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m Let X; = (X1, ..., Xig){1,...,n} 1i-d. random vectors with
continuous distribution function F and marginal distribution
functions F1,..., Fy and copula Cr.

F(x1,...,xd) = Cr(Fi(x), -, Fa(xa)) (1)
m Vector of componentwise maxima:

Mp=(Mn1,...,Mpa),  where Mp;=\/X;, (2
i=1

with *\/" denoting maximum, F, the distribution function of

M, and Fpy1, .- -, Fn)a the marginals associated to
Mn, ... Mpd
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The copula () associated to M, is given by

C(n)(ul, ceey ud) = CF(Ui/n, ceey Ucl/n)n7 (ul, ceey Ud) € [07 1]d.

Proof.

Cy(Fim(x1), -+, Fimya(x1)) = P(Mn1 < X1, .., Mg < Xd)
=P(Xu < x1,..., Xig < xq)"
= Cr(Fi(x1), -, Fa(xa))"
= Cr(Fmn ()", Fiapa(xa)")"
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Definition 1

A copula C is called an extreme-value copula if there exists a
copula Cr such that

CF(U]%/H,...,U;/")"—) C(ui,...,uq) (n — ) (3)

for all (u1,...,uq) €[0,1]9. The copula Cr is said to be in the
domain of attraction of C.

Definition 2

A d-variate copula C is max-stable if it satisfies the relationship

Clug,...,ug) = C(uy/™, ... u¥/™)m (4)

for every integer m > 1 and all (uy,...,uq) € [0,1]°.
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Theorem 3

A copula is an extreme-value copula if and only if it is max-stable.

Proof.
< : Trivial
= :for fixed integer m > 1 and for n = mk, write

Gl ug) = (w0 ") =
1/mk 1/mk 1/m 1/m
CF(Ul/ yoaey Ud/ )mk - CF((UI/ )1/k7 RN} (ud/ )l/k)mk =

Cooy(ur! ™, uy™ym
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Theorem 4

A d-variate copula C is an extreme-value copula if and only if there exists a
finite Borel measure H on Ay_1, called spectral measure, such that
(u,...,uq) € (0, 1]d,

C(ui,...,uq) = exp(fﬂ(f log ui,...,—log ud)),
where the tail dependence function £ : [0,00)¢ — [0, 00) is given by
. d
K(xl,.“,xd):/ \/ (W) dH(ws, ..., wa), (5)
Ag—1 j=1

with (x1,...,xq4) €0, oo)d. The spectral measure H is arbitrary except for
the d moment constraints

/ wj dH(w, ..., wg) =1, jed{l,...,d}. (6)
Ag_1
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For (x1,...,xq) € [0,00)¢:

o il 1
ItIHJ]t (1— CF(].—txl,...,l— th)) |F2‘ (l—szz)l
:E(X]_,,Xd), ! | .
Fi (1 —sxzq)
see for instance .
DRrEEs & HUANG (1998). E
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Definition 5 (P1CKANDS (1981))

The restriction of £ to the unit simplex

d
Ad:{(W17'~~aWd):ZW/':]-,WJ'ZO,V_].:].,...,d}
i=1

is called Pickands dependence function A.

C(u) = exp{—l(—logui,...,—loguy)}
d
| I _
= exp Zloguj A I,Ogiul,...,%
j=1 j=1108 Uj > j=1log uj

for 0 < wu; < 1.
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For dimension d = 3:

3

A3:{(W1,W2,W3):ZW;:LWJZO,W:L...,3}
i=1
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A satisfies the following properties:
A is convex;
max(wy, ..., wy) < A(w) < 1.
= A(ej) =1, fore; = (0,...,1,...,0) being the d vertices.

Remark

Functions satisfying the previous conditions do not characterize the

class of multivariate extreme value copulas except in dimension
d=2.
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Theorem 6
A bivariate copula C is an extreme-value copula if and only if
C(u,v) = (uv) oD (u,v) € (0,12 \ {(L, 1)}, (7)

where A : [0,1] — [1/2,1] is convex and satisfies t V (1 — t) < A(t) < 1 for all
te[0,1].

Pickands dependence
function A together with L
the region
tv(1—1t)<A(t) <1
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Archimedean copula

m Archimedean copula with generator ¢ : [0, 1] — [0, o0].

C¢(U1, R ud) =¢" (qi)(ul)—i—- . ~+¢(ud)), (U17 ce Ud) S [07 1]d

(8)
m If the following limit exists,
L o(l—ys)
0= lslfgisqb’(l—s)e[o’l] (9)
then
C¢(ui/", ceny u,l,/n)" — Cg(ul, ey ud)
with

Co(ut, ..., ug) = exp{—((—log u)Y0 4. 4 (—log ud)l/‘g)e},
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Archimedean copula

m Gumbel-Hougaard or logistic copula

Co(ur, ..., ug) = exp{—((—log u1)*/* +-- -+ (~ log ug)*/*) 1,

m 0: measures the degree of dependence

) =1 : independence
f# =0 : complete dependence.
1/0
Ux1y ... x4) = {

0+ X0 fo<a<,

. (10)
x1 V-V Xy if 6 =0,
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Example: Logistic or Gumbel copula

GUMBEL (1961): A(t) = [t/ + (1 — t)1/9)?

Logistic model (theta = 0.5)

Aty
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Example: Asymmetric logistic copula

TAwN (1988):

A(t) = (1 — 1) (1 — t) + (1 — )t + [(1 )0 + {wa(1 — £)}/9)°

Asymmetric Logistic (theta = 0.4, psi1 = 0.3, psi2 = 0.9)

A
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Example: Archimedean survival copulas

m Survival copula of an Archimedean copula:

Colur, ) =+ =1+ ¢ (¢(1 — u1) + ¢(1 — w2))

mIf
o 9(s)
"=

then Cd)(u;/", u;/")” — C(u1, up) where

€ [0, 0]

At)=1—{t7 Y0+ (1 —1t) /"0

m C is the negative logistic or Galambos copula
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Example: Negative logistic (Galambos) copula

GALAMBOS (1975):
Alt)=1—{t79 4 (1 - t) Y030

Negative Logistic (theta = 0.5)

A

0.6

05
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Example: Asym. negative logistic copula

JoE (1990)

A(t) =1 [{ea (1 = )} M0+ (g2t) VO

Asym. Neg. Logistic (theta = 0.1, psil = 0.5, psi2 = 1)

AW
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C admits the following properties:
m Positive quadrant dependent, A < 1 implies that C(u,v) > uv
for all (u, v) € [0, 1]°.
m Monotone regression dependent, that is, the conditional

distribution of U given V = v is stochastically increasing in v
and vice versa; see GARRALDA-GUILLEM (2000).

m Kendall's 7 and Spearman’s pg

= u,v u,v)—1= P14
7_4//[071]}(, )dC(u, v) 1_/0 A

1
1
p5:12// uv dC(u, v —3:12/ - dr-3.
[0,1]2 (:v) o (L+A(1))?
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Coefficient of upper tail dependence: For a bivariate copula Cr in
the domain of attraction of an extreme-value copula with tail
dependence function £ and Pickands dependence function A, we
find

A(t)
)\UzlimP(U>u| V > u)

T 1 - . . (1—A(1/2)
7ltlfgt (2t -1+ Cr(1—t,1—1)) \M

=2-10(1,1)=2(1-A(1/2)) € [0,1].

)\L:IimP(Ugu\Vgu)

= lim yA1/2)-1) t
ul0
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Estimation

m Parametric estimation: not treated here
m Nonparametric estimation

Known margins: apply probability integral transform (i.i.d.
sample from C)

(Ui,17 ey U,'¢d) = (Fl(X,'71), cey Fd(X,',d))

Unknown margins: use ranks (empirical copula)

~ ~ Ri Ri
(U,‘,...,U,',d) = < 1 .. .d )

n+1"""""n+1

, where Ri1 =Y 01 1(Xk1 < Xi1).
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Pickands estimator

For t € [0, 1], define

. (logU;1 logU,»>
it - 77 ’ )
(1) = min S, B2 )

with the obvious conventions for division by zero.

P[él(t) > X] = P[U < e_(l—t)x Vi < e_tx]
= C(e (1-t)x 7tx) *XA(t (11)

PI1CKANDS (1981) proposed the estimator:

=23 a(0) (12
i=1

™o
Y
~—~
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Deheuvels estimator:

DEHEUVELS (1991):

1 1 O
W *Zfl tﬁ;fi(l)_(l_t)n ;&(0)"‘1-
(13)
= Endpoint constraints verified: AP(0) = AP(1) =1
m Weights (1 — t) and t rather pragmatic choices:
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Deheuvels estimator:

SEGERS (2007):

! . Zfi(t)—51(75)%26(1)—52@)
i=1

o) iz = =

1
n

™o

Variance-minimizing weight functions via a linear regression:

&i(t) = Bo(t) + Br(t) {&i(0) — 1} + Ba2(t) {&i(1) — 1} + €i(¢).

[o(t): minimum-variance estimator for 1/A(t) in the class of
Deheuvels estimators.
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CFG-estimator

CAPERAA, FOUGERES AND GENEST (1997):
log A (1) Zlogé(t) (162 log&i(0)— £+ 3 log&i(1) (15)
i=1 i=1

for t € [0,1], using
E[i |Og§,—(t)] = lOgA(t) +7 te [Oa 1]7

with the Euler—Mascheroni constant v = 0.5772...

log A7 (¢ Z log &(t) + fu(t Z log £(0) + fa(t Z log &(1

Gordon Gudendorf and Johan Segers Extreme-Value Copulas



Estimation
00000e®00

Estimation

m Harr-TAJvip1 (2000)

m Optimize weight functions f1(w), ..., B4(wW); see SEGERS
(2007) and GUDENDORF & SEGERS (2009).

m Estimation using unknown margins; see GENEST & SEGERS
(2009).

m Other estimators ...
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Shape constraints

m Even after endpoint correction, the estimators still do not
satisfy the shape constraints

m A is convex
B max(t,1—t) <A(t)<1
m Possible solutions:

m Convex minorant to {A(t)VtV (1 —t)} A1l (DEHEUVELS
1991)

m Spline smoothing (HALL & TAJvIDI 2000)
m L, projection (FILS-VILLETARD, GUILLOU & SEGERS 2008)
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Reading

References can be found in:

m G. GUDENDORF & J. SEGERS (2009)
“Extreme-Value Copulas”
IS - DP 2009-26
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