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Many statistics are based on functions of sample moments. Important examples are the
sample variance s>, the sample coefficient of variation SV(n), the sample dispersion

n—1»
SD(n) and the non-central ¢-statistic #(n). The definition of these quantities makes clear
that the vector defined by

plays an important role. In studying the asymptotic behaviour of this vector we start
by formulating best possible conditions under which the vector (X, X %) belongs to a
bivariate domain of attraction of a stable law. This approach is new, uniform and
simple. Our main results include a full discussion of the asymptotic behaviour of
SV(n), SD(n) and 3(n). For simplicity, in restrict ourselves to positive random
variables X.

Keywords: domains of attraction; regular variation; sample dispersion; sample
coefficient of variation; non-central ¢-statistic

AMS Subject Classification: Primary: 60E0S; 60F05; Secondary: 62E20; 91B70

1. Introduction

Let F(x) = P(X = x) denote the distribution function (d.f.) of a positive random variable X
and let F(x) =1 — F(x) denote the tail. Let G(x,y) denote the d.f. of the random
vector (r.v.) (X, X 2). Using this notation we find that G(x,y) = P(X = x,
X? = y) = F(min(x, /»)). This relationship can be exploited to transfer many properties
from F to G. Studying the random vector (X,X %) can be interesting because it is linked
to many statistical estimators. To study the mean u = E(X) and the variance o? = Var(X)
for example, one uses the sample mean X and the sample variance
sﬁ,l =n(X2 —X?) /(n — 1). Other related statistical measures are the non-central -
statistic t(n) = /nX/s, the coefficient of variation SV(n) = s/X and the sample dispersion
SD(n) = s%/X. Many asymptotic properties of these statistics are known if the mean and
the variance are finite. On the other hand, if the variance or the mean is not finite, it also
makes sense to study asymptotic properties of these quantities. In the case of the statistic
t(n) and p = 0, the statistic #(n) is called the central 7-statistics and its limiting behaviour is
now well understood. See, for example [4,10,18]. If u # 0, the statistic #(n) is called the
non-central 7 -statistic. In contrast to the central f-statistic, there are only a few studies on
the limiting behaviour of #(n). For a recent paper devoted to #(n), we refer to Ref. [2] and
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the extensive list of references given there. In Refs. [1,16], the authors discuss asymptotic
properties of SV(n) and SD(n). They also consider SV(N(7)) and SD(N(f)) where N(f) is
an integer valued random variable. It turns out, cf. Section 4, that a key role is played by
the vector

(Z:l:lxi’ ZLR‘?)

and by T(n), where

i Xi

T(n) = =215

(Z?:lxi)z

In the present paper we offer a unified approach towards the statistics mentioned above.
As the starting point of our analysis we discuss conditions under which the vector (X, X %)
belongs to the bivariate domain of attraction of a bivariate stable law. By applying simple
transformations, we then obtain the desired results.

The paper is organised as follows. In Section 2 we briefly discuss univariate and
bivariate domains of attraction. In Section 3 we discuss domains of attraction of the vector
(X, X?) and in Section 4 we use transformations to recover many results concerning SV (n),
SD(n) and #(n). We finish the paper with some concluding remarks.

In the paper we restrict ourself to nonnegative random variables X. The case of real X
will be postponed to another paper. In the real case one can prove similar results, but one
has to study different cases depending on whether uw = 0 or u # 0.

For further use, recall the definition of regular variation. A positive and measurable
function g(x) is regularly varying with real index « (notation g € RV(«)) if as t — oo,
g(t)/g(H)y — y*, Yy > 0. It can be proved that the defining convergence holds locally
uniformly (l.u.) with respect to y > 0. For this and other properties and applications of
regular variation, we refer to Refs. [3,9,22]. For a recent survey paper, see Ref. [12]. For
applications in extreme value theory we refer to Ref. [5]. A point process approach to
regular variation and weak convergence is available in Ref. [20].

2. Domains of attraction

In this section we briefly discuss univariate and bivariate domains of attraction of
nonnegative random variables and vectors. These results are not new and are well known
by now.

2.1 Univariate case

Recall that the random variable X belongs to the domain of attraction of a stable law Y(a)
with parameter a, 0 < « = 2, if there exist positive numbers a(n) and real numbers c(7)
so that

limP(M - x> = P(Y(@) = ¥)

n—co a(n)

Notation X € D(Y(w)). Here S(n) = X; + X, + --- + X,, is the sequence of partial sums
generated by i.i.d. copies of X. Note that for @ = 2, Y(2) has a normal distribution.
Now assume that X = 0 and let F(x) = P(X = x). For further use we define the truncated
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second moment function V(x):

X

Vix) = J y*dF(y)
0

The following result is well known, cf. [8,19].

PropOSITION 1. Suppose that X is nonnegative and not concentrated in 1 point.

(i) For 0 < a < 2, we have X € D(Y()) if and only if F € RV(—a).
(i) For &« = 2 we have X € D(Y(2)) if and only if V € RV(0).

Note that for 0 < a =2, X € D(¥Y()) is equivalent to
XFx)/V(x)— 2 — a)/a.

Moreover, F € RV(—2) implies that V € RV(0) and then X € D(Y(2)).

We have some freedom in choosing the normalizing sequences {a(n)} and {c(n)}.
In our paper, we use the normalizing constants by replacing x by 7 in the functions a(x) and
c(x) defined as follows:

e For o = 2, a(x) € RV(1/2) is determined by the asymptotic relation
xV(a(x))/a*(x)— 1. (D
o If 0 < a <2, a(x) € RV(l/a) is determined by by the asymptotic relation
xF(a(x))— 1. 2

o If0 < a <1, wechoose c(x) =0.If | < a=2,we choose c(x) =xu = xE(X).
o If o =1, then c(x) € RV(1) is given by the relation c(x) = xm(a(x)) where a(x) is
given by (2) and where m(x) denotes the integrated tail

m(x) = JXF (t)dt.
0

Note that if u, = EX 2 < o0, then V(x) — u, and a 2(n) ~ nu,. To obtain the precise
form of the limit Y(a), we denote by G(s) the Laplace—Stieltjes transform of a function
G(x):

o0

G(s) = J exp(—sx)dG(x).
0

If G(x) = P(Z = x) is the distribution function of Z = 0, we have G(s) = E(exp — sZ), the
generating function of Z. For F(x) we write ¢(s) = F(s) = E(exp(—sX)) and in the results
below we use the notation ¢,(s) = E(exp — s¥Y(«)). With our choice of {a(n)} and {c(n)}
we have:

(1) If 0 < a < 1 we have ¢y (s) = exp(—I'(1 — a)s?);

(i1) If a = 1 we have ¢, (s) = exp(—slog(s) — ys);
(iii) If 1 < a <2, we have ¢ (s) = exp(—T'2 — a)s “/(a — 1));
(iv) If @ = 2, we have ¢o(s) = exp((1/2)s (1 — w*/V(0))).
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Note that if V(00) = o0 in (iv) we have ¢,(s) = exp((1/2)s 3. If Mo < 00, then ¢, (s)
= exp((1/2)s *Var(X)/ ).

Remark. If 1 = a < 2, then we have S(n)/nm(a(n)) ﬁl.

2.2  Multivariate case

Many of the one-dimensional results can and have been generalized to higher dimensions.
Recall that the random vector (X, Y) belongs to the bivariate domain of attraction of a
stable vector (Y;(«), Y>(B)) if we can find sequences of constants a(n) > 0, b(n) > 0 and
c(n), d(n) such that

p(M < SO A <) @ =a v = )
a(n) b(n)

where Sx(n) and Sy(n) are the partial sums of independent copies of (X, Y). Notation
X,Y) € D(Y|(a), Y>(B)). Assuming that Y;(a) and Y»(8) are nondegenerate, the
normalizing constants are determined by the convergence of the marginals in (3) and
then we use the normalizing constants given as in Section 2.1. We denote the d.f. of (X, )
by F(x,y). For (Y (a), Y>()), we denote the generating function by i »(s, #) and its
marginals (s), (7).

We assume that (X, Y) = (0,0) and define the integrated ‘tail’ U(x,y) function as:

X [y
Ux,y) = J J P(X > u,Y > v)dudv.
0o

A bivariate analogue of the truncated ‘second moment’ V(x) can be defined as W(x, y),
where

W(x,y) = ijyuvdF(u, V).
0Jo

If E(XY) < o0, we see that W(x, y) — E(XY) as min(x, y) — oo. Using partial integration,
it easily follows that

[W(x,y) = Ulx, )| = 2xyP(X > x) + 2xyP(Y > y) “

and (4) can be used to transfer properties of U to W and vice versa. In applications one can
choose the more convenient function.

The next result goes back to Ref. [21]. We state a simplified version of a result of Ref.
[11], see also Refs. [6,7].

THEOREM 2. Suppose (X, ¥) = (0,0) and X € D(Y (@), Y € D(Y>(B)) with0 < «a, B = 2.
1) If0 < a, B <2, then (X,Y) € D(Y (), Y>(PB)) iff for each x, y > 0 we have

tUa(0)x,b(r)y) . tW(a()x,b(t)y)
im = lim =
1—00 a(H)b(r) y—oo a(t)b(t)

O(x, ) &)
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for some limit function {)(x, y). In this case we have

d12(s, 1) = P (s)yn(nexp stl(s, 1).

(1) If « = B =2, then (X, Y) € D(Y,(2), Y»(2)) iff for each x, y > 0 we have

tU(a(0)x,b(t)y) .. tW(a)x,b(t)y)
m——————=lim————— = C,
1—00 a(t)b(t) 1—00 a(n)b(r)

where C = 0 is a constant. In this case we have

P12(s,0) = P1()Yn(t) exp(C — o)st,

where ¢ = E(X)E(Y)/\/E(X2)E(Y?2) if E(X* + Y?) < c0 and ¢ = 0 otherwise.
(iii) If 0 < a <2 and B=2, then (X.Y) € D(Y,(c), Y5(2)) and Y,(a) and Y,(2) are
independent.

Remarks 2.

ey

@)

In the case where 0 < «, 8 < 2, one can prove (c. [10]) that (5) can be replaced
by

thm tFX,Y(a(t)xv b(t)y) = h(%)’)a VX»)’ > 07

for some finite limit function A(x,y).
In Theorem 2(ii) the limiting bivariate normal distribution has variance—
covariance matrix given by

1 - E*X)/E(X?) C-c
C—c 1 — E(Y)/E(Y?)

where E2X)/E(XX*) =0 if E(X?) =o0. and EX(Y)E(Y?) =0 if E(Y?) = co.
If EX?+ Y?) = oo, we have ¢ = 0. If E(X? + Y?) < o0, we have E(XY) < o
and then we have

E(XY)

VEXDEXY?)

In this case the limiting normal distribution has variance—covariance matrix given
by

Var(X)/E(X?) Cov(X,Y)/\/EX?E(Y?)
Cov(X,Y)/\/E(XX?)E(Y?) Var(Y)/E(Y?)
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3. The case where X = (X, X ?)

For the vector (X, X2) with X = 0, we have F(x) = P(X = x) and F,(x) = P(X> = x) =
F(/x). Clearly F € RV(—a) holds if and only if F, € RV(—«/2). In the next result we
use the notation uw = E(X) and u, = E(X k) whenever needed.

THEOREM 3.

(i) For 0 < a < 2 we have (X, X %) € D(Y;()), Y>(al2)) iff F € RV(—a).
(ii) For2 = a < 4 we have (X, X %) € (Y;(2),Y»(a/2)) iff F € RV(—a). Moreover, Y;(2)
and Y,(a/2) are independent.
(iii) We have (X,.X?) € (Y,(2),Y»(2)) iff X* € D(Yx(2)).

Proof.

(i) For 0 < a <2, the univariate results show that F € RV(—«) if and only if
X € D(Y\(a)) and X ? € D(Y5(a/2)). Using (2) we see that a (r) = b(r). Now we

consider U(x,y). Clearly we have

Ux,y) = J JyFX(max(u, Vv))dudv.
0

0
and

Ultx, ty) Jx Jy Fx(t max(u, \/)) dudy.

tFx@®  Jolo Fx(1)

Using Fx(t max(u,/v)) = Fx(ty/v) and F(y/x) € RV(—a/2) we can apply known
properties of regular variation to obtain that

0

Ultx, t%) A u
t3F—X(t)_) Qx,y) = JOL(max(u, V)" “dudv.

Replacing ¢ by a(f) we find that a*(t)F(a(t)) ~ a*(t)/t and Theorem 2 shows that
(X.X?) € D((Y1().Yo(a/2)).

(ii) Note that for 2 = o« <4, F € RV(—a) implies that X € D(Y,(2)). Also F €
RV(—a) holds if and only if X2 € D(Y5(a/2)). Now Theorem 2 can be used.

(iii) If X2 € D(Y5(2)) then automatically we have X & D(Y(2)) and
M3 = W(00,00) < oo, It follows that

tW(a(t)x,a*(0)y) _

lim
a(tya?(t)
where C =0 if uy = o0 and C = p3/./mapa if pq < 0. Theorem 2 applies and we
find that (X, X ?) € D(Y;(2),Y»(2)). O

Remarks 3.

(1) In case (iii) of Theorem 3, the limiting normal law has the variance—covariance
matrix given by

(m2 — u?)/p2 0
0 1
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if py = 00 and by

(2 — 1)/ (s — pip2)/ s
(3 — ppa)/ JPafa (R = 13)/ a

if g < 00,
(2) Theorem 3 gives conditions under which
X —cn) YL X?—dn) «
2z i = (Y1), Y2(v)) (©)
a(n) b(n)

for some numbers u and v. For further use, in this remark we give the precise form
of the normalizing sequences.

(i) If0 < a < 2, thenin (6) we have u = @ and v = /2. We can use (2) to see that
b(n)=a 2(n). Since a/2 < 1, we can take d(n) = 0 and c(n) according to the
different cases of Section 2.1.

(1) If 2 = a < 4, then in (6) we have u = 2 and v = «/2. We have c¢(n) = nu and
a(n) is determined by (1). The sequence b(n) is determined by the relation
n(1 — F5(b(n))) — 1. If « > 2 we have d(n) = nu, while if @ = 2 we take

d(n) = nmy(b(n)) @)

where my(x) = [(Fa(u)du.
(iii) In case (iii) of Theorem 3, in (6) we have u = v = 2. Now we take c¢(n) = nu and
d(n) = nu,. The sequence a(n) is determined by (1) and b(n) is determined by

nVa(b(n) _

b2 1 ®)

where Vo(x) = EX{X? = x} = [{"u*dF(u).

4. Applications

As mentioned in the Introduction, many characteristics in statistics are based on

(Z?:lxi’ Z:;Xiz)

As examples we mention the sample coefficient of variation SV(n), the sample
dispersion SD(n) and #(n). As in Ref. [17], we define C(n) and 7(n) as follows:

T X XX

Cn) = =i=1010 .
(}’l) Zi:lxi (Z:,:]Xi) 2

I(n) =

Note that

SV(n) = /nT(n) — 1

SD(n) = C(n) — X = (nT(n) — DX
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and
Jn
) = ——.
VnT(n) — 1

Clearly T(n) plays an important role in studying SV(n) and #(n).

4.1 Asymptotic behaviour of T(n) and SV(n)

Using the notations of Theorem 2 and the Remark 3.2. we have the following result. The
result simplifies and completes the proofs of the corresponding results of Refs. [1,16,17].
Also cases (iii) and (v) seem to be new.

THEOREM 4.
(i) Suppose that F(x) € RV(—a) with 0 < a < 1. Then

4 Ya(e/2)

T(n)= Yz( )

(ii) Suppose that F(x) € RV(—a) with 1 = o < 2. Then

n’m?(a(n))
a’(n)
(iii) Suppose that F(x) € RV(—2). Then

n d(n)
—— | nT —Y 1
b(n) <” 0= nM) w20
where d(n) is given in (7).
(iv) Suppose that F(x) € RV(—a) with 2 < a < 4. Then

() SYa(a)2).

- *\4 Ly
b()("“ u_> 2 Fef2).

(v) Suppose that X > € D(Y,(2)). Then

b(n )(nT(n) 2 >=>Y3(2)

where

d 1 M2/ 2
Y3(2)=—Y22) - 2—5"=Y1(2)
w M7
if py < 00 and Y3(2)2Yx(2)/p % otherwize.

Proof.

(i) Under the conditions of (i) we have

(Z, Xi S X7

d
a()  a*(n) ) = (Yi(@), Ya(a/2)).
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Now it follows that

n

2
< — l 2 < L . .
P(T(n)<x)=P (a2(n) in = x<a(n) Zx) )

i=1
so that
P(T(n) = x)— P(Yy(a/2) = xY%(a)).

(ii)) Now we have

n . n 2
< S X X ) 5 (1, Ya(a/2))

nm(a(n))’ a*(n)

and the result follows as in (i).
(iii) Using the notations

_ (LX) o _ X2 = d
A(n) = na(n) , Bn) = b(n)
in this case (iii) we have
(A(n), B(n)) = (2uY1(2), Y2(1)). ©

To prove the result, we consider

_[(dn) nzT(n)_ 1 _
I_P(%( d(n) ﬁ) ‘x>'

Using the definition of 7(n), we obtain that

2
2 d(n)  xb(n) I
1=P(;X§— (/ﬁnﬁ pe )(Zx) sO)

=1
dn) xb(n)

= P(B(n)b(n) - (M%ﬂ + 3 )A(n)na(n) = xb(n),u2>

_ _ (alm)d(n)  a(n)x — .2
—P(B(n) (M%(n)n + . )A(n) = xXp )

Now recall that A(n) :d> 2uY>(2) and observe that a(x) € RV(1/2). Also note that
b(x) € RV(1) and (cf. (7)) that d(x) € RV(1). It follows that a(x)/x — 0 and that
a(x)d(x)/(xb(x)) — 0. Using (9), we conclude that I — P(Y,(1) = xu 2).

@iv) In this case we have d(n) = nu, and

(Am), B() = 2uY,(2), Ya(a/2)) (10)
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where, cf. (1), a 2(n) ~ nu, and b(x) € RV(2/a). Now consider

P(b( ><”T(”) w > Sx)'
By using the definition of 7(n), we find that
n b(n)
X2 — X, (x +—) =0
S (5) (e
_ P(B(n)b(n) - (xmn) + 7) na(mA(n) = xb(n) >

- P(B(n) - (“(Z)x + Zggz i)A(n) = M&).

Since a(n)/n — 0 and a(n)/b(n) — 0 as n— oo. Using (10), we conclude that
I— P(Ys(al2) — 0= sz) and this proves the result.
(v) Now we have

(A(n), B(m) = (2uY1(2), Y2(2))

where, cf. (1), a >(n) ~ nu, and b(n) is determined by (8). As in case (iv) we consider
I and again we find that

- P(B(n) - (a(z)x + Z((Z)) Z i)A(n) = M&)

and now we have to distinghuish between two cases. If u, < oo, we find that
b*(n) ~ nu, and it follows that

N
RN

]—>P<Y2(2) 2uY1(2) = ,ﬁx).

In the case where uy = o0, we have

a’(n)  npy 0
b2(n)  b*(n)  Vi(b(n))

and we find that [ — P(Y»(2) = pu%x).

Remarks 4.

(1) Using the variance—covariance matrix 2, one can calculate the variance of the
limiting normal random variable Y5(2) in Theorem 4(v).

(2) The prominent place of u in the theorem shows that we can expect difficulties if X
is a real random variable with u = 0.

(3) Inthe special case where P(X = 1) =p, P(X=0)=¢q,with0 < p=1—¢ <1,
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we find that

T _ 1

and we obtain that

(T Y e 0

v T 2
nop pX p

where Z ~ N(0,1). Theorem 4(v) (where we used different normalizing
sequences) gives the same result taking into account that now we have
Y1(2) = Ya(2).

Now we can use Theorem 4 to obtain the precise asymptotic behaviour of the
sample coefficient of variation SV(n) = /nT(n) — The next result completes
the results of [17, Section 4.1]. We use the notation o> = u, — u>.

COROLLARY 3.

(i) Suppose that F(x) € RV(—a) with 0 < a < 1. Then

SV(n) d \/Ya2(a/2)
= .
Jn Yi(a)

(ii) Suppose that F(x) € RV(—a) with 1 = o < 2. Then

%svm) L T (a)2).
(iii) Suppose that F(x) € RV(—2). Then
n+/c(n)
b(n)

where c(n) is given by c(n) = d(n)/n,LL2 -
(iv) Suppose that F(x) € RV(—a) with 2 < a < 4. Then

1
(SV(n) — /cn) = 5,270

SV L y(a)2
b()( (n) — M) z—z(a/)

(v) Suppose that X 2 € D(Y,5(2)). Then

ECANAYLS
b()(S (n) ) 75132

where Y3(2) is given in Theorem 4(v).

Proof. (i) and (ii) follow immediately from Theorem 4 (i) and (ii).
(ii1) From Theorem 4(iii) we obtain that

nT(n) p 1

dm)/n  p?
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and

m(nT(n) — 11— cn) %Yz(l)

where ¢(n) is given as in (iii). It follows that SV(n)//c(n) 2, 1. Now observe that

B nT(n) —1— c(n)
SV = Vel = =+ Ve

Using Theorem 4(iii), we obtain that

n+/c(n) 1
Yo (SV(n)—s/c(n)) 22120,

(iv) First note that Theorem 4(iv) shows that n7(n) £ p,z/p,2 so that SV(n) TN alp
where 0% = u, — u?. Now we have

o _nT(n) — po/p?

SV = = sV

Theorem 4(iv) can now be used to obtain the desired result.
(v) The proof is similar and therefore omitted. O

4.2 Asymptotic behaviour of C(n) and SD(n)

Following similar steps as in the proof of Theorem 4 we readily obtain the following
results for C(n).

THEOREM 6.

(i) Suppose that F(x) € RV(—a) with 0 < a < 1. Then

1 4 Yale/2)
a7 Vi

(ii) Suppose that F(x) € RV(—a) with 1 = a < 2. Then

nm(a(n))

a*(n)
(iii) Suppose that F(x) € RV(—2). Then

d
Cn) = Ya(a)2).

d(n) d 1
b(m) (d(n) e = ) =

(iv) Suppose that F(x) € RV(—a) with 2 < a < 4. Then

d 1
b(n)< (n) — —) = ;Yz(a/z).
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(v) Suppose that X 2 € D(Y»(2)). Then

d
b(n)( (n )——> = Y3(2)

where

1
N 00 - a ZJC Y1)

if 11, < 00 and Y3(2) < Y»(2)/ otherwise.
Now we can use Theorem 6 to discuss the asymptotic behaviour of
SD(n) = C(n) — X. The proof of the next result is left for the reader.

COROLLARY 7.

(i) Suppose that F(x) € RV(—a) with 0 < a < 1. Then

1 ¢ Ya(a)2)

(ii) Suppose that F(x) € RV(—a) with 1 = o < 2. Then

nm(a(n))

vy SD) <L Ya(a)2).

(iii) Suppose that F(x) € RV(—2). Then

n d(n)
b0 (SD(n) — 4+ M>=> m Y, (1).

(iv) Suppose that F(x) € RV(—a) with 2 < a < 4. Then
o2
SD(n) — Y 2
bin >< " M>:>M 2e/2)

(v) Suppose that X 2 € D(Y,(2)). Then

2
oo (SD(n) M):m(z)

where

d 1 a? N
Yis2)=—Y2)— | —+2 ) —=Y,(2
4(2) " 2(2) (M >\/l74 1(2)

if j1s < 00 and Y4(2) 2 Y,(2)/p otherwise.
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4.3 The asymptotic behaviour of t*(n)

Using the definition of #(n) we see that ¢ 2(n) = n/(nT(n) — 1) and this relation can be used
to transfer the asymptotic properties of 7(n) to ¢ *(n). Our Theorem 8 covers all cases for
positive random variables. It should be compared to the results of [2].

THEOREM 8.

(i) Suppose that F(x) € RV(—a) with 0 < a < 1. Then

5 d YHa)
t“(n)= Vr(a/2)’

(ii) Suppose that F(x) € RV(—a) with 1 = a < 2. Then

a*(n)

A S
nm*(a(n))

Ya(a/2)’

(iii) Suppose that F(x) € RV(—2). Then

nemn) [ 1 _tz(n) d 1
wn<35 n)ﬁﬁn“”

where c(n) = (d(n) — nu>)/(np?).
(iv) Suppose that F(x) € RV(—a) with 2 < a < 4. Then

ne? (1 t2(n)\ a4 1

— == =—Y 2

0 (C . ) 2 2(a/2),
where ¢ = 0'2/,u 2,

(v) Suppose that X 2 € D(Y,(2)). Then

ne? (1 *(n)\ 4
m (E p >=>Y3(2)

where ¢ = 0'2/,u % and Y3(2) as in Theorem 4(v).

Proof. (i), (ii) This follows immediately from Theorem 4(i), (ii).
(iii) To prove this result, we write

_ nen) [ 1 _tz(n) _
1_P<bm)<Rﬁ n )‘x)
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We have
I P(tz(n) _ 1 xb(n) >
n c(n) nci(n)
_p 1 - nc(n) — xb(n)
N (nT(n) -1 nc2m) >
_ n L _ xnc(n)
= P(% nT(n) — 1 —c(n)) = —nc(n) — xb(n))

From Theorem 4(iii) we have

n

d 1
bn) (nT(n) — 1 — C(n))=>?Yz(1)

It remains to discuss the right hand side I given by:

_ xnc(n)
"~ ne(n) — xb(n)”

Clearly we have

X

=1—"m /(nc(n))
and we have

b(m) 1 bm)d(n)

ne(n)  c(n)dn) n

Since X2 € D(Y5(1)), we automatically have b(n)/d(n) — 0. If u, < oo, it follows that
d(n)ln — ., and then c(n) — ¢, a finite constant. In this case we conclude that
b(n) = o(1)nc(n). On the other hand, if u, = oo, then d(n)/n — o and nc(n)/d(n) — 1.
Now it also follows that b(n) = o(1)nc(n). We conclude that

I—>P<#Y2(l) Sx)

This proves the result.
(iv) To prove this result, as in the proof of (iii) we write

1_P<nc2 <1 _tz(n)> _ >
“ e \e )77

and now we find that

_p( () - B2 <1
I=r (b(n) <”T(”) Mz) = e —xb(n)>
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Using Theorem 4(iv) and b(n)/n — 0, we obtain that

1
I—>P<FY2(01/2) = x)

and the proof of the result.
(v) Similar as the proof of part (iii). O

5. Concluding remarks

(1) There are many statistics that use higher sample moments. One can analyze
domains of attraction of the random vector (X, X 2, oL X k) and then apply the
results to obtain weak limit theorems for these statistics.

(2) The coefficient of variation and the sample dispersion are widely used measures
of variation. For applications in the context of insurance and actuarial risk, we
refer to [1,13]. See also [16] and the references given there. In portfolio theory,
the very popular ratio of Sharpe turns out to be given by 1/SV(n), cf. [14,23]. The
coefficient of variation is also used as a performance measure in queueing systems
and in simulation, cf. [15].
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