¥(i,j),¥x € Sx
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Nonparametric estimation of the conditional probabilities
Nonparametric procedure Test procedure

Simulations and example

Multivariate case

Testing for conditional independence (p = 1)

Ho : mj(x) = mi.(x)m;(x)  ¥(i,j),¥x € Sx

Base the test statistic on the integrated y2-divergence between
pij(x) and p;.(x)p.j(x)
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Nonparametric estimation of the conditional probabilities

Nonparametric procedure Test procedure
Simulations and example

Multivariate case

Testing for conditional independence (p = 1)

Base the test statistic on the integrated x2-divergence between
pi(x) and pi.(x)B,(x)

pointwise y2-divergence for x fixed

2
Vo) - M X) Z (p,, ~ Bi(x)p,(x))

(x)P(x)
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Nonparametric estimation of the conditional probabilities

Nonparametric procedure Test procedure
Simulations and example

Multivariate case

Testing for conditional independence (p = 1)

Base the test statistic on the integrated y?-divergence between
pi(x) and pi.(x)py(x)

pointwise x?-divergence for x fixed

R . R 2
() = (B = P X)By()

v 2 BB

Asymptotics

H

Gery Geenens Conditional independence tests in 2-way contingency tables

V2(x)




Nonparametric estimation of the conditional probabilities
Nonparametric procedure Test procedure

Simulations and example

Multivariate case

Testing for conditional independence (p = 1)

Integrated y2-divergence

J VE(x)f(x)dx = E(VZ(X))
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Nonparametric estimation of the conditional probabilities
Nonparametric procedure Test procedure

Simulations and example

Multivariate case

Testing for conditional independence (p = 1)

Integrated y2-divergence
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Nonparametric estimation of the conditional probabilities

Nonparametric procedure Test procedure
Simulations and example
Multivariate case

Testing for conditional independence (p = 1)

Integrated y2-divergence

[ V2(x)f(x)dx = E(V3(X)) ~

Under mild conditions, if h ~ n=5%, 5 €]2/9,1/2],

1 Vo » B -
ey e G G R U

with vo(u) = (K * K)(u), No = [ v3(u)du and ¢g = [ f2(x
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Nonparametric estimation of the conditional probabilities

Nonparametric procedure Test procedure
Simulations and example
Multivariate case

Testing for conditional independence (p = 1)

Integrated y2-divergence

[ V2(x)f(x)dx = E(V3(X)) ~

Under mild conditions, if h ~ n=5%, 5 €]2/9,1/2],

1 140

2 —_ p—
TRVEr TR e e

with vo(u) = (K * K)(u), No = [ v3(u)du and ¢g = [ f2(x
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Nonparametric estimation of the conditional probabilities

Nonparametric procedure Test procedure
Simulations and example
Multivariate case

Testing for conditional independence (p = 1)

Integrated y2-divergence

[ V2(x)f(x)dx = E(V3(X)) ~

Under mild conditions, if h ~ n=5%, 5 €]2/9,1/2],

1 Vo » B -
TR VAT =TT Y U D= ) e

with vo(u) = (K * K)(u), No = [ v3(u)du and ¢g = [ f2(x
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Nonparametric estimation of the conditional probabilities
Nonparametric procedure Test procedure
Simulations and example

Multivariate case

Testing for conditional independence (p = 1)

Under mild conditions, if h ~ n=5, 5 €]2/9,1/2],

1 12 > B B i
ﬁ\/2(r—1)(s_1)¢0N0(V (r=1)(s-1)) (0,1)

Asymptotic rejection criterion of level o

V2> (r—1)(s—1) +z1_a\f\/2(r— 1)(s — 1)doNo
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Nonparametric estimation of the conditional probabilities

Nonparametric procedure Test procedure
Simulations and example
Multivariate case

Simulation scenario

r=s=2, p=1, X~U_z2g

Marginals and dependence

o 7y.(x) = exp(—x?), ma(x)=1—m.(X)
@ mi(X)= %, mo(x) =1 —m4(x)
© mj(x) = mi.(X)m;(x) + (265 — 1)yA(x)  V(i,))

@ ~ = 0 (independence), v = 0.1,0.3,0.5, 1

Simulations

@ n=50,100,500,1000
@ 500 Monte-Carlo replications in each case
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Nonparametric estimation of the conditional probabilities
Nonparametric procedure Test procedure

Simulations and example

Multivariate case

Simulation results

a=0.05| n=50 n=100 n=500 n=1000
v=0 0.072 0.066 0.058 0.054
v =0.1 0.098 0.102 0.144 0.222
v+=0.3 0.132 0.222 0.760 0.968
v=05 0.336 0.534 0.996 1
y=1 0.858 0.998 1 1

= level and power satisfactory
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Nonparametric estimation of the conditional probabilities
Nonparametric procedure Test procedure

Simulations and example

Multivariate case

Back to example

Test for the conditional independence between sex and claims,
given the power of the insured vehicle

V2 =0.79, p-value = 0.21 = no reject of H
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Nonparametric estimation of the conditional probabilities
Nonparametric procedure Test procedure

Simulations and example

Multivariate case

Back to example

Test for the conditional independence between sex and claims,
given the power of the insured vehicle

V2 =0.79, p-value = 0.21 = no reject of H

When driving a vehicle of the same power, men and women
are exposed to the same risk
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Nonparametric estimation of the conditional probabilities
Nonparametric procedure Test procedure
Simulations and example

Multivariate case

The multivariate case (p > 1)

Under mild conditions, if h ~ n=?, 3 e]ﬁ, zip[,

1 v/ T(p/2)
VP \/A(r = 1)(s — 1)7P72po Ny

(V2= (r=1)(s = 1)) = N(0,1)

with vo(u) = (K * K)(u), No = [ uP~112(u)du and ¢o = [ f2(x
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Motivation
Semiparametric assumption
Semiparametric procedure Semiparametric estimation of the conditional probabilities

Testing the S| assumption

Motivation for a semiparametric procedure

Gaps of the nonparametric procedure

@ 'curse of dimensionality"
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Semiparametric procedure Semiparametric estimation of the conditional probabilities
Testing the S| assumption

Motivation for a semiparametric procedure

Gaps of the nonparametric procedure
@ "curse of dimensionality"
@ discrete covariates not allowed
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Motivation
Semiparametric assumption

Semiparametric procedure Semiparametric estimation of the conditional probabilities
Testing the S| assumption

Motivation for a semiparametric procedure

Gaps of the nonparametric procedure
@ "curse of dimensionality"
@ discrete covariates not allowed

= develop of a semiparametric procedure
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Motivation
Semiparametric assumption

Semiparametric procedure Semiparametric estimation of the conditional probabilities
Testing the Sl assumption

Motivation for a semiparametric procedure

Gaps of the nonparametric procedure
@ "curse of dimensionality"
@ discrete covariates not allowed

= develop of a semiparametric procedure

= Single-Index Models idea
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Motivation
Semiparametric assumption

Semiparametric procedure Semiparametric estimation of the conditional probabilities
Testing the S| assumption

Single-Index assumption

SIM assumption

There exist §y € © C {# € R? : (1) = 1} and rs functions
gi:R—R,i=1,...,r,j=1,...,s such that

mi(x) = gj(0gx) Y x € Sx, ¥(i,))-
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Motivation
Semiparametric assumption

Semiparametric procedure Semiparametric estimation of the conditional probabilities
Testing the S| assumption

Single-Index assumption

SIM assumption

There exist §y € © C {# € R? : (1) = 1} and rs functions
gi:R—R,i=1,...,r,j=1,...,s such that

mi(x) = gj(0px) Y x € Sx, Y (i,))-

Interpretation

The set of covariates X influences the joint distribution of R and
S only through the index 6] X
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Motivation
Semiparametric assumption

Semiparametric procedure Semiparametric estimation of the conditional probabilities
Testing the S| assumption

Single-Index assumption

SIM assumption

There exist §y € © C {# € R? : (1) = 1} and rs functions
gi:R—R,i=1,...,r,j=1,...,s such that

mi(x) = gj(0gx) Y x € Sx, ¥(i,))-

Twolfold estimation

@ index coefficients vector 6
@ univariate link functions {g;}
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Motivation
Semiparametric assumption

Semiparametric procedure Semiparametric estimation of the conditional probabilities
Testing the S| assumption

Single-Index assumption

SIM assumption

There exist §y € © C {# € R? : (1) = 1} and rs functions
gi:R—R,i=1,...,r,j=1,...,s such that

mi(x) = gj(0gx) Y x € Sx, ¥(i,))-

Twolfold estimation

@ index coefficients vector 6
@ univariate link functions {gj}: no course of dimensionality
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Motivation
Semiparametric assumption

Semiparametric procedure Semiparametric estimation of the conditional probabilities
Testing the Sl assumption

Estimation of the index coefficients vector 6,

Adaptation of the most popular estimation methods of the index
in classical SIM
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Motivation
Semiparametric assumption

Semiparametric procedure Semiparametric estimation of the conditional probabilities
Testing the Sl assumption

Estimation of the index coefficients vector 6,

Adaptation of the most popular estimation methods of the index
in classical SIM

S| Conditional probabilities
one unknown link function rs unknown link functions,

with > gj = 1
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Motivation
Semiparametric assumption

Semiparametric procedure Semiparametric estimation of the conditional probabilities
Testing the Sl assumption

Estimation of the index coefficients vector 6,

Adaptation of the most popular estimation methods of the index
in classical SIM

S| Conditional probabilities
one unknown link function rs unknown link functions,

with > gj = 1

Studied estimators
@ Semiparametric Maximum Likelihood estimator (SML)
@ Semiparametric Least Squares estimator (SLS)
@ Average Derivatives estimator (ADE)
@ Sliced Inverse Regression estimator (SIR)
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Motivation
Semiparametric assumption
Semiparametric procedure Semiparametric estimation of the conditional probabilities

Testing the Sl assumption

Estimation of 6y: theoretical results

Under appropriate conditions,

V(B — 60)5 N(0, Zgun) VAl — 60)55 N(0, Zars)

V(- 8p)-= N(0, Zape) V(0 — 6)= N(0,Espg)
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Motivation
Semiparametric assumption
Semiparametric procedure Semiparametric estimation of the conditional probabilities

Testing the Sl assumption

Estimation of 6y: theoretical results

Under appropriate conditions,

V(B — 60)5 N(0, Zgun) VAl — 60)55 N(0, Zars)

V(- 8p)-= N(0, Zape) V(8 — 6)= N(0,EgpR)

@ parametric rates of convergence
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Motivation
Semiparametric assumption
Semiparametric procedure Semiparametric estimation of the conditional probabilities

Testing the Sl assumption

Estimation of 6y: theoretical results

Under appropriate conditions,

V(B — 60)5 N(0, Zgun) VAl — 60)55 N(0, Zars)

V(- 8p)-= N(0, Zape) V(8 — 6)= N(0,EgpR)

@ parametric rates of convergence
Q sy = X s~ semiparametric efficiency bound
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Motivation
Semiparametric assumption
Semiparametric procedure Semiparametric estimation of the conditional probabilities

Testing the Sl assumption

Estimation of 6y: theoretical results

Under appropriate conditions,

V(B — 60)5 N(0, Zgun) VAl — 60)55 N(0, Zars)

V(- 8p)-= N(0, Zape) V(8 — 6)= N(0,EgpR)

@ parametric rates of convergence
Q X sy = Xss ~ semiparametric efficiency bound
© in practice, SLS estimator gives the best results
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Motivation
Semiparametric assumption
Semiparametric procedure Semiparametric estimation of the conditional probabilities

Testing the S| assumption

Estimation of 0y: Semiparametric Least Squares

Semiparametric Least Squares Estimator

n_ ; __ afpt t __ Afpt
0 = argmin ij(zk 8°(0"X))"(Zk — 6°(0"Xk))

with

tx,, _ ot
Z Z K (0)(kht9)(k>
K'2k 1

X —0'X
Z’“( kh1 k)

k' #k

ge(gtxk) —
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Motivation
Semiparametric assumption

Semiparametric procedure Semiparametric estimation of the conditional probabilities
Testing the Sl assumption

Estimation of the link functions

NW estimators of the link functions

From any root-n estimator 4,

;Kh(u — 8tx,)ZD

gj(u) =

S Kn(u — 0t Xy)
K
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Motivation
Semiparametric assumption
Semiparametric procedure Semiparametric estimation of the conditional probabilities

Testing the Sl assumption

Estimation of the link functions

NW estimators of the link functions

From any root-n estimator 4,
;Kh(u — 8tx,)ZD

S Kn(u — 0t Xy)
K

No effect of the estimation of 6y on the asymptotic distribution
of Q,'ji

(nh)"/2 (8 (w) — gi(u)) = (nh)"/2 (G (u) - gy(u) ) + op(1)
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NW estimators of the link functions

From any root-n estimator 4,
S Kn(u — 0t X))z
K

S Kn(u — 0t Xk)

P

Asymptotic properties

It h=o(n~"/%), if Sl assumption holds,

gj(u) =

Vih (§°(0%) - 7(x)) 5 N <o, n

oo (diag(n(x)) ~ n()r(x))
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Ho: 360 € ©,9: R — [0,1]" : m(x) = g(Aix) Vx € Sx
vs.
Hy:3x € Sx : m(x) # g(64x) Yo € ©,g : R — [0, 1]
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Testing the Single-Index assumption

Ho: 360 € ©,9: R — [0,1]" : m(x) = g(Aix) Vx € Sx
vs.
Hy:3x € Sx : m(x) # g(64x) Yo € ©,g : R — [0, 1]

Under Hy, for any positive bounded weight function w,

E (w(X)(m(X) — g(65X))"(x(X) — g(66X))) = 0

Example: w(x) = f2(65x)f(x)

Gery Geenens Conditional independence tests in 2-way contingency tables



Motivation
Semiparametric assumption

Semiparametric procedure Semiparametric estimation of the conditional probabilities
Testing the S| assumption

Testing the Single-Index assumption

1 N A
Tn — a Z(Zk — Zk/)t(Zk’/ — Zk’”)Kh1 <9th — Hth/)
n

X Kh1 (éth// — é\thm> Lh2 (Xk — Xku)

with K a univariate kernel, L a p-variate kernel, hy and h, some
bandwidths, and 6 the SLS estimator of 6,
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Testing the Single-Index assumption

1 N A
Tn — a Z(Zk — Zk/)t(Zk’/ — Zk”’)Kh1 <9th — Hth/)
n

X Kh1 (éth// — é\thm> Lh2 (Xk — Xku)

with K a univariate kernel, L a p-variate kernel, hy and h, some
bandwidths, and 6 the SLS estimator of 6,

Under appropriate conditions, under Hj,

nhe2 T, £5 N(0,w?)

with w? = 20 (1 — g(61.X)!g(65 X)) F4(6L X)F( X))
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