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Abstract
The goal of this paper is to study the effect of inexact first-order information on the first-order methods
designed for smooth strongly convex optimization problems. It can be seen as a generalization to the
strongly convex case of our previous paper [1].

We introduce the notion of (8,L,u)-oracle, that can be seen as an extension of the (J,L)-oracle
(previously introduced in [1]), taking into account strong convexity. We consider different examples of
(8,L,p)-oracle: strongly convex function with first-order information computed at a shifted point,
strongly convex function with approximate gradient and strongly convex max-function with inexact
resolution of subproblems.

The core of this paper is devoted to the behavior analysis of three first-order methods, respectively the
primal, the dual and the fast gradient method, when used with a (3, L, p)- oracle. As in the smooth
convex case (studied in [1]), we obtain that the simple gradient methods can be seen as robust but
relatively slow, whereas the fast gradient method is faster but more sensitive to oracle errors. However,
the strong convexity leads to much faster convergence rates (linear instead of sublinear) for every
method and to a reduced sensitivity with respect to oracle errors.

We also prove that the notion of (8, L, p)-oracle can be used in order to model exact first-order
information but for functions with weaker level of smoothness and different level of convexity. This
observation allows us to apply methods, originally designed for smooth strongly convex function, to
weakly smooth uniformly convex functions and to derive corresponding performance guarantees.
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1 The (4, L, u)-oracle

We consider the following convex optimization problem:

* = min f(x), 1.1
£ = min £ (2) (1.1
where @ is a closed convex set in a finite-dimensional space E, and function f is convex
on ). We assume that problem (|1.1)) is solvable with optimal solution z*.
In this paper, FE is endowed with an Euclidean norm, defined for a given arbitrary
positive definite self-adjoint operator B : E — E* by

|hll; = |kll, = (Bh,h)2 VYheE

where E* denotes the dual space of E and (.,.), the dual pairing.

1.1 Motivation and definition

Consider S;ilL (Q), the class of strongly convex functions (with parameter p) on convex
set @ whose gradient is Lipschitz-continuous (with constant L). It is well-known (see [4])
that functions belonging to this class satisfy

B~y < 1)~ () + (Vi) o—9) < e —ly, VeyeQ  (12)

Moreover, it is easy to check that, for a given y, quantities f(y) and V f(y) are uniquely de-
termined by this pair of inequalities. Therefore, membership in .S 1’, 1.(Q) can be character-
ized by the existence of an oracle returning for each point y € Q a pair (f1.,.(v), 9r,.(v)) €
R x E*, necessarily equal to (f(y), Vf(y)), satisfying

eyl < F) ~ (eul) +lora)z—9) < % oyl forall z € @

Our definition of the (4, L, p1)-oracle consists in introducing a given amount § of toler-
ance in this pair of inequalities:

Definition 1 Let function f be convex on convex set (). We say that it is equipped with
a first-order (9, L, p)-oracle if for any y € Q we can compute a pair (fs5,r,.(y), 95,2,.(v)) €
R x E* such that

I L
5 e = ylln < f@) = (f5.ou®) + (950,uy).z—y) < 3 llz = yl%+0 (1.3)
for all x € Q where § >0 and L > pu > 0.

This notion of (§, L, u)-oracle can be seen as a generalization of the notion of (d, L)-
oracle introduced in [I]. The (6, L)-oracle has been introduced in order to study the effect
of inexact first-order information on the first-order methods designed for an objective

function in Fél(Q)(: Séi (Q)). We do the same here but for the first-order methods of
S (Q)-

A function f belongs to SilL(Q) if and only it admits a (0, L, u)-oracle, namely
(fo,r.u(),90,0..(v)) = (f(y), Vf(y)). However, the class of functions admitting a (4, L, u)-
oracle is strictly larger, and also includes both nonsmooth functions and functions that
are not strongly convex, as we will see in Section [2.5
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1.2 Properties

The notions of (4, L, 1) and (d, L)-oracles are, of course, strongly related:
e A (4, L, p)-oracle is also a (4, L)-oracle.
e A (9, L)-oracle is a (4, L, 0)-oracle.

Since a (0, L, u)-oracle is also a (d, L)-oracle, the properties of the (§, L)-oracle estab-
lished in Section 2.2 of [I] are also true for a (4, L, u)-oracle. In addition, we would like
to highlight here two additional properties of a (4, L, u)-oracle that will be useful in the
rest of this paper:

e If f admits a (0, L, u)-oracle, then c¢f admits a (cd, cL, cu)-oracle for any value of
the constant ¢ > 0. If f; admits a (;, L;, pi;)-oracle, i = 1,2, then f; + fo admits a
(61 + 62, L1 + Lo, p1 + po)-oracle.

Theorem 1 If f is endowed with a (§, L, u) oracle, we have:

fozaloz+(1-a)y) < (1-a)f(y) +af(@) - Sa(l - )y - I}

for all z,y € E,«a € [0,1] and therefore
flox + (1 - a)y) < (1 - )f(y) + af (@) ~ a1 — o) Iy~ al% +4
Proof. Let x, = ax + (1 — a)y. We have:
16) 2 Jonu(@e) + g5 Lu(@a).y = za) + 5 lloa — yl;
= Jrou(@a) +olgsru(@a),y — o) + So? y — ol

and

f(x)

v

I 2
f&L,u(l’a) + <95,L,u(ma)a T —Zo) + 9 llz — xa”E

= foru(@a) + (1= a){gs.Lon(@a).a =) + £ (1 ) [ly — al ;.

Adding the first inequality multiplied by (1—a) and the second inequality multiplied
by «, we obtain the desired inequality. O

Therefore if we assume that the function f is endowed with a family of (6, L(6), u(9))-

oracles and that

1. lims_o p4(0) =7t > 0 then we have:

J(aw + (1= a)y) < af(e) + (1 - a)f(y) - Sall - a) o -yl

for all z,y € E,a € [0,1] and we conclude that f is strongly convex with
parameter [
2. limg_o p(6) = 0 then we have:

flez+ (1 —a)y) < af(z)+(1-a)f(y)

for all z,y € E,« € [0,1] and we can only conclude that f is convex.
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1.3 Paper Structure

In Section 2] we consider different examples of (4, L, i) oracle: strongly convex functions
with first-order information computed at shifted points, strongly convex functions with
approximate gradient, strongly convex max-functions with inexact resolution of subprob-
lems, etc. We prove also that the notion of (4, L, u)-oracle can be used in order to model
exact first-order information of weakly smooth uniformly convex functions.

Sections and [5] are devoted to the behavior analysis of three first-order methods of
smooth strongly convex optimization, respectively the Primal Gradient Method (PGM),
the Dual Gradient Method (DGM) and the Fast Gradient Method (FGM), when used
with a (8, L, u)-oracle. As in the smooth convex case, we obtain that the PGM (and the
DGM) can be seen as robust but relatively slow methods, whereas the FGM is faster
but more sensitive to oracle errors. However, strong convexity leads to much faster con-
vergence rates (linear instead of sublinear) for every method and to a smaller sensitivity

with respect to oracle errors (bounded instead of unbounded accumulation of errors for
the FGM).

In Section [6] using the fact that an exact oracle of a weakly smooth uniformly convex
function can be seen as a (d, L, u)-oracle, we obtain the complexity of our different first-
order methods on such kind of objective function. The last section (Section is devoted to
the obtainment of lower bounds on the error increase for any first-order method designed
for smooth strongly convex functions and used with a (8, L, u)-oracle.

2 Examples of (4, L, u)-oracle

2.1 Strongly convex function with computation at shifted points

Let function f € Si’(lf) L(f)(Q) be endowed with an oracle providing at each point y € Q,
the exact values of the function and its gradient albeit computed at a shifted point ¢
different from y.

1. Since f is strongly convex with parameter p(f), we have

p(f)

f@) 2 f@) + (V@ x =9+ = le—illp, Vreq.
Using the convexity of |.||3, we have ||z —y|% < 2|z — 9% + 2§ — yl|5 and
therefore

) 3.z TS LL€) TR BV DNTPRR
F@) 2 F@)+VF9), 2=y) V() y=9)+ == e = yllp=—~ 19—yl (2:1)

2. Since f has a Lipschitz-continuous gradient with constant L(f), we have:

L
1) < 1) + i@ )+ 2 e gl ve e
Using the convexity of ||.|[%, we have |z — 9|5, < 2|y — 9|5 + 2|z —y|/3 and
therefore
(@) < F@)HVF@).z=9)+(VF@)y=9)+ L) ly = 3l p+L) =~ vl (22)

(
Letting p = “(2f), L = 2L(f) and § = L(f)|ly — il + ”(Tf) ly — §l|%, in view of the

equations 2.1 and [2:2] we have that

s = 1)+ 91@)0 = 9) ~ L1y 312 050,000 = 1)

is a (0, L, u) oracle for f.
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2.2 Functions approximated by a smooth strongly convex func-
tion

When a function f can be well approximated by a smooth strongly convex function f,in
the sense that their difference is bounded, the exact values of f and its gradient provide a

(9, L, pi)-oracle for f. Indeed, assume that there exists a smooth strongly convex function
fe Sii(@) such that f is a d-lower approximation of f on all @, i.e.

0<fly) —fly) <6 Vye@.

Using the fact that f € SilL(Q), we obtain

@) 2 f@) 2 Jo) + (VI).e -y + 5 le—ylp Veyeq,

(using strong convexity of f), and

IN

_ _ _ L

@) < F@) +0 < Fly) + (Viyha—y) + 5 e —ylz +6 Va,yeQ.

(using Lipschitz continuity of Vf), which proves that (f(y), Vf(y)) is a (8, L, p)-oracle
for f.

Finally, note that the above result can be readily extended to the case when the §-lower
approximation f is not necessarily smooth and strongly convex but is equipped with an
inexact (¢, L, p) oracle: we can then show that the inexact oracle of f also constitutes an
inexact (6 + &', L, u) oracle for f.

2.3 Strongly convex function with approximate function value
and approximate gradient

Let function f € Slll(lf) L( f)(Q) be endowed with an oracle that provides us at each point

y € @ with an approximate function value |f(y) — fy| < A; and an approximate gradient
- *

|Viw) =i, || <2

Let us prove that this very natural definition of approximate first-order information is
a particular case of (¢, L, u) oracle.

As f is strongly convex with parameter u(f), we have

fl@) = f)+(Vfy),z—y)

V1) - Va0 + 1 oy 2
> )+ (FF@). -9~ Dallr—yllp + D oy
> )= A+ (F1)e =)+ B o=l - 2

. A2 2
since Az ||z — y|| 5 < ot # 2 —yll% -
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As V f is Lipschitz-continuous with constant L, we have

fl@) < f)+(Vfy),z—y)

~ L
HVIw) - Tr)a— o)+ 2 ey
- L
< @)+ TS =)+ Aalle —ylp+ 2 -yl
- ~ A2
< A — L —ylA + —2
< f)+A1+ (Vi) z—y) + L) Iz —ylz + L)
2
since As & =yl 5 < 57 + 252 llz — 5
We conclude that
_ A3 -
foowy) = fly) — A1 — —=,95,.,u(y) = Vf(y)
ey
define a (4, L, 1) oracle for f where § = 2A; + H(f) + 2?&)’ — (f) and L = 2L(f).
In particular, contrarily to the non strongly convex case studled in [I], we see here

that boundedness of @ is not needed for an approximate gradient to fit with our definition
of inexact oracle.
2.4 Saddle-point functions

Let us now consider objective functions of the form

f(z) = max ¥(x, u) = max{G(u) + (Au,z)}

ueF ueF

where F is a finite-dimensional vector space, endowed with the norm |||, and A : F —
E* is a linear operator. We assume that G : FF — R is

1. Strongly concave with parameter u(G) i.e.

G(u) < G(v) + (VG(v),u —v) — @) l|lu — v||?;, Yu,v € F.
2. Smooth with a Lipschitz-continuous gradient with constant L(G)

G(u) > G(v) + (VG(v),u —v) — @ |lw — v||§, Yu,v € F.

It is well-known that when —G € S;’(IG)’L(G)(F) then f € Si?f),L(f) (E) where p(f) =

%’é{‘ﬁ and L(f) = %S)AT). In particular, the condition numbers of the func-
tions f and G are linked by Q(f) = ""‘“‘(ﬁﬁT))Q( ). However, if we want, at a point

z € E, to compute the exact first-order information for f, we need to solve the sub-
problem max,cr ¥(z,u) exactly since f(z) = ¥(z,ul) and Vf(z) = Aul where u} =
argmax,cpr VU(z,u). In practice, we are typically only able to compute an approximate
solution u, € F of this subproblem. In the following theorem, we give a natural condition
under which inexact resolution of the subproblems provides us with a (4, L, u)-oracle.

Theorem 2 Assume that G is strongly concave with parameter ;(G) and smooth with a
Lipschitz-continuous gradient with constant L(G). Let z € E and assume that instead of
computing u*, the unique optimal solution of the subproblem max,cr ¥(z, u), we compute
u, € F such that:

U(z,ul) — ¥(z,u,) <.
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Then
(fé,L,u(z) = \If(z,uz) &= G(“Z) + <Auz, Z> - 5796,L,u(2) = A“Z)

T . T
ils zz ()6,L,u) oracle for f with § = 3¢, L = 2)“%(&4)‘4) = 2L(f) and p = % =
a1(f)-

Proof. As ¥(z,.) has a Lipschitz continuous gradient VoW(z,u) = VG (u) + ATz with
constant L(G), we have (see Theorem 2.1.5. in [4]):

(VG ) + AT2[|1)? < 2L(G)(W(x,u2) — W(s0)) < 2LGYE. (23)
e The Lipschitz-continuity of VG implies (see Lemma 1.2.3 in [4])
L(G)

Gu) 2 Gluz) + (VG(us) u —us) = =57 [lu— s
= Guy)+ (—ATzu —u,) + (VG(u,) + ATz, u — u,)
-
2 s
Therefore:
f@) = max{Gl) + (Au,2))
> meagc[G(uz) + (—AT 2 u —u) + (VG (u) + ATz, u — u,)
LG
e R )
= G(uy) + (Auy, 2) + (Auy,x — 2) + rlflea})?(KA(u —Uy),x — 2)
LG
HVO0) + ATz u— )~ D )
()
= fa(2) 4 (g5 u(2) 2 — )+ max((AQu — u), 2~ 2)

L(G
VL@ el ~ A 2]
But \/2L(G)¢ ||lu — u.||p <€+ @ l|lu — quiﬂ and therefore:

F(@) 2 fo.0.(2) + {g5,.L(2), 7 — 2) + max{(A(u —u.), 2 — 2) = L(G) [lu— us 3. }.

ueF
Since

2

oy _ L[AT@ =)

max{(A(u — )7 = 2) = L(G) Ju— a7} = pr e
EM” — 2|3
Z 1 LG z—z||%

Amin (AAT

we obtain f(z) > fs1,.(2) + (9s6,0,u(2), 2 — 2) + ’Z;Tg)) lz = 2|7 -

e On the other hand, since G is strongly concave with parameter u(G), we have:

G) < Glul) + (VG u— =)~ M 2
_ HG)

2
= wl;
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(by definition of u*, we have: VG (u?) + ATz = 0.) Therefore:

fl@) = max{G(u) + (Au,2)}

< mae{G(?) + (4720 )~ P 2 ()
= Gul)+ (Aul, z) + (Aul,z — z)
max({AG - ).z - 2) - XD gy

= Guy) + (G(ul) — G(uy)) + (Au,, 2) + (Au, z — 2)
A ), ) + max{(AQu — )2~ 2)

HAl ) - 2) - B )

But |Ju — u. |5 < 2|ju — i[5 + 2 |Jus — ut]3 ie.
lw = w27 > 3 lu = uz||7 — Jus — uZl|7 . Therefore:
flx) < G(uy)+ (Aug, 2) + (Auy,x — 2) + G(ul) — G(uy)

A — u),2) + maxl(AG - u).o - 2) - A 2y

=3 4
M(G) )
N
Since
fe. 2 AT(@=2)||2,  Apan(AAT 2
1 maxyep{(A(u—),7—2) ~ 48 u — w2} = 1O e < dmmatad® 2

2. G(uz) = Gluz) + (A(u —uz), 2) = ¥(z,ul) = ¥(z,uz) <¢
3. @ [l — uiH? < U(z,ul) — U(z,u,) <& by strong concavity of ¥(z,.),

we have:
T
@) < G(uz>+<Auz,z>+<Auz,x—z>+ij((é)‘“x—znéwg
T
= fron(®) + (g5 a(e)T— )+ Amﬂ((‘;j‘) o — 2|13 + 3¢.

O

2.5 Uniformly convex functions with weaker level of smoothness

Let us show that the notion of (d, L, u)-oracle can be also useful for solving problems with
exact information but where the objective function is not necessarily strongly convex and
V f not necessarily Lipschitz-continuous. Let function f be subdifferentiable on @ and
for each y € @, denote by g(y) an arbitrary element of the subdifferential df(y).

We assume that

1. f is uniformly convex on ) with convexity parameters p > 2 and k > 0 i.e.:
K
flaz + (1 - a)y) < af(@) + (1 - a)f(y) - 5ol - a)llz —yllp
for all z,y € @ and Va € [0, 1]. This condition leads to the following inequality:

F@) = 1) + o -y + 5 o= yll, Yoy Q
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2. f has an Holder-continuous (sub)gradient on @ with parameters v € [0,1] an M <
400 i.e.:
lg(z) =9l < Mllz —ylp, Yo,y eQ.

This condition leads to the following inequality:

f@) < fy) + gly),x —y) + |z —yllz™, VYo,y€Q.

1+v

We denote this class of function by:

o ULP(Q) when the function is also assumed to be differentiable (it is always the
case when v > 0)

. US:@V(Q) when the function can be non-differentiable.
Remark 1 e When v = 0, the function is typically nonsmooth with bounded variation
of the subgradients.

e When 0 < v < 1, the function is weakly-smooth i.e. with a Holder-continuous
gradient.

e When v = 1, the function is smooth with a Lipschitz-continuous gradient.
In particular when v > 0, the function is necessarily differentiable and we have

U7 (Q) = UM (Q)
Remark 2 When p > 1+ v, the class UE:@”(E)(and therefore also U’iﬁ/["(E)) is empty

since

for sufficiently large ¢t > 0.
Remark 3 U;JQ\;(Q) = Si}w(Q)

We will prove in this section that functions f € Ug:ﬁj’(@), a (9, L, u)-oracle is available
for any value of § > 0 i.e. that we can define quantities (fs51,,.(y),9s,.(y)) satisfying
inequalities (1.3

e First, we prove that f(z) > f(y) + (g(y),x —y) + % |z — yll, Va,y € Q implies

F(@) 2 ) +lolw).x —u) + 5 e — vl — 0 VryeQ

where §; > 0 is arbitrary and some p > 0. In order to obtain this implication, we
need to find a constant u = u(p, K, d1) such that:

o 2 K
sle—ylp=d<5le—ylp, VeyeQ.

A sufficient condition is %tQ -0 < gt” for all ¢ > 0. Therefore we will choose
p = ming>o{xt’~2 + 261t ~2}. The optimal solution of this minimization problem is
1

given by t* = (5(‘;5_12)); and therefore

2 22 g g
p=p(pk,01) = p 2 Koy " 207,

In particular, when p = 2, we obtain u = k.
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e Second, in the subsection 2.3.c. in [I], we have proved that f(z) < f(y) + (g(y),z —

1+v . .
y) + ljfu |x — y||E+V implies

F@) < £+ o) m =)+ 5 = olis + 6

1-v
where 05 is arbitrary and L = M (% %;Z) " In particular when v = 1, we obtain
L=M.

We obtain the following theorem:

Theorem 3 Assume that f € US:K}’(Q). Let 0 < 6; and 0 < J be arbitrary constants

1—v

=2 p=2
and deﬁneé=§1+52ali:ﬂ(p7i2) ! m%51p 2= % andL:M(M 1_”)H . Then

% 14+v

(fo.0.u(y) = f(y) = 01,96.0,.(y) = 9(y) € 0f(y))

defines a (9, L, u) oracle for f.

3 Primal gradient method with (4, L, ;1)-oracle

Let us now study the behavior of first-order methods, initially developed for smooth
strongly convex problems, but used here with a (d, L, u)-oracle.

We start with the Primal Gradient Method. One important property of this method
is that it does not use the strongly convex parameter p explicitly in the scheme. The
Primal Gradient Method for strongly convex problems looks exactly the same as in the
convex case.

Therefore, the Primal Gradient Method when used with a (4, L, ) oracle looks exactly
the same that when used with a (§, L)-oracle in [I].

10

Algorithm 1 Primal Gradient Method (PGM) with (d, L, ) oracle

R Wy

: Choose zg € @
cfork=0:... do

Obtain (f5,..(2k), 95,1, (k). ,
Compute zj41 = argmingeq{(Vygs.ru(vx), ¢ — xk) + % |z — k|| %}

end for

Even if the scheme is the same, the fact that we use a (4, L, u)-oracle instead of a
(6, L)-oracle can accelerate significantly the convergence rate:

Theorem 4 Assume that f is endowed with a (d, L, u)-oracle with g > 0, then the
sequence Yy, = argming, . f(x;), generated by the Primal Gradient Method satisfies

2

Flu) — <

5 exp (—kﬁ) +9

L

where R = ||z — x| 5.

Proof. Denote ry = ||zx — 2*| p and fr = fs.0,.(Tk), 9& = 95,0,u(2r). We have

7"13+1 = ||lzps1 — $*||2E = 7“1% +2(B(Tps1 — Tk), Thpr — ) — [|Tpg1 — kaIQE (3.1)
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Using the optimality condition of the problem defining zj1:

(9 + LB(zg11 — 1), 2 — 2p41) 20 Vz €Q

we have )
(B(zg41 — ), Tpg1 — 7)) < Z<gk,z* — Tht1)-
We obtain
2 2 2 * 2
Thp1 < TR F Z<gk7$ — Zpg1) — [[Trg1 — 2kl
2 2 L
= e~ o) = 7 (o - o) + 5 o -l
2 . 2
< 7‘1%4‘5(91“33 _xk>_E[f($k+l)_fk—5]
2 [, p ) 2
S 47 [f@) e Sl =2t E] - S @) — i - 0]
I 2 "
= (1_L)T’%+1+f[f(x)_f(xk+1)+6]‘

Therefore, we have

IN
/N
[t
|

7"1%+1
(-5 2+ 21t - st + 1)
)

) = f(@r41) + 6]

)12+ 2 17 ~ Flaka) + 9
)

IA
/N

=

|
~NE NE

+
i
E
&

B () = Fans) +9)

IN
—
—
|
SI=
N
>
<
o
+
h
—
—
|
\

=0

and we obtain

Zg;@ZYU@Hknﬂf»s@gf“@+i§j@gy5

Therefore, using the definition of yx11 and the fact that
%Zf:o (1- %)z =2 (1—(1-£)*1) we conclude that

o
k+1
* o (1_%) 2
fres) =7 < 5 ro+6

o 21— (1)

L R
Lrg p

< Texp(—(k—i—l)—)—ké

O

Remark 4 When § = 0, we retrieve the well-known behavior of the Primal Gradient
Method in the strongly convex case, with a complexity of order © (ﬁ In (LR2)>.

€

11
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Remark 5 As a (4, L, u) oracle is also a (§, L)-oracle and as the parameter u is not used
during the scheme, the upper-bound

. LR?
flyr) =7 < +4 (3.2)
2k
obtained in [I, is still available. Therefore, the sequence yj generated by the primal
gradient method actually satisfies
LR? 1
fy) = < =5 min (k7exp (—kj)) + 6.

In conclusion, when we apply the primal gradient method to a function endowed with
a (0, L, u) oracle, there is no error accumulation, and the upper bound for the objective
function accuracy decreases with k and asymptotically tends to 4. If we want an accuracy
of e for the objective function, we need to perform a number of iterations k such that

LR? L LR?
() o ()
€ I €
with an oracle accuracy 6 = O(¢). As in the non strongly convex case, studied in [I], the
PGM does not suffer from errors accumulation.
4 Dual gradient method with (6, L, u)-oracle
Let us now consider the Dual Gradient Method. This method has been introduced in [6]
for smooth convex problems with exact oracle. In [I], we have studied its behavior when
used with a (4, L)-oracle.

In the strongly convex case, it is necessary to modify slightly the method in order to
take advantage of the strong convexity. We propose here such modification and study the
behavior of this modified method when used with a (0, L, 1) oracle.

Let {ax}r>0 be a sequence of positive reals such that:

L
= 4.1
=7, (4.1)
(L — pagsr = Agp+ L (4.2)
where A;, = Zf:o ;.
Algorithm 2 Dual Gradient Method (DGM) with (0, L, 1) oracle
1: Choose g € @
2: fork=0:... do
3. Obtain (f5.ru(2k), 95.L.u(k))-
4:  Compute
: L 2
wy, = arg min{(gs,L.u(zx), © — xi) + 3 (|2 — @l 5} (4.3)
TEQ 2
5. Compute

k
Tpy1 = arg gélg Z a;i[(gs,L,u(zi), . — 24) +

7=

L
Elle = 2il3] + 5 lle - w0l

end for
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Lemma 1 For any k£ > 0 we have

k k
Y ailf(wi) = 1 < Flwo—2*H+ X aid (4.4)

i=0 =0

Proof. For k >0, denote fi = f51..(2k), 9t = gs,L,u(xk), and ¥}, = migwk(x) where
kS

k
@) = 3 ailfi+ g w = wi) + § o= wilF] + Fllo - woll3
In view of the first inequality in (1.3]), we have for all x € Q
U< (o) < Tigaif(@) + § llz - aoll (4.5)

Let us prove that ¢} > Z a;[f(w;) =48], Yk >0.
Indeed, this inequality i 1s Vahd for k= 0:

3) L 2
aof(wo) < aolfo+ (g0, wo — o) + 3 lwo — o5 + 0]

(14.3) . L
= minaolfo+ {90,y — o) + 5 lly o) 5] + aod

IN

: 7 2, L 2
min{ao[fo + (90, ¥ — @o) + 5 [y — zoll] + 5 Iy — 2ol } + o
YyeEQ 2 2
= 1/}3 +0105.

Assume it is valid for some k > 1. Since Uy(z) is strongly convex with parameter
Zf:o o+ L = App + L, we have:

r(z) > ¢p+ L e a3, 2 €Q

Therefore,
Vi = min{0u@) + aenlfin + (g - ven) + 5 lle - ol 3}
> g min{an(fin + g2 = o)+ 5 e = 2elE]
Agp+ L
5 e = wllh)

« . L
> Y+ g gélg{fkﬂ + (Ght1, T — Tig1) + 3 |z — $k+1||?;}

since agr1p + A+ L = Lagq.
And we obtain finally :

Vit > Vr, + a1 (f (Wrg1) — 6).
k
Hence, using our inductive assumption, we have proved that ¢} > Z a;[f (w;) — 6] for all
=0
k > 0. To conclude, we combine this fact with inequality . for r=uzx" O
Defining now the approximate solution as y, = argmin;—g, 5 f(w;) or yx = zzzk"ia
i=0 %i
we obtain:
L||zg — 2* LR?
Fl) — £ < Hlzo I 6= +4. (4.6)
2 ZZ o0 Qi 24

It remains therefore to obtain a lower bound for Ag:
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Lemma 2 The sequence {Ay}x>o defined by the recurrence (4.1) and (4.2) satisfies

and therefore
1. Ap=k+1,VEk>0if p=0
;O\ FH )
2. Ak‘Z(H) , VE>0if u> 0.
Proof. We have
(L —p)oksr = Appp+ L (L — p)Agyr = L(Ax + 1)
and therefore I
Ay = —(A 1).
L= T M( 1)

As Ag = ag = ﬁ’ we conclude that

We obtain finally the following theorem:

Theorem 5 The dual gradient method applied to a function f endowed with a (d, L, u)-

oracle generates a sequence {wy}r>o such that y, = argmin;—o 5 f(w;) and y, =
k
721'10 L satisfy
i=0 7
LR?
— < ——— 44, ifp=0
f(yk) f_2(k+1)+71u
and LR? k+1 LR?
* o (-k+17)
_ < 2 _ = < 2= _ I
flyw) — f 5 (1 7 +4 < 5 eXP (k+1)L +4

if > 0.

Remark 6 When p = 0, we have a; = 1 Vi > 0 and this method corresponds to the
dual gradient method introduced in [6] and for which the behavior when used with a
(6,L) = (4, L,0) has been already established in [I].

Remark 7 In the case p > 0, the sequence Ay (u) = Ay satisfies the recurrence

L L

Apyr(p) = ﬂAk(ﬂ) + I—u

and in the case p = 0, the sequence Ag(0) satisfies the recurrence
Ak+1(0) = Ak(O) + 1.
Clearly Ay (p) > Ag(0) for all k£ > 1 and

N LR? LR?
f(yk:)_f §m+5§m+5

14
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Therefore the upper-bound

. LR?
flyr) — f Ser(;

is also available in the case p > 0 and we have:
LR? U

i (G LRt (#1)) 46

)~ 7 < min (s R e (<08) ) +

Remark 8 When § = 0, the availability of a (0, L, ut) oracle for a function f means simply
that f € SilL(Q) To the best of our knowledge, it is the first time that the dual gradient
method is adapted to the strongly convex case.

Since we obtain the same convergence results for both primal and dual gradient meth-
ods, we will refer to both as Gradient Methods (GM) in the rest of this paper.

5 Fast gradient method with (§, L, u)-oracle

The fast gradient method (at least the version that we consider in this paper) has been
introduced in [5]. In [I], we have studied the behavior of this scheme when used with a
(6, L)-oracle instead of the exact one. In this section, we adapt this fast-gradient method
to the strongly convex case and we apply this scheme to a convex function f endowed
with a (8, L, u)-oracle.

5.1 The method

Let {a }r>0 be a sequence of reals such that

Lao?
L+ pdy=—"*1 " qy=1 (5.1)
Apt1
where A, = Zf:o ;. Define 7, = Z’;—J:, k > 0. The condition on the sequence {a}72
is equivalent with
L+ pA
el R} (5.2)
Ag41

Let d(z) be a prox-function i.e. a differentiable and strongly convex function on @,
and let x¢p = arg miél d(x) be its prox-center. Translating and scaling d if necessary, we
e

can always ensure that
1
d(xo) =0, d(2) > 3z~ x|, VreQ. (5.3)

For a particular choice of the prox-function, the FGM used with a (4, L, it)-oracle looks
as follows

15
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Algorithm 3 Fast Gradient Method (FGM) with (0, L, 1) oracle
1: Choose xg = mingcq d(z)
2: fork=0:... do

3: Obtain (f&,L,u(xk)agé,L,u(xk))'
4:  Compute

. L
vk = argmin{(gs L (w), ¥ — xx) + o [lo — 2|5} (5.4)
TEQ 2
) k 2
5. Compute 2, = arg Izrélclgl{Ld({E) + > ail(gs,pu(s),x — @) + 5 |lo — x| 5]}
i=0
6:  Define xp11 = 121 + (1 — 7)) yi.-

7. end for

5.2 Convergence rate

Denote

k

O = min{Ld(e) + 3 oulfo (w0) + g0.0,(wi). 2 — )+ 5 o = ill ]}
i=0

k
Lemma 3 For all k > 0, we have Ay f(yx) < ¢} + Ey with Ey = > A;6.
i=0

Proof. Denote fi = f51..(xx), and g = g5,1,.(2x). For k =0, we have

%5 = min {Ld(x) + aolfo + (90,2 — o) + § ||z — »”UO||12E]}
z€EQ
)
> gg(g{ftﬁ‘<90,$—$0>+%||90—$0||2} > [f(yo) — 9]

since ag = 1.
Assume now that the statement of the lemma is true for some k > 0. Optimality
condition for the optimization problem defining z; implies

(VLd(z) + Zf:o ®;g; + Zf:o a;iuB(zg —x;),x —zx)y > 0, VzeqQ.

Hence, in view of strong convexity of d,

L
Ld(x) > Ld(z)+ (LVd(zx),z — z) + §||x — zll%

\
~
&
N
z
+
2
)
\’N
>

I
Gl

k
L
+§ai,u<B(zk —ai)oz =)+ 5 e -zl
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Thus, we have for all x € Q:

ket 1
1
Ld(x) + Y aslfi + (gix — m3) + 5l - i %]
=0

Y

2
m_zk”E

k
Ld(zx) + Y aull + (o2 — 2] + % |
=0

G e — )2
2 E

k k
+ Zam(B(zk —x), 2K — ) + Z
i=0

=0
anilfirt + (ger1,@ = 2i1) + 5 1z — o)
But:
1 1 1
(Blak — i) 2k —2) = 5 llax — ill + 5 llzw — 2l — 5 |z — will

and we obtain:

k+1
L) + 3 oulfi + g =) + Elle - ill3)

k
> Ld(2) + Y aalfi + (g2 — @) + 5 lln — i3]
1=0

L+ Ay
75 = @l o s + (ki = i) + 5 o = 2ial[5)

which implies:

Vi1 = Ynt 2%18{ L+§Ak Iz — 2l % + Q1 [frtr + (Grs1s @ — T

2
+5 2 = zrpa ]}

On the other hand, using our recurrence assumption Ay f(yx) < ¥; + E, we have

# K 2
Vi + g1 [froa1 + (Gry1, T — Trg1) + 5 2 — Zrt1ll 5]

V

> Acf) = Byt o [fions + (Gren,w —mi) + 5 1z = 2i 7]

ﬁ
W)

> Ap[fer1 + (Gret1, Yk — Tha1) + g lyx — $k+1||?5] — Ej

g1 fotrr + (Grt1, T — Tpg1) + g 2z — 2pr1]) 5]

= Aprifrerr gk, Ar(yr — Trg1) + a1 (@ — T41))

Op+1 M
2

Bt Py — i+ P gy
Taking into account that
Ak(Ye — Trt1) + g1 (T — Tpotr)
= Apme(Yr — 26) + k1T — Q1 Th2k — k1 (1 — 7)Yk = apy1(z — 21),

we obtain

1
Ui + app1[fesr + (Gra1, © — Togr) + 5 2 — 2rp1ll5]

> Apyifrr1 + k+1(gr+1,® — 26) — Eg.
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Therefore,
* s L+pAyg 2
Vi 2 Awfier = Bp+min{ = lr - 2l + onea{gren, @ — 2}
= Apir | frr +min{ A% 1z — 202 + melgrs 1z — 200} — B
+ =ro) 24511 E +15
15.2) . 2L
e [fors + mingeo{BE o = 21l + milgnir,z - 20} - B

For z € Q, define y = 7z + (1 — 7% )yk. Since y — xp+1 = 71(x — 21), we obtain

. 2L 2
min { % [l = zllf + 7elgirn, o — 2 }

in g Lly — zppa |+ (Gre1, Y — 2pe1) 0 y € RQ + (1 — Tk)yk} (5.5)

i
{

Il
=]

2
Sy =@l + (grrny = wisn)

Therefore,we have

1/’1:“ > At [fk+1 + 2&13{% ly — $k+1||2 + (gk+1,y — $k+1>}] — Ey
9.3
> A1 f(Yr+1) — B — A6,

and we get Ak+1f(yk+1) < Y41 + Erq1 with Egpq = Ey + Ag410. O
As a direct consequence of this lemma, we obtain

Theorem 6 For all k& > 0, we have f(yx) — f* < Aik (Ld(a:*) + Zf:o Aié).

Proof. Denote f; = fs.r .(x;), and g; = gs,,u(x;). Then

k
vi = mig{Ld@)+ X aulfi+ lwe o)+ 4 Lo - il
x =
k 2
< Ld(@) + X ailfi + {gi, 2" — i) + § [l27 — il
=0

(1.3)
< Ld(z*) + Apf(z*).
The proof now simply follows from the recurrence established in Lemma [3] O

koA
It remains to estimate Aj and 21272‘41. More precisely, in order to obtain an explicit
upper-bound for the convergence rate of this method, we need
1. A lower-bound for Ay
Z}.C7 A;
2. An upper-bound for S

Concerning the lower bound for Ay, we have the following result

Lemma 4 The sequence {Ay}i>o defined by the recurrence ([5.1)) satisfies

' 2k
> — /= > 0.
Ak(1+21/L> Yk >0

18
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Proof. We have:

pAR A1 < L(Agyr — Ap)? = L(A,lcfl - Azlc/z)2(A11€/+21 + Azlc/Q)z
< ALA (A - A4
Therefore (1+ 1,/%) A;/* < A/% which implies Ay, > (1 + 3 ) O
k
Concerning M the cumulative effect of the successive oracle errors, we begin

with the following umform upper-bound:

Lemma 5 The sequence {Ay}r>o defined by the recurrence ([5.1)) satisfies

ZzOA <1+ 2\/7 £ VEk > 0.
Ay VT T -

Proof. We first note that Ay satisfies the following recurrence equation:

434y - (1+ 4y (L) +24)) Asr + 43 =0

or equivalently:

(14 Ak (8) +24) + 1/ (1 + Ae (£) +24,)° — 442

A =
k+1 5
~ A A 2
For our analysis, we consider also the sequence defined by the recurrence pAy = M’}Lﬂ
1
~ ~ © 2 ~
or equivalently Ax11 = Ay <L+\/:2L+4 + 1> . We have clearly ’““ > Agzl vk >0

and therefore % > % Vi <k, Vk>1. We conclude that:

k ki
Zi:o Ai < Zifo Ai
Ak o Ak
On the other hand, if we assume that Ay = Ao = 1, we have A, = C* where C =

<Z+\/€ VEH | 1> Therefore, we have ZL oA Zl 0 C' = o1 and

Cc-1

Zf:O/L Ck+1—1i_ Ck+1 _ 1

A, C—1 CF _ CF1_(CF
. O _prvE/ERRv2 | %
O P VEVEHA VIV H

| L
14 4/—.
We conclude that:

Zf:oAi foofi 2\/>
Ay, Ay, f+\/”+ -

IN
=

L
<1ty
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A pessimistic but also an optimistic interpretation of this result can be done:

e The FGM is worse than the GM concerning the effect of the oracle errors. Contrarily
to the gradient method for which the oracle accuracy § can be chosen of the same
level that the desired final accuracy, the fast-gradient method suffers from an increase
of error. The cumulative error (in the convergence rate for f(yx) — f*) coming
from the successive oracle errors is bigger than each individual oracle error §. This
bad phenomenon does not come from our analysis but is a unavoidable problem
of any fast first-order method for smooth strongly convex problems as we will see
in Theorem More precisely, for any optimal method in smooth strongly convex
optimization, the total effect on the convergence rate of the successive oracle errors
cannot be bounded by a uniform quantity ( i.e. independent of k) having a better

dependence in the condition number than © (\/%5)

e When p > 0, the FGM does not suffer from an unbounded accumulation of errors.
When p = 0, i.e. when the function is endowed with a (6§, L)-oracle, we have estab-
lished in [I] that the fast gradient method suffers from an accumulation of oracle
errors with rate ©(kd), making the method asymptotically divergent. When g > 0,

we can bound the total effect of the oracle errors by a quantity of order © (\/%5>
that does not depend of k. This method is not divergent, the error on the function
value converges to a limit smaller than (1 + \/%> d.

Of course, the cumulative effect of the oracle errors does not reach the level © (\/%6)
from the very first iterations. In fact, we will prove now that the effect of the oracle errors

is always less undesirable in the case p > 0 than in the case 4 = 0. We can bound ZI Zizodi
by an uniform quantity ( impossible when p = 0) but also by the quantity of order @(k@)
available in the case pu = 0:

Lemma 6 Let g > 0. The sequences {Ax (1) }x>0 and {Ax(0)}r>o defined by the recur-

rences: 7 9
Lt ) = ZER =B ) -1
Ap11(0) = (Ap11(0) — Ax(0))?, Ap(0) =1
satisfy:

Yo Ailp) _ i Ai(0)
Ap(p) = Ag(0)

In order to prove this result, we first establish the following lemma:

LAk (1)

Lemma 7 For all u > 0, we have: A()+L—A(O) Ak()_m.

Proof. e Tt is true for kK = 0. Indeed as Ap(0) = Ap(p) = 1, we have

20
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e Assume it is true for k > 0. We have:

14 24,(0) 4+ 1/ (1 +24,(0))° — 44,(0)2
2

14 245(0) + /1 + 44;(0)

2

2L Ak (1)
Trndngy T V1T
2

L+ pAi(p) + 2L A (1)
2(L + pAy(p))
V(L + Ax(w)p)? + 4L AR (1) (L + Ax (1))
2(L + pAi(p))
L+ () A(p) + 2L Ak (1)
2(L + pAg(p))

Ap1(0) =

ALAR (1)

1+ T A (4]

+

VL + Ao+ 21244 (1)) — AL2 Ay (0)?

2(L + Ag(p)p)
LAg41(p)
L+ pAx(p)
S LAp11(p)
LA pApsa(p)

since Agy1(p) > Ap(p).

We are now able to give the proof of the Lemma [6}

Proof. We have:

2
1 1
A (0) & F 2t \/(Ak(o) i 2) !

Ap(0) 2

and

2
1 K 1 122 _
Ak‘+1(l1') _ Ak(N)+L+2+\/(Ak(M)+L+2> 4
Ak(p) 2 ‘

Therefore as

using Lemma[7} we have:

Ag41(0) < Apy1(p)
Ar(0) = Ag(p)

vk > 0.
As a consequence, we obtain:

YO>i<k

and therefore . .
Z{:o A; (H) < Zi:o Ai(o) )
Ap(p) = Ax(0)

21
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Remark 9 The behavior of the FGM in the case g > 0 is never worse than in the case
p = 0. This is true for the rate of error accumulation, as we have seen in the Theorem [6]
but also for the convergence rate in the exact case (i.e. the first term of the convergence
rate, the term that does not depend on ¢). Indeed, since A () > Ax(0) for all & > 0, the

first term in the convergence rate of the FGM i.e. Ld(z") an be bounded by % as
Ap (1) (1+% %)
we have seen in the Theorem [4| but also by the upper-bound LXi,fZLS)) =0 (Lk1§2) available

in the case p =0 (see [1).

Remark 10 The fast gradient method presented here is compatible with the case =0
but is not completely equivalent in the choice of the sequence {e;};>0 with the version
analyzed in [I]. However, the two methods present the same rate of convergence and the
same rate of errors accumulation. More precisely, in the FGM presented here, we have

Api1(0) = (Apg1(0) — Ag(0))2

K (
(Ars1(0)1% — AR(0)/2)?(App1(0)1/2 + Ap(0)1/2)?
AA441(0)(Ap1(0)1/% — A4 (0)1/2)?

A

and therefore:

Ap1(0)/2 > % + A(0)1/?

which implies:

Ag+1(0) > w
Furthermore, it is possible to show that

FoA

72712 (0)(0) < %k +2.4.
We conclude that
fl) — 7 < U (Lo

and we retrieve the classical behavior of a fast-gradient method when used with a (§, L) =
(6, L, 0)-oracle (see [1]):

e A needed number of iterations in © ( LRZ)

€

e A needed oracle accuracy of order at least § = © (%) .

Now we can obtain the following convergence rate for the fast gradient method using
a (0, L, p)-oracle

Theorem 7 The fast gradient method applied to a function f endowed with a (d, L, u)-
oracle generates a sequence {yy }r>1 satisfying:

f) =1 < mill(Migx*),Ld(x*)exp(’; Z))

+ min ((;k +2.4), (1 + \/E>> .
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Proof. Using the Lemmas[4 and [6]and the remarks [0]and [I0]in the convergence rate given
by the Theorem [6, we obtain

. . (4Ld(z*)  Ld(z*) [ (2 L
flye) = f Smm( k(141 i>2k>+mm<(3k+2i4)7<1+\/;)>6’

As for z € [0, 1], we have that log(1 + 2z) > z:

1
(L4 3/

~l=
~—
~—

1
= exp (—2k log (1 + 3

ko [p
eXp <—2 L) .
We conclude that

flye) = f < min (4Li(2m*)’Ld(x*)exp (_7;7 Z))

+ min ((;k +2.4), (1 + ﬁ)) 5.

5.3 Oracle accuracy fixed: Best reachable target accuracy using

the FGM

We have seen that, contrarily to the GM, the FGM suffers from a problem of error increase.
The extra error in the convergence rate, due to the (4, L, u) oracle, is not § but something

IN

O

of order min (kjé, %5) . As a consequence, the best possible level of accuracy ¢ cannot

be reached by the FGM. In this section, we are interested in the best accuracy e that we
can obtain for f(yx) — f*, using the FGM with a (4, L, u) oracle.

We ensure here that J, L, 4 and R are fixed quantities. The only degree of freedom
that we have is the number of iterations k that we perform. In Theorem [7] we have
obtained the following model for the convergence rate of the FGM when applied to a
function endowed with a (9, L, u) oracle:

flyr) = f* < F(k) := min (Fy(k), Fa(k), F5(k), Fu(k))

|
'S
™~
&
8
*
+
—~
Wl
o
+
N
.
~

|
S
&
=|x
e
*
VN
—
_l’_
!
N———

>, S

~—

+ (5k+24)6

)+ (1+/%)a.
The minimum of Fj (k) is reached at kf = © (ngﬁf/s)
and Fy = Fy(k}) = © (LY/3R?/36%/3).

Il
~
U
—
8
*
S~—
@
o]
il
g
[ TR ST
s

4. F,

The minimum of Fy(k), F5 = © (\/%5), is reached at the limit. However we can

1/4
obtain accuracy of the same order after k3 = © ((ngz -5 R) iterations.

23
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The minimum of F3(k) is reached at k5 = © (\/Ilog (FR )) and Fy = F3(ki) =

o (/2 s (72) +1)).

The minimum of Fy(k), Ff = © <\/%5) is reached at the limit. However we can

obtain accuracy of the same order after kj = © (\/% log (‘/?T”Rz)) iterations.

We conclude that the best reachable accuracy by the FGM is of order min{F}, F} =
min{©Q(L'/3R?/352/3) (\/7 5)} More precisely, we can consider two different situa-
tions:

e A) The condition number @ = % is sufficiently small and/or the oracle accuracy &
is sufficiently small and/or R is sufficiently big such that Ff = © (ﬁ&) < Fy =

O (LV3R2352/3) ie. 5 < © (Rzlff)
In this situation, we can gain from the fact that © > 0 and reach a level of ac-

curacy © (ﬁé) better than the best level reachable in the case p = 0 (i.e.

(C) (L1/3R2/362/3)). The number of iterations needed in order to reach this accu-

racy is of order © (\/%log (‘/TT”RQ)) .

Remark 11 We also can reach the level ©(LY/3R?/35%/3) and the needed number

of iterations is © <\/> lo (LQQZ%N)) . This number of iterations is smaller or of

%), the needed number of iterations by the FGM to

reach this accuracy in the case y = 0.

the same order as © (

Remark 12 We can also reach the level of accuracy F} = © (\/%(5> using the GM.

But the needed 2number of iteration is of order )
(C] (L log (mR )), worse than © (\/%log (@)) .

e B) The condition number @ = % is sufficiently big and/or the oracle accuracy §
is sufficiently big and/or R is sufficiently small such that F; = © <\/%5> > Fy =
1) (L1/3R2/362/3) ie.6>0 (Rzl/sz/z

In this situation, we cannot exploit the fact that p > 0. The best reachable accuracy

is of level © (L1/3R?/352/3) after © (Llf:lﬁfw) iterations. It is the same result as

what we had obtained in [I] in the case p = 0.

Remark 13 We can reach also reach the level © (ﬁé) The needed number of

1/4
iteration is © ((L’gzm R) .

Remark 14 We can also reach the level of accuracy Fy' = ©(L'/3R?/3§2/3) using
the GM, Bz}gc El/’lSC needed numbc2r/30f4}§0rat10ns is og /(grc}l/a
min{©® (L(piﬁ) ,0 (/% log (%))} (C) (’3627%) which is worse than

52/3
L1/3R2/3
0 ( DR,

Remark 15 The impossibility to exploit the fact that u > 0 when p is too small comes
perhaps from our analysis. More precisely, it might come from the fact that we have

bounded f(yr) — f* < Aik (d(x*) + Zf:o Ai5) using the two approximations:
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1. 1+ pAy ~ 1 when p is small

2. 1+ pAy = Ay when p is big.
It would seems more natural for the best reachable accuracy, to be a continuous function
with limits © (\/%6) when pu — 400 and © (L1/3R2/362/3) when p — 0. However, it

seems very difficult to find an upper bound for f(yx) — f* which is at the same time
accurate and easy to analyze.

In conclusion, the best accuracy reachable by the FGM when endowed with a (4, L, )
oracle is of order min{©(L/3R?/3§2/3), 0 (\/%5)} If such accuracy is sufficient, it is
preferable to use the FGM instead of the GM. However, if we want to reach a better level

of accuracy, for example of order ©(¢), the only possibility is to use the GM, slower but
less sensitive to the oracle error.

5.4 Oracle accuracy not fixed: Required number of iterations and
required oracle accuracy for a given target accuracy

In this subsection, we consider a different situation. We assume that we can choose the
number of iterations k£ and the oracle accuracy § but that we want to reach a target
accuracy € for the objective function. Furthermore, in this case we assume that L and p
are independent of the oracle accuracy §. A way to ensure f(yi) — f* < € is to choose k
and ¢ such that one of the four models F;(k) is smaller than e. First, we will consider the
four models separately. Each model contains three terms and we will ensure Fj(k) < e
by imposing that each term in the model is smaller than £ (another repartition of the
desired accuracy between the different terms of a model leads simply to different constant

factors in the resulting expressions for &k and 9).

1. Model 1: Fy(k) = 22470 4 (1k 1 2.4) .
We have the three conditions ensuring Fi (k) < e

€

3/2

[ ]
4Ld(x*)
12

We choose k = 2\/@

°
1
—ké <
3ho=

<

Wl o

€ €

S &0 <
3 - 2\/§L1/2d(x*)1/2

2.45§§<:>5gi

3Ld(x*)
€

7.2
Therefore a first possibility for ensuring f(yx) — f* < € is to perform k = 2
3/ €
VAL R E T2 )

2. Model 2: Fy(k) = 2£40) (1 ¥ \/%) 5.
We have the three conditions ensuring F»(k) < e:

E@kZQ [3Ld(x*)
3 €

6 <

iterations with § = min{

) ALd(z*)

k2 =

wl o

25
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Ls<

€
-0
w3 -

W =
=
™

Therefore a second possibility for ensuring f(yx) — f* < € is to perform k =

24/ %(1) iterations with 6 = %\/%e

3. Model 3: Fy(k) = Ld(z*)exp (—%/E) + (3k + 2.4) 6.
We have the three conditions ensuring F3(k) < e:

L Ld(x*
Ld(z") exp (—l; Z) < % < k> 2\/;log <3d€(:c)> .

We choose k = 2\/%10g (%(I*))

1 1
§k6§5<:>6<7 a3 €

3 - Llog (3Ld6(x*))'

€ €
240 < -6 < —.
-3 - 72

Therefore a third condition ensuring f(yg)—f* < € s to perform k = 2\/% log (w

€
iterations with ¢ = min{%ﬁm, =1}

4. Model 4: Fy(k) = Ld(z*) exp (—% )+ (1 + \/%) 0. We have the three conditions
ensuring Fy(k) < e

Therefore a fourth possibility for ensuring f(yx) — f* < € is to perform k =
2y/L1og (2HE2) with 6 = 4/TFe.

Of course, we want to reach f(yx) — f* < € in a minimum number of iterations k and
with ¢ as big as possible (§ representing the accuracy of the first-order information, it
seems natural that a high accuracy for ¢ is costly). We will choose between these four
possibilities that ensure f(yx) — f* < € with the minimization of k as a first criterion and
the maximization of § as a second criterion.

Remark 16 For simplicity, we assume here that ¢ < 0.2315Ld(z*) i.e. m <

=5 In particular, this assumption implies:
3Ld(x* 3
log (W) 53
€ 2

We consider two main cases :

)

26
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5 | 3Ld(z*) <9 £10g <3Ld(x ))
€ \/ w €
I N 3Ld6(r*)
I’ log (LLdE(-T*)) '

In this case, models 1 and 2 are the most favorable regarding to the number of

iterations. We perform k = 24/ %(m) =0 (y/LeRQ) iterations. Concerning the

needed oracle accuracy, we have to consider two different subcases:

e Case 1.1:
3Ld(1 \/> \/W
log 3Ld(;v*)

In this case \/7 < 72 and model 2 is more interesting than the

L3 = L1/2ﬁ2f
first one. We choose § = \f = fe)

e Case 1.2:
2 3Ld(z*)
3

6

1. Case 1:

i.e.

3/2

LY/2,/d(x* )2\/

£3/2 £3/2
second one. We choose § = ——5—=— =0 ( )
L1/2\/d(z*)2V/3 L2R

Remark 17 : In the case 1.2., we do not exploit the fact that u > 0. We obtain
the same number of iterations and the same oracle accuracy in the case p = 0.

5 ,élog <3Ld(m )) <9 3Ld(x*)
7 € €
3Ld(r*)
\/ log 3Ld(;c ))

In this case, models 3 and 4 are the most favorable with respect to the needed

number of iterations. We perform k = 2\/%10g (%) =0 (\/%log (@))

iterations. As log (%) > %, we have

1 /p € < ne
2 Zlog(:ud( )) L3
Therefore model 4 is always more interesting than the third one and we choose

5= VEE=0 (/5.

In this case and model 1 is more interesting than the

2. Case 2:

i.e.:
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6 GM and FGM for uniformly convex problems with
different levels of smoothness

In the Sections [3| and [5| we have studied the effect of a (d, L, i) oracle on the GM and
the FGM. In particular, we have established the complexity of these methods in a inexact
framework and the link between desired final accuracy and needed oracle accuracy.

In subsection we have seen that a (d, L, u) oracle can be also available for functions
that are not in S’ 1.(Q). More precisely, the function can be uniformly convex (instead of
strongly convex) and nonsmooth or weakly smooth (instead of smooth). The exact oracle
for a function f € Ug:ﬁf(@) can be seen as a (9, L, u) oracle.

If we put these results together, we can apply the GM and the FGM, initially designed
for functions in S;:lL(Q), to functions in UE:Q}”(Q). In this section, we study the com-
plexity of these two methods on various classes of convex problems with different levels of
smoothness and different levels of uniform convexity. For simplicity, we are only interested
in the order of the dependence of these complexities on e (the desired final accuracy),
and M, n(;t on the absolute constant factors. Furthermore, Theorem (3| is applied with
0y =6d2=3.

6.1 Gradient method for function in Ug:ﬁ’[(Q).

If we apply the gradient method to a function endowed with a (6, L, pt) oracle and if the
desired accuracy is € > 0, we know that the number of iterations that we have to perform

is I IR
© (e (%))
W €

with an oracle accuracy § = O (¢) . When the (d, L, u) oracle is in fact an exact oracle of a

2 .
function f € US:Z;[“(Q), we have (see Theorem L=© <M11+,," ) and y=0© (n%é%) .

5TFv
Therefore
L M M
1+v 1+v
- = © 2 lov p=2 =0 2 1-v, p=2
14 ke Tty P KPelty P
and

We obtain the complexity:

L LR? Mt M T R?
(S} <10g <R )> =0 ~ 171: — log 1+2 R .
H € /{Fel+v+ 1z €14y

We can particularize this complexity bound for different classes of uniformly convex prob-
lems:

1. The smooth case v = 1 (f has a Lipschitz-continuous gradient)

o (e (%)

We retrieve the non-optimal complexity of the gradient method on Si}w(Q)

e Strong convexity p = 2:
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e Uniform convexity p > 2:

M MR?
Kre » €
This complexity cannot be optimal (see what we obtain in the next subsection

with the FGM).

2. The nonsmooth case v = 0 (f has subgradients with bounded variation)

M2 M2 2
o(Sewe (")
RE €

This complexity is optimal up to a logarithmic factor (see [3] 2]).

e Strong convexity p = 2:

e Uniform convexity p > 2:

M? M?R?
o= (7))
Kee 7

This complexity is optimal, up to a logarithmic factor (see [2]).

3. The weakly smooth case 0 < v < 1 (f has a Holder continuous gradient)

Mt Mt R?
O —=log ;
KET+Y €l+v

This complexity cannot be optimal (see what we obtain with FGM in the next
subsection).

e Strong convexity p = 2:

e Uniform convexity p > 2:

L LR? Mt M R2
C) ( log ( )) =0 = log 5 .
M € krelro T eT+v

6.2 Fast gradient method for functions in Ug:gj’(@)

If we apply the fast gradient method to a function endowed with a (6, L, 1) oracle and if
the desired accuracy is €, we know that the number of iterations that we have to perform

is proportional to
| L LR?
S} < — log < i >>
1 €

with an oracle accuracy § = © (\/%e) When the (6, L, ) oracle is in fact an exact
_2
oracle of a function f € UY##(Q), we have (see Theorem L=06 (MIHV”) and p =

§1Fv

(C] (m%ép%?) . We obtain:

and therefore

Li o Mﬁgl—%l(ﬁi“%) .
K KP
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1 v
Ls_— _1 (1= p=2) _ 1 ; - _rPe | VFT
As\/:(S—@(e)andasl 2<1+Z+ ; )—V_’;1+p,weobta1nthat5_@((A/’;lfu>

Therefore, we have

L M
E () -e( 2T
H K;p V:‘1+%6 V-lil—1+%
and
LR? M R?
log< . ) = O/ log — —

1
= O] log
11—v 1 1—v 1
1 1
P v ( ui1+%>el+y ( uil+%>+
We obtain the complexity:
1 1 2 + 1—v 1
M1+” Uil+% MlJr" (1+v)2 yilJr% R2
© F W E— log . . 1 .

p—r_41 vy 1 1=z - 1
T\ ) )

We particularize now this complexity bound on different classes of uniformly convex prob-
lems:
1. The smooth case v = 1 (f has a Lipschitz-continuous gradient)

3 2
o (Ml log (MR ))
K2 €

We retrieve the optimal complexity of the fast gradient method on Si}w(Q)

e Strong convexity p = 2:

e Uniform convexity p > 2:

2. The nonsmooth case v = 0 (f has subgradients with bounded variation)

M2 (M*R?
(e (%)
RE K€

This complexity is optimal up to a logarithmic factor (see [3} 2]).

e Strong convexity p = 2:

e Uniform convexity p > 2:

Me M?*tPR?
(C] log
KeP—1 kePtl
This complexity is clearly non-optimal (compare with what we obtain using the
GM in the previous subsection).
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3. The weakly smooth case 0 < v < 1 (f has a Holder continuous gradient)

e Strong convexity p = 2:

2 _ via
M 1+ M Trna+s0 R2
S} vil 1w log v 31v
K3vFI 130 K3vFI 130

e Uniform convexity p > 2:

1 1 . 2 + 1—v ( 1 . )
1 v 1 1 2 v 1
M +v Tt s M v (14w) P g R2
© =t L—--1 log 11 1 1 1
p_v_ 41 v_ 1 11l-v ( ) —v ( )+1
F1 +1 1+ v 1 1+ v 1
kovmopevT e AN 7= S A R AN i

7 Lower bound on errors increase

Applicability of first-order methods, initially designed for smooth strongly convex prob-
lems, to nonsmooth strongly convex problems, using the notion of inexact oracle, opens
a possibility to derive lower bounds on error increase. This is the main subject of this
section.

Theorem 8 Consider a first-order method for SilL(Q) Assume that the bounds on the
performance of this method, as applied to a problem equipped with a (4, L, u)-oracle, are
given by inequality

Fe) = £ < min (O Co LR exp (—k (£)™) ) +min (Cke18,¢4 (£) " 5).
(7.1)
where C7, Cs,Cs,Cy are absolute constants, and k is the iteration counter. Then the
inequalities
@ =p—1

and
g2 >1—po

must hold.

Proof. e g1 >p— 1.
Let f be a nonsmooth convex function, whose subgradients have variation bounded
by constant M i.e f € FJ(\)/}O(Q). We have seen in [I] that for such a function, the
standard oracle can be treated as a (d, %2, 0)-oracle for any & > 0. Therefore, by

our method we can ensure the following rate of convergence:

fla) = < 99+ Coko,

Optimizing the right-hand side of this inequality in §, we get

P1—491

flz) = < [2C1C3]Y2MR - k=72

From the lower complexity bounds for nonsmooth optimization problems, we know
that black-box methods cannot converge faster than O(kl%) Hence, we conclude
that P1—q1 < 1.

e g2 >1—po.

Let f be a nonsmooth strongly convex function, whose subgradients have variation
bounded by constant M i.e. f € Uiﬁ/’lo(Q). We have seen in Theoremthat for such

31
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a function, the standard oracle can be treated as (J, 12\/[—;, w)-oracle for any § > 0.
Therefore, by our method we can ensure the following rate of convergence:

fe) - < OME (fk: (L%)m) +Cy (W>q 5

- 20 M? 2041
B CyM?2R? o —kum 9P2 §P2 M2a2 P
o 20 P M2p2 1942 ul )
M2922 ¢ . 1 13%12 € 13112
If we choose ¢ such that Cy555,.2;6" "% = 5, we obtain d(e) = 5 H——"—5,— There-

c, 2 MT-a
fore, if we want an accuracy of € for the objective function, we can choose k such

Cy M2 R? _puP22rer2 e
that 5500~ OXP k 17755 =35 ie.

2pg

P2
MO (202M12<12 R2>
= og .

k= D2 P2
i T—az ¢T—aq2

2—qa a2
el—a2 ,U T—qg

From the lower complexity bounds for nonsmooth strongly convex optimization
problems, we know that black-box methods cannot have a better complexity that

0] (%) (see [3, 2]). Hence, we conclude that 132(]2 >1 &py>1—qo.

O

We can consider two extreme cases:

gt =0and g2 =0=p; <1land py > 1:
It is impossible to have a first-order method without increase of errors, which has
better complexity than GM, that is

i (62 & (£1e ()

p1:2andp2:%:>q121andq22%:
If we want a first-order method with optimal complexity

min <6 (ﬁ) ,0 (\/%log (LERQ)>> like the FGM, then it must suffer from in-

crease of errors, with factor at least of order min (@(k), S} (\/%)) (we obtain exactly
this factor for the FGM).
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